
/. Austral. Math. Soc. (Series A) 53 (1992), 143-155

AMENABILITY AND IDEALS IN A(G)

BRIAN FORREST

(Received 29 May 1990; revised 13 December 1990)

Communicated by W. Moran

Abstract

Closed ideals in A(G) with bounded approximate identities are characterized for amenable
[SIN]-groups and arbitrary discrete groups. This extends a result of Liu, van Rooij and Wang
for abelian groups.
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1. Introduction

Let G be a locally compact group. In [3], P. Eymard defined the Fourier alge-
bra A{G) of G to be the linear subspace of C0(G) consisting of all functions
of the form u(x) = ( /* g)v(jc), where / , g e L2{G), f(x) = f(x~l) and
f(x) = f{x~x). If / e L2(G) and x e G, then we define LxF(y) = f(x~ly)
for every y e G. Let VN(G) denote the weak operator topology closure in
38{l}{G)), the algebra of bounded operators on L2(G), of the linear span of
{Lx; x e G} . Then A(G) can be realized as the unique predual of the von
Neumann algebra VN(G) [3, pp. 210-218]. A(G) becomes a commutative
Banach algebra under pointwise multiplication and with respect to the norm
given by U M U ^ = sup{|<7\ u)\;Te VN(G), \\T\\vmG) < 1} . In addition,
we have that the spectrum of A(G) is G [3, p. 222].

Inspired by an important result of Leptin [ 12] that a locally compact group
G is amenable if and only if A(G) has a bounded approximate identity, a
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144 Brian Forrest [2]

study of the closed ideals in A(G) with bounded approximate identities was
begun in [5]. There we showed the existence of such ideals to be intimately
related to the amenability of G.

In this paper, we will continue from where the previous investigation left
off. In particular, we are able to completely characterize those ideals with
bounded approximate identities in the Fourier algebra of either an amenable
[SIN]-group or an arbitrary discrete group. The first of these two results ex-
tends a theorem of Liu, van Rooij and Wang [ 13] for abelian locally compact
groups. The latter result reaffirms the strong connection between amenability
and the existence of bounded approximate identities in A(G).

2. Preliminaries

Throughout this paper, G will denote a locally compact group with a fixed
left Haar measure nG and modular function SG. For any subset A of G,
we will denote by \A the characteristic function of A .

G is said to be amenable if there exists an m e L°°(G)* which is such
that m > 0, m(lG) = 1 and m(Lxf) = m(f) for every xeg, / e L°°(G).
All abelian groups and all compact groups are amenable. The free group on
two generators is not amenable.

Let B(G) denote the linear span of P(G), the continuous positive definite
functions on G. Then B(G) can be identified with the dual of C*(G), the
group C*-algebra of G [3, p. 192]. When given the dual norm and point-
wise multiplication, B(G) becomes a commutative Banach algebra called the
Fourier-Stieltjes algebra of G. The Fourier algebra A(G) is a closed ideal
of B(G) [3, p. 208]. Further properties of A(G), VN(G) and B(G) can be
found in [3].

Let sf be a commutative Banach algebra. A net {ua}a€% in & is called
a bounded approximate identity if limQ \\uau - u\\# = 0 for every u e s/
and if there exists an M such that \\ua\\^ < M for every a e %.

Let A ( J / ) denote the maximal ideal space of sf . By means of the Gelfand
transform, sf can be realized as a subalgebra of C 0 ( A ( J / ) ) . Let / be an
ideal in s/ . Define

Z(7) = {x € A(A); u{x) = 0 for every u e /}

Then Z(/) is a closed subset of A(s/). If E is a closed subset of A(j / ) ,
define

I(E) = {uestf; u(x) = 0 for every x & E}

and
I0(E) = {uesf; supp u e
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[3] Amenability and Ideals in A{G) 145

where &(E) = {K c A{s/); K is compact and Kf)E = 0}. Then I0(E)
and I(E) are ideals in 5^/ . I(A) is closed. Furthermore, if / is any ideal
in J/ with Z{I) = E, then I0(E) C / c / (£) .

A closed subset is of A(J / ) is said to be a set of spectral synthesis, or
simply an s-set, if I{E) is the only closed ideal I for which Z(I) = E.

