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NEW INTERPOLATION THEOREMS RELATED TO THE
SPACE BMO.4 ON SPACES OF HOMOGENEOUS TYPE

QI-HUI ZHANG AND DA-PING NI

Let (X, d, fi) be a space of homogeneous type in the sense of Coifman and Weiss,
and BMOA(X) be the space of BMO type associated with an "approximation to the
identity" {At}t>o and introduced by Duong and Yan. In this paper, we establish new
interpolation theorems of operators related to the space BM0A(<*)-

1. INTRODUCTION

We shall work on the space of homogeneous type. Let X be a set and d be a quasi-
metric, that is, d is a function defined from X x X to [0, oo) satisfying the following
conditions:

(i) d(x, y) ^ 0 for all x, y e X, and d(x, y) = 0 if and only if x = y;

(ii) d(x, y) = d(y, x) for all x, y € X;

(iii) there exists a constant K ̂  1 such that for any x, y, z € X,

(1) d(x,y)^K[d(x,z) + d(y,z)].

Let /x be a positive Borel regular measure on X. We say that (X, d, fj,) is a space of
homogeneous type in the sense of Coifman and Weiss [2], if \x satisfies the doubling
condition that for all x 6 X and r > 0,

(2) »(B(X,2T))$CPI(B{X,T))<OO,

where B{x,r) = [y € X : d(x,y) < r } . Besides, the balls B(x,r) are not necessarily
open, but by a theorem of Macias and Segovia [7], there is a continuous quasi-metric
d', which is equivalent to d in the sense that there exists a constant C > 0 such that
for all x,y € X, C~xd{x,y) ^ d'(x,y) ^ Cd(x, y), and that the balls with respect to
d' are open. Thus, throughout this paper, we always assume that the quasi-metric d is
continuous and all balls in X are open. On the other hand, the above doubling property
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implies the strong homogeneity property: there exist positive constants C and n such
that for all A ̂  1, r > 0 and x e X,

(3)

There also exist C and N, 0 ^ N ^ n, such that for all x, y € X and r > 0,

(4) KB(y,r)) < C ( l + ^ ) %(£(*, r)).

In [4], to obtain weak (1,1) estimates for certain Riesz transforms, and IP-
boundedness (p e (l,oo)) of holomorphic functional calculi of linear elliptic operators
on irregular domains, Duong and Mclntosh introduced singular integral operators with
non-smooth kernel on irregular domains via the following generalised approximations to
the identity.

DEFINITION 1: A family of operators {At}t>o is said to be an "approximation to
the identity", if for every t > 0, At can be represented by the kernel at(x, y) which is
a measurable function denned on X x X, in the following sense: for every function
/ € LP{X) with p > 1 and almost everywhere i € X,

Atf(x)= f at(x,y)f(y)dfjL{y),
Jx

and the kernel at(x, y) satisfies that for all x, y € X and t > 0,

\at(x, y)\ ^ Mx, y) = ^ tl/m)) *(<*(*, V^'1),

where m is a positive constant and s is a positive, bounded, decreasing function satisfying

lira rn+is{rm) = 0
r-K»

for some 5 > N appearing in (4).

During the last several years, considerable attention has been paid to the operators
and function spaces associated with the "approximation to the identity". To established
the weighted LP{X) estimate with Ap weights (the weight function class of Muckenhoupt)
for singular integral operators with non-smooth kernel, Martell [8] introduced the follow-
ing sharp maximal operator M*.

DEFINITION 2: Let / € LP{X) for some p € [l,oo). The sharp maximal function
M*f associated with the "approximation to the identity" {j4t}t>o is defined as

M*f(x) = s u p - ^ / \f(y) - AtBf(y)\d»(y),

where the supremum is taken over all balls containing x and ts = rjj, rB is the radius
of the ball B.
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Duong and Yan [5] introduced the following new function space of BMO type,

BM0/i(^ ') , via the sharp maximal operator M*.