Let G be a locally compact group. Let A and 5 be closed subsets of G.
Let

^(A,B) = {u€B(G); u(A)=\,

( inf{||M|L,r,; ue5"(A,B)} if
s(A,B) = \ Xn "B(G) V "

oo

= {K c G; K is compact and KnA = 0}
and

5(^) = sup{^(^, K); tf e ^(^)>.

If K is compact and A is a closed subset of G disjoint from K, then
s{A, A") < oo by the regularity of A(G).

The mappings A(G) —> A(G) denned by u -*x u and u —> MX- where
^M^) = M(jcy) and ux(y) — u{yx), are isometric isomorphism for each
x e G [3, p. 199]. It follows that the ideals I (A), I(xA) and /(AK) are
isometrically isomorphic for every closed subset A of G and every x £ G.
In particular, I(A) has a bounded approximate identity if and only if I{xA)
and I(Ax) have a bounded approximate identities.

3. Ideals and bounded approximate identities

We begin with the following technical lemmas.

LEMMA 3.1. Let x, y e G and let H and Hx be subgroups of G. Then
either xHnyHl = 0 or xHnyHl = z(Hn H{) for some z €G.

PROOF. Assume that xH r\hH{ ^ 0. Without loss of generality we can
assume that x = e . Let z e H n yHt. Then z e H and z = yhx for some

Let w G z(if n / / , ) . Then since z e f f . w e have w e H. Since iy = z/ij
for some A, G i / , , it follows that W = yhxh[ G >>//,. Hence z(H n /fj) c

Let w € H n yHx. Then to = y/i', for some h[ G /? t . Hence

~x h\w = yh^h'1 h[) = zh~x h\.
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Since w,zeH, hx~
xh\ eHnHx and thus H n yH{ C z(H n # , ) .

The next lemma is a generalization of a result due to Cohen [1, p. 221]
for abelian groups.

LEMMA 3.2. Let Hx, ..., Hn be closed subgroups of G. Let Kl,..., Kn

be compact subsets of G. IfG - \J"~X KiHi, then for some 1 <io<n, there

exists a compact subset Ko of G with G = KQHt .

PROOF. Suppose that there exists a (?, a collection {Hx,..., Hn) of
closed subgroups of G and a collection {Kx, ... ,Kn) of compact subsets of
G for which G = (J"=, KiHi but none of the Hi 's satisfies the statement of
the theorem. We may assume that the collection {Hx, ... , Hn} is minimal
in this respect. Clearly n > 1. We must be able to find an x e G for which
KnHn nxHn = 0. Thus xHn C U'J,1 KtHt. But then

Wn = Knx~lxHn C U Kmx-xKtHt

and
1

1=1

which is impossible by the minimality of the collection {H{,..., Hn} .

COROLLARY 3.3. Let G = (J"=1 xiHi, where Hi is open in G. Then for
some 1 < i0 < n, [G: Ht ] < oo.

DEFINITION 3.4. For any locally compact group G, let 3%(G) denote the
ring of subsets of G generated by the left cosets of open subgroups of G.
£%{G) is called the coset ring of G. Define

ac{G) = {AcG;Ae X(Gd) and A is closed in G}.

The following result is due to Gilbert [7] and (independently) Schreiber
[17] for abelian groups. With Lemma 3.1 and Lemma 3.2 in mind, it becomes
a straightforward albeit somewhat lengthy task to verify that Gilbert's proof
is valid for all locally compact groups.

LEMMA 3.5. Let AcG. Then A e 32C{G) if and only if A is of the form
A = U"=, .*,(#,\A(.), where H( is a closed subgroup of G, A(. e 31 {H.) and
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In [5, Proposition 3.5], we showed that if A c G is closed and the ideal
I{A) has a bounded approximate identity, then A e 3lc{G) • We now have
the following.

PROPOSITION 3.6. Let A be a closed subset of G. If I(A) has a bounded
approximate identity, then A has the form A = \J"=l x^H^A^, where Ht is
a closed subgroup of G, At e ^(H^ and xt e G.

DEFINITION 3.7. A locally compact group G is called a small invariant
neighborhood group ([SIN]-group) if every neighborhood of the identity con-
tains a compact neighborhood which is invariant under all inner automor-
phisms.

[SIN]-groups have been studied by many authors (see [15]). The class in-
cludes all discrete groups, all compact groups and all abelian locally compact
groups.

For locally compact abelian groups, Liu, van Rooij and Wang [13] proved
that a closed ideal / in A(G) has a bounded approximate identity if and
only if / = I(A), where A e £%C{G). We would like to extend this result to
amenable [SIN]-groups.

LEMMA 3.8. Let A and B be closed subsets of G. Suppose that I (A) and
I{B) have bounded approximate identities. Then so does I{A U B).

PROOF. Let {«,},€/ and {Vj}jej be approximate identities in I{A) and
I(B) with bounds 3/ , and M2 respectively. Let {wl, ... , wn} C I(A UB)
and e > 0. As I(A U 5 ) c I(A), there exists i0 such that

Wwkui ~ WIC\\A(G)
 <e/2 f o r fc = 1 , 2 , . . . , « .

•o

As {wkut }£=1 c I{B), there exists j0 such that

Wwk\ ~ wk\vj0\\A(G) <e/2 for fc = 1, 2 , . . . , / ! .

711611
 K 0 \ I U G ) ^ I ^ 2 > v , o

e / ( ^ u 5 ) a n d

I K - w k \ \ WA(G) ^ e for * = 1, 2 , . . . , / ! .

The existence of the bounded approximate identity follows easily.

LEMMA 3.9. Let A and B be disjoint subsets of G. Assume that there
exists u e B(G) with u(A) = 1 and u(B) = 0. If G is amenable, then there
exists a bounded approximate identity in I (A u B) if and only if there exists
bounded approximate identities in each of I{A) and I{B).
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PROOF. Assume that I(A u B) has a bounded approximate identity
{ua}aey. By Leptin's theorem [12], A(G) has a bounded approximate iden-
tity {Vj}j€J. Then

{uau-{l-u)Vj}aeVJeJ

is a bounded approximate identity in I(A) and

is a bounded approximate identity in I{B).
The converse is Lemma 3.8.

PROPOSITION 3.10. Let G bea[SIN]-groupandlet H be a closed subgroup
of G. Then s(H) = 1.

PROOF. Let K cG be compact with K n H = 0 . Let V be a symmetric
neighborhood of e such that F is compact and

(1) V2Hf)K~l =0.

As both G and H are unimodular [15], there exists a (7-invariant measure
dg on the quotient space G/H [6, p. 267]. We may assume that the Haar
measures u and nH are chosen such that

=L\Lf{sh)d'-{h)\dg

for every / e C ^ G ) .
By a result of Mosak [14], there exists a continuous nonnegative central

function v denned on G such that supp v CV and

I G/H

(2)

1= / \[ v(gh)d (h)] dg
JG/H UH *H J

L\L''L'-\ds

JGJHIGJH

For every x e G, define

u(x) =

Following an argument of Cowling and Rodway [2, p. 95], we see that u
is a coefficient function of the unitary representation obtained by inducing
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the trivial representation of H to G. Therefore, u G B{G). Furthermore,

If x e K, then v{g)v(x~lgh) = 0 for every g e G and h G H by (1).
Therefore, u(#) = 0.

Also, if JC G i7 , then

/

= v{g)v{gh')d {h')d (g) (since v is central)
JG JH *" M<?

= 1 by (2).

Hence u G ^ ( t f , AT). Since K e ^ ( # ) was arbitrary, s(H) = 1.

The proof of Proposition 3.10 uses an idea of Reiter which was later mod-
ified by Cowling and Rodway in [2, p. 98] to show that if G is a [SIN]-group
and H is a closed subgroup of G, then for each u e B{H) there exists
v € B(G) such that v\H = u.

We are now able to characterize the ideals with bounded approximate
identities in the Fourier algebra of an amenable [SIN]-group.