DEFINITION 3: Let {At}t>o be an "approximation to the identity" as in Definition
1. A function / € W{X) with p 6 [l,co) is said to belong to the space BMO/i(^), if
M*f is bounded. Moreover, the norm of / in the space BMOyi(A') is defined by

REMARK 1. Let M be the standard Hardy-Littlewood maximal operator, and L?'X(X)
be the weak U{X) space with p e (0, oo) (recall that / e V'°°{X) if

= s u p A / i ( { i € X : | / ( i ) | > A}) < oo,

and || • ||LP.«(^) is not a norm). It is well known that M is bounded from Ll{X) to
Ll'°°{X), and is bounded from V'°°{X) to U'^^X) for any p € (1, oo) by a result of [9].
Note that |At/(x)| ^ CMf(x) (constant C is independent of t) and then if / e W*°(X)
for some p € (1, oo), Atf is meaningful. Thus in Definition 1, Definition 2 and Definition
3, we may replace the condition / € U{X) by / e LPi00(A') with p e (1, oo).

As it was pointed out by [8, 5], in some sense, BMO^A") is larger than BM0(A").
Duong and Yan [5] have established an interpolation theorem related to ~8MOA{X). They
showed that if a sublinear operator T is bounded on Lq{X) (q € [1, oo)) and is bounded
from L°°{X) to BMO^*), then T is bounded on IP{X) for all p e (9,00). The main
purpose of this paper is to improve the Duong-Yan's interpolation theorem related to the
space BMO^(A'). To formulate our results, we first recall some definitions and notation.

DEFINITION 4: Let 1 ̂  q ^ 00. A function h is called to be a (l,g)-atom if

(a) sup he B(x, r) for some x € X and r > 0;

(b) ll

(c) [
The atomic Hardy space Hl'q{X,d,n) is defined to be the set of functions / 6 Ll{X)

0

satisfying that there exist { A ^ } ^ c C, ^ | A j | < 00 and a sequence of (l,g)-atoms
{hj}f=l such that i = 1

converges in Ll(X). Moreover, the norm of/ in Hl'q(X,d,ii) is defined by

II f\\ — ;™f / V * i\ 11
\\J\\Hl-<i(x,d,ii) — m i < 2_, lAfl f'

where the infimum is taken over all the possible decompositions of / in (1, g)-atoms.
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It was proved by Coifman and Weiss in [3] that Hhq(X,d,fi) = Hl^°{X,d,n) for
1 ^ q ^ oo. Therefore, in what follows, we denote Hl'q(X, d,n) simply by Hl{X, d,n).

The main results of this paper can be stated as follows.

THEOREM 1. Let 1 < p0 < oo, T and T be two operators. Suppose that
(aO |T/j(x) - T/2(x)| < \T{h - /2)(z)|, for functions fu f2 defined on X;
(&2) T is bounded from Hl(X, d,n) to Ll{X), and f is bounded from I/">(X)

to U»*°(X);
(a3) There is a positive constant Co such that for any function f € L°°(X)

M#(Tf)(x) ^ff(x) +C0\\f\\L~{x).

Then T is bounded on V{X) for any 1 < p < p0.

THEOREM 2 . Let 1 < p\ < p? < oo, T and T be two operators. Suppose that

(b,) \Th(x) - Tf2(x)\ < |T(/x - /2)(x)|, for functions fu h defined on X;

(b2) T is bounded from U>1 (X) to [/>l'°°(X), and f is bounded from V*{X) to

(b3) There is a positive constant Ci such that for any function f € L°°(X)
nu»{X),

M*(Tf)(x)^ ff(x) + C1||/||t-w.
Then T is bounded on L?(X) for any pt < p < p2-
REMARK 2. If we choose T = 0, Theorem 1 states that an operator satisfying the
condition (ai) and bounded from H^X^,^) to Ll{X) and from L°°(X) to BMOA{X),
is bounded on U[X) for any 1 < p < co. Similarly, Theorem 2 implies that an operator
satisfying the condition (bi) and bounded from Vl{X) to LPli00(A') and from L°°{X) to
BMOA(X), is bounded on LP{X) for any px < p < oo.
REMARK 3. One of the main difficulties in the proof of our theorems is that the com-
posite operator M*T may not be a sublinear operator or a quasilinear operator, and the
Marcinkiewicz interpolation theorem can not apply directly.