THEOREM 3.11. Let G be an amenable [SIN]-group. Let I be an ideal
in A(G). Then I has a bounded approximate identity if and only if Z{I) €
32C{G). Moreover, each A e 3lc(G) is a set of spectral synthesis, so if I is
closed, 7 = / (Z( / ) ) . In any case, the bounded approximate identity {ua}a€%,
can be chosen such that

(i) ua€A(G)nCM(G),
(ii) if K e &~{A), then there exists a sequence {uk } C {ua}ae%, such that

if v & I and supp v C.K, then

PROOF. Let A e &C(G). By Lemma 3.5,

where xteG, Hi is a closed subgroup of G and A( e
It follows from Proposition 3.10 that s(Ht) — 1 for each i. Hence /(//,)

has a bounded approximate identity for each / [5, Proposition 3.2].
As A( G «£?(#,•), 1A 6 B{Ht) by Host's noncommutative version of Co-

hen's idempotent theorem [10]. By [2, Theorem 2], 1A extends to a u G
B(G). Then u G «S*(A., H^). Since G is amenable, Lemma 3.9 implies
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that /(//JVAJ.) has a bounded approximate identity. Clearly / ( ^ ^ ,
does as well. It now follows immediately from Lemma 3.8 that I(A) =
/(U"=1 x^H^Aj)) has a bounded approximate identity.

A careful examination of the respective proofs of Lemma 3.8, Lemma 3.9
and [5, Proposition 3.2] shows that the bounded approximate identity for
/(U"=i xi(Hi\Aj)) can be constructed so as to satisfy conditions (i) and (ii)
above.

By (i), the approximate identity for I(A) lies in A(G)nC00(G). Therefore
A is an s-set. Moreover, if / is any ideal with Z(I) = A, then I0{A) QIC
I(A) [9, p. 93], so that the bounded approximate identity for I(A) is also a
bounded approximate identity for / .

Conversely, assume that / has a bounded approximate identity. Then
Z(/) e 3HC{G) exactly as was shown in the proofs of [5, Lemma 3.3] and [5,
Proposition 3.5].

COROLLARY 3.12. Let G be abelian, compact or amenable and discrete.
Then I {A) has a bounded approximate identity if and only if A e &C{G).
Furthermore, each such set A is an s-set.

For an arbitrary locally compact group, it is not necessarily true that ev-
ery M G B{H) extends to some v e B(G). Therefore, it is not clear that
^ ( A , H\A) # 0 for every A e 3l(H). It may well be that our technique
will fail for groups which are far from [SIN]-groups.

In [5], we showed the existence of bounded approximate identities in var-
ious ideals of A(G) to be intimately related to the amenability of G. In
particular, we were able to prove the following result.

THEOREM 3.13. Let G ^ {e} be a locally compact group. Then the follow-
ing are equivalent:

(i) G is amenable,
(ii) I{H) has a bounded approximate identity for some amenable closed

subgroup H of G.

We can now strengthen this result considerably. We begin as follows.

LEMMA 3.14. Let G be a locally compact group. Let H be a proper closed
subgroup of G. If I(H) has a bounded approximate identity, then G is
amenable.

PROOF. Since H is proper, there exists x e G with x & H. Furthermore
I(xH) has a bounded approximate identity {ua}a€%,.
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Assume that v e C^H) n A(H) with suppv = K c H. We can find
a neighborhood V of K in G and a w e 5(G) such that u{K) = 1,
suppw c V and F n x / f = 0 . By [8, Theorem la], we can find a u , € A(G)
such that M,| = v . Let w = u{u. Then to € I{xH) and w,ff = w .

^ v« = "a|H • The11 v« e ^ ( # ) and \\vJA(H) < \\uJA{G) [8, Theorem
la]. Furthermore, if v e A{H) n C ^ t f ) and i« G /(x/f) with u ; ^ = v,
then

0 < lim ||wat; - v\\A(H) < lim ||«au; - w\\A(G) = 0.

Since A(H)r\CM(H) is dense in A(H), {va}aef/ is a bounded approximate
identity in A(H). By Leptin's theorem [12], H is amenable. It follows from
the previous theorem that G is amenable.

COROLLARY 3.15. Let G be a locally compact group. Then the following
are equivalent:

(i) G is amenable,
(ii) I(H) has a bounded approximate identity for some amenable closed

subgroup H of G;
(iii) I(H) has a bounded approximate identity for some closed proper sub-

group H of G.

PROPOSITION 3.16. Let G be a locally compact group. Let

A = \Jxi(Hi\Ai)e&c(G).

If I(A) has a bounded approximate identity, then either G is amenable or for
some 1 <io<n there exists a compact subset K of G such that G - KHt .