As an application of Theorem 2, we shall consider the LP(X) boundedness for the
following singular integral operator with non-smooth kernel introduced by Duong and
Mclntosh [4].

Let T be a linear operator with kernel K such that for any bounded function / with
bounded support and almost all x $ sup/ ,

Tf(x)= f K(x,y)f(y)d»(y),
Jx

where K is a measurable function on X x X\{(x, y) : x = y}. Assume that there exists
an "approximation to the identity" {At}t>o such that the composite operator AtT with
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t > 0 has an associated kernel Kl(x,y), and there are positive constants C2 and C such
that for all y 6 X and t > 0,

(5)

THEOREM 3 . Let T be the operator defined as above with kernel K satisfying (5).
Suppose that for some Gxed q with 1 < q < co, T is bounded from L"{X) to Lq-°°(X).
Then T is bounded on V{X) provided that q <p < oo.

REMARK 4. Employing some ideas used in the proof of [8, Proposition 5.4], we can
show that M$(Tf)(x) ^ C\\f\\L<*{x) for / e L°°(X). Thus Theorem 3 follows from
Theorem 2 directly.

Throughout this paper, C denotes the constants that are independent of the main
parameters involved but whose values may differ from line to line. Constants with sub-
script such as Ci, do not change in different occurrences. For a measurable set E, xE

denotes the characteristic function of E.

2. PROOFS OF THEOREMS

We begin with some preliminary lemmas. We first recall the following Calderon-
Zygmund decomposition theorem in [2] and a basic covering lemma on spaces of homo-
geneous type in [1].

LEMMA 1. Let f e LX(X) and A > H / I I L H * ) ^ * ) ] " 1 . Tien there exist a family
of balk {Bj}jeA with almost disjoint interiors (that is, with a bounded overlap) and
constants C > 0, such that

(c2)

(cs) / = 9 + b with b = £ bj; .

(c4) \g{x)\ s$ CX for almost all x 6 X;

(c5) supbjCBj, f bj{ )

LEMMA 2 . Let (X, d, n) be a space of homogeneous type, B = {Ba : a e A} be
a family of balls in X such that E = \J Ba is measurable and n(E) < oo. Then there

a6A
exists a disjoint sequence {B(Xj,rj)\ „ C B, such that E C \J B(xj,C3rj) with C3

a positive constant depending only on K (the constant appearing in the inequality (1)).
Moreover, for any a e A, Ba is contained in some B(XJ, C$rj).

For the proof of this lemma, see [1, Lemma 2.1].
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LEMMA 3 . Take A > 0, / e Ll{X) U LJ>>OO(A') with p e (1,oo) and a ball Bo such

that there exists x0 £ Bo with Mf(x0) < A. Then, for every 0 < r\ < 1, we can find
7 > 0 (independent of A, Bo, f, XQ) in such a way that

£ BO : Mf(x) > 0\, M*f(x) ^ 7A}) ^ W(B0),

where /3 > 1 is a fixed constant which only depends on the space and the "approximation

to the identity" {At}t>o-

PROOF: It f £ LP{X) for some p € [l,oo), this lemma was proved by Martell in
[8]. Repeating the proof of [8, Proposition 4.1], we see that the conclusion of Lemma 3
is also true for / € LPi0O(A') with p e (1, oo). D

As the composite operator M*T maybe not a quasilinear operator, this gives much
trouble to our work. The next lemma is devoted to showing connections between the
operators T and M*T (if we replace / by Tf) and is the key point for the proof of our
theorems.