PROOF. Assume that for each 1 < i < n that there does not exist a
compact Ko for which K0Hf = G. Let K c G be an arbitrary com-
pact subset. Assume also that for every x e G that Ax D K ^ 0 . Then
G = K~XA = (J"=, K~1xiHi, which is impossible by Lemma 3.2.

Therefore, we can find an xK e G such that K n AxK = S3. Since I{A)
has a bounded approximate identity, so does I(Ax). By proceeding exactly
as in the proof of [5, Proposition 3.22], we can conclude that G is amenable.

PROPOSITION 3.17. Let G be a locally compact group. Let A = |J"=1 xtHit

where xt e G and Hi is a closed subgroup of G. If I is a closed ideal in
A(G) with Z(I) = A and I has a bounded approximate identity, then either
A = G or there exists a closed amenable subgroup HQ of G and a compact
subset K of G such that G = KH0.
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PROOF. We proceed by induction on n . Assume that A - xH. If / is a
closed ideal in A(G) with Z(I) = xH, then / = I (A) since A is an s-set
[8, Theorem 2]. If H ^ G, then since /( / / ) also has a bounded approximate
identity, G is amenable by Lemma 3.14.

Assume that the statement of the theorem holds true for any G and any
union of at most n - 1 cosets. Let G be a locally compact group containing
a subset A = \JJ=l xiHi for which there exists a closed ideal / in A{G) with
Z(I) = A and is such that / has a bounded approximate identity. If A ^ G,
then we may assume that G is nonamenable and hence, by Proposition 3.16,
that there exists a compact subset Ko of G such that K0Hi = G for some
1 < *0 -

 n • By translating if necessary, we can also assume that e 0 A.
Let J = I\Ht . Since A(G)\Hi = A(Hig), J is an ideal in A(Hi ) . If

x e Hi \(Hi n A), there exists a°u e ,4(G) n C ^ G ) with U(JC) = 1 andi \ ( i

suppM n A = 0. Because u e A(G) n C^G), we have that u e I [9,
Theorem 39.18]. Therefore, Z(J) = Hi DA. Furthermore, if {ua}a€#
is a bounded approximate identity in / , then {ua\Ht }a€% is a bounded
approximate identity in / and thus also in J~ , the closure of J in A(H;).

'o

If 77. n A = 0 , then / ~ = AiH, ) since 0 is an 5-set of //, . By
'o 'o 'o

Leptin's theorem, Hi is amenable and we are done. Otherwise, Ht r\A =

(j"-i (XfHi) n Hi = U^-i zAHt nif. ) for some m < n. By the inductive
hypothesis, we can find an amenable closed subgroup Ho of H{ and a com-
pact subset iCj of Ht for which if. = KtH0. But then G = (/^0^,)//0 and
the statement of the theorem follows.

COROLLARY 3.18. Let B be a locally compact group for which SG\H = SH

for every closed subgroup H of G. Let A - U"=1 xiHi where xt e G and Hi

is a closed subgroup of G. If I is a closed ideal in A(G) with Z(I) - A and
I has a bounded approximate identity, then either A = G or G is amenable.

PROOF. If A ^ G, then by Proposition 3.17, G has an amenable closed
subgroup Ho for which the coset space G/Ho is compact. Since dG\H = SH,
G acts amenably on G/Ho [4, p. 17]. By [4, p. 16], G is also amenable.

A locally compact group G is called an [IN]-group (invariant neighborhood
group) if G has a compact neighborhood of e invariant under all inner
automorphisms. Clearly [SIN] c [IN]. All discrete groups are [IN]-groups.

G is called a [MAP]-group (maximally almost periodic) if the finite di-
mensional irreducible unitary representations of G separate points.

It is well known that both [IN]-groups and [MAP] -groups are unimodular
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(see [15]). Furthermore, both classes are stable with respect to the taking of
closed subgroups [15]. Therefore, we have:

COROLLARY 3.19. Let G be either in [JN]-group or a [MAP]-group. Let
A — (J"=1 xfli, where xi e G and Hi is a closed subgroup of G. If I is a
closed ideal in A(G) with Z(I) — A and if I has a bounded approximate
identity, then either A = G or G is amenable.

For discrete groups, we can now completely characterize the closed ideals
in A(G) with bounded approximate identities.