LEMMA 4 . Let p € (l,oo) and {.At}t>o be an "approximation to the identity" as
in Definition 1. There is a positive constant C depending only on p, {At}t>0 and the
space X such that for any function f,

(i) ifn(X) = oc and sup Xpfi({x £ X : Mf(x) > \\) < oo for any R> 0,
then 0 < A < « V J

(ii) ifii{X) <ooandfeL1(X), then

II^/IIW, ^ cUf\\PmxMx)]l~P + c\\M*f•||^

(iii) ifn{X) < oo and / € LV'°°(X) for some q € (1, oo), then

\\Mf\\p
LP,^x) ' ^ *

PROOF: For the proof of the cases (i) and (ii), see [6, Theorem 2.2]. We only consider
the case (iii). Recall that M is bounded from Lq<°°(X) to L"'°°{X) for any q e (l,oo),
that is to say, there is a positive constant C4 such that

Let Ao = C4||/ | |z,. .~(*)[/z(*)r1 /*. F o r X > X<>> S e t

EA = {x € X : Mf(x) > A}

and
FA = {x £ X : Mf(x) > 0\, M*f(x) $ 7A},
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where ft and 7 appearing in Lemma 3. It is easy to see that

which in turn implies that

M(EA) < 00, and * \E A ̂  0.

For each x € EA, denote by rx the distance of x and the set X\E\, namely,

rx = inf d(x,y).
ye*\Ex

Then,
rx > 0 and EA = (J B(x, C^rx),

where C3 > 1 is the same as in Lemma 2. We can apply Lemma 2 to obtain a disjoint
sequence {B(XJ,C^rj)} 6N such that

EA = (J Bfo, rj), B(XJ, CbTj) n (,Y\EA) ± 0,

where C5 > 1 is a constant depending only on the space. Lemma 3 together with the
inequality (3) states that

^ £ > ( { * e B(xjt C5rj) : Mf(x) > /3A, M#f(x) ^ j
J6N

It follows that for any A > Ao,

M({X £ X : M/( i ) > ^A}) ^ M(FA) + /z({x 6 X : M*f(x) > 7A})

^ CT?M(EA) + //({x e X : M#f(x) > 7A}).

Then,

(PX)"^{x e ^ : Mf(x) > PX}) ^ CT?(/3A)V(EA)

+ (PX)>>ii({xeX:M#f(x)><yX}).

Thus, a straightforward computation shows that

sup AV(EA) < sup APM(EA) + sup X"fj,(Ex)
O<X<0R 0A^^A PX\0R

sup A"/x(EA)
Ao<A<fl

+(/37-1)psupAV({i e X : M*/(x) > A})
A>0 ^ 'A>0

p/'' CP'> sup

+(/37-
1)psupAp

//({x 6 X : M#/(x) > A}).
A^>D V '
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Choose T) such that 77 < {CfP)~l, we obtain that

sup AV(EA) ^ C\\f\\l,.mlx)[»{X)]l-p/<+Csap\'Mx 6 X : M*f(x) > X})
<X<3R Ab.0 V /0<A</3H

and then completes the proof of the case (iii). D

P R O O F OF THEOREM 1: We first claim that for any 1 < p < p0, MfT is of weak
type (p,p), that is, there is a positive constant C such that for any / € V{X),

(6) supA^({x e X : M*Tf(x) > A})

In fact, let A! = 0 if fi{X) = 00 and A! = H / H ^ w M * ) ] ' 1 if M W < 00. Note that if
A" ^ Ai, the inequality (6) holds obviously. For each fixed / € U{X) and A" > Ai, by
Lemma 1, we can perform the Calderon-Zygmund decomposition to |/ |p at level Ap and
there exist a family of balls {Bj}jGA and positive constants C, C6 such that

(d2) / = 5 +6 with 6= J2*>i\

(d3) \g{x)\ ^ CX for almost all x 6 X,

(d4) for any j € A, sup6j C Bh [ bj(x) dfi{x) = 0 and ||6,-||J,W ^ C6A"/x(Bj).

It is obvious that g 6 I/'IX) and

For 1 < p < po < 00, it is easy to see that

llollpo
llfflf

It follows from (d4) that (Cl'p\n{Bj)) 1bj{x) is a (l,p)-atom. We know from (di) that

*6 Xfi(Bj) ^ CX "Il/Hij^,*) ^ °°i
v

which in turn implies that

ieA

and
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On the other hand, a trivial computation along with the condition (aj) leads to that

M*Tf(x) = sup -j^jjjng + b)(y) - AtB(T(g + b))(y)\ dfi(y)

< s u p - ^ { f \ n 9 + b)(y) - Tg(y)\d/%) + J\Tg{y) - AtB(Tg)(y)\dn(y)