THEOREM 3.20. Let G be a discrete group. Let I be a closed ideal in A(G)
with a bounded approximate identity. Let A = Z(I). Then I = I(A), A is
an s-set, and either A — Gor G\A = U"=1 x^H^A^, where xt e G and each
Hi is an amenable subgroup of G with either At — 0 or A( = (J"=1 xt H(

where x e H and each H is a subgroup of H .
ij i ij i

Conversely, every such closed ideal / has a bounded approximate identity.
PROOF. If / has a bounded approximate identity, then Z(I) = A e 31{G)

[5, Lemma 3.3]. It follows that \A € B(G) and that A is an s-set. Therefore

Since A e 91 {G), G\A e 9Z(G) as well. Given Corollary 3.3, we can
apply an argument of Cohen [1, p. 221] to conclude that either G\A — 0
or G\A = U"=i *,(#,\A,) where xi•€ G, H( is a subgroup of G and either
A. = 0 or A. = IJ^i *, Ht , JC( e Hi and Ht is a subgroup of H{.

We may assume that A±G and that 8i ^ Ht. By translating if necessary,
we may also assume that xx = e. Observe that \H. A G B{G). If {ua}a€%
is a bounded approximate identity for I(A), then {« , } a 6 2 r is a bounded
approximate identity for 1^. A -I{A)\H = IH (A,.). Since A(. ̂  Hx, it follows
from Corollary 3.18 that Hi is amenable.

We can show that H2,... , Hn are amenable in the same way.
Conversely, let A be as in the statement of the theorem. Let / be a closed

ideal with Z(7) = A. As \A e B(G), A is an s-set and / = I {A). If A = G,
then I = {0} and we are done. Otherwise, G\A = \j"=i *.(.£/,\A,), where Hi

is an amenable subgroup of G and Af. e 31'(Hf). By Theorem 3.11, IH (A,.)
has a bounded approximate identity {va}a e% . We may assume that each
va e A(G) by abuse of notation [8, Proposition 5].

By taking all possible intersections of the sets x^H^A^, we can write
= Ujli T; where I \ e M{G), T;_ n r ^ = 0 if jx * j2 and F;. C
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JC, (H, \ A , ) for some / , . As l r e B(A), we have that w = l r v e A{G).
j J i J J J J >j

For every
a = (a,, a,, ... , aj G 2^ x • • • x 8^ ,

let wa = wa + wa H \-wa . Then {wa}a e t2/j_l x---x&. is a bounded

approximate identity for I(A).

Given a Banach algebra st, both J / * and s/** becomes j/-bimodules
in a natural way. In particular, s/** becomes a Banach algebra with respect
to either Arens product [9]. We close with the following application.

THEOREM 3.21. Let G be an amenable [SIN]-group. Let Ae&c(G) and
let I = I{A). Then there exists a bounded linear map J? from Hom7(/, /)
into ( /•/*)*. Furthermore, JP is onto if and only if G is discrete.

PROOF. If G is an amenable [SIN]-group, then by Theorem 3.11, I{A)
has a bounded approximate identity. The existence of J? follows immedi-
ately from [5, Proposition 6.6].

If G is discrete, then A(G) • A(G)" c A(G) [11, Theorem 3.7]. Cohen's
factorization theorem [9, p. 268] implies that I2 = I. Therefore

"/ • / " = / • ( ( / ± ) ± ) C ( / • / ) • A{G)" = / • ( / • A(G))** C / .

By [5, Proposition 6.6], Jf is onto.
Conversely, assume that ^# is onto. By translating A if necessary, we

may assume that e e G\A. Let u0 e P(G) n / with u(e) - q. Following an
idea of Lau's [11, Theorem 3.7], let

K = {uo-r;reA(G)*\ r>o, ||r|| = i}.

Since the map F -» M0F is weak- * to weak- * continuous, K is weak- *
compact. By [5, Proposition 6.6], A" is a weakly compact subset of A(G).
Let A = {« e P(G) n / ; «(e) = 1}. For each u € A, define Au(v) = uv for
every v e K. Then {Au; u e A} is a commutative semigroup of continuous
maps from {K, weak} into {K, weak}. By the Markov-Kakutani fixed-
point theorem, there exists some vo€ X such that

Au(v0) = v0 for every u e A.

If x ^ e, there exists u e A such that M(JC) ^ 1. Therefore v0 = l { e }

and G is discrete.
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