+ fB \AtB(T{g + 6))(y) - Atg(Tg)(y)\ dM(y))

< MTb(x) + M*Tg{x) + sup - ^ - / Atg {T(g + b))(y) - AtB(Tg)(y)I

Since Tb € L H ^ ) ! z*1 argument similar to that used in the proof of [8, Lemma 3.5] tells
us that

sup A t B (T(g + b)) (y) - A t B (Tg)(y)|

< s u p - T m f f htB{y,z)\Tb{z)\d^z)dn{y)
xeB H(r>) JB JX

^ CMTb{x).

Consequently, there exists a positive constant C7 such that

M*Tf{x) ^ C7MTb(x) + M*Tg{x).

Applying the condition (a3) and (ds), we get

M({Z 6 X : M*Tf{x) > 4C0C7A}) ^ //({z € X : M*Tg(x) > 2C0C7A})

+/z({x € X : MTb(x) > 2C0A})

+/*({* e X : MT6(a;) > 2C0A}).

The fact that T is bounded from LP°{X) to Lpo>°°(^) gives that

^il JX c HT \ J. QyJXj ^ O o t ^ 7 " f J ^ O>\ ||5||TJPQ(X\ ^ ^ IIJ IIIJ>(X\*

Note that M is of weak type (1,1) and T is bounded from Hx(X,d,jx) to i 1 ^ ) - Thus,

G * : MTb(x) > 2C0A}) < CA^H&Hffi^,,) ^ CA"i-p|| f IIP
'\LP(xy

and the inequality (6) follows immediately.
We can now conclude the proof of Theorem 1. If n(X) = 00, for any bounded

function / with bounded support and / f(x)dfx{x) = 0, we see that / e Hl(X,d,n)
Jx
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and / G L?(X) for 1< p < p0. Then Tf € Ll(X). It follows from the case (i) of Lemma
4 and the inequality (6) that

(7) s^PAV({x € X : |T/(x)| > A}) ^ | | M T / | | ^ W ^ C\\f\\lP{x).

If fi(X) < oo, for each bounded function / with bounded support and / f(x) dfi(x) = 0,

it is easy to verify that [/J(A')]
 p

 I I / H ^ M / C C ) is a (l,p)-atom and

By the case (ii) of Lemma 4 and the inequality (6), we obtain that

supA*M({* 6 X : \Tf(x)\ > A } ) ^ C\\f\\p
Hl(XM[/,(*)]l~* + C\\M*Tf\\^lX)

(8) < CII/IILw

The inequalities (7) and (8) via a standard density argument show that T is bounded
from LP{X) to LP|0O(A') for 1 < p < p0. On the other hand, note that an operator satis-
fying the condition (ai) is a subadditive operator. An application of the Marcinkiewicz
interpolation theorem gives us the desired result. D

PROOF OF THEOREM 2: Given / 6 W{X) with 1 < px < p < & < oo. For each
A > 0, decompose / as

f(x) - /(x)x(.e*,/(,)l>ci*|(*) + /Wx, l W ! | , , , H W , (*) = fi{x) + fa(x),

where the constant C8 will be fixed below. A straightforward computation shows that
A(x) 6 It*(X), f2(x) € D»(X) and

As in the proof of Theorem 1, we can obtain that there is a positive constant Cg such
that

M#Tf(x) < C9MTh(x) + M*Tf2(x).

We shall choose C8 such that C8 ^ Cg. Then, the conditions (b2), (b3) together with the
fact that M is bounded from D*>°°{X) to L»-°°(#) yield that

X : M*Tf{x) > 4dC9A}) < fx({x G X : MTfr(x) > 2CiA})

G X : M*Tf2{x) > 2C1C9A})
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This states that MfT is bounded from LP{X) to LP'^iX). We then consider the following

two cases to prove that T is bounded from V{X) to L?'°°(X) for Pi < p < fa-

For the case n(X) = oo. For any bounded function / with bounded support, it is

easy to see that sup Xpfi({x € X : MTf(x) > A} ) < oo for any R > 0. Applying the
0<A<fi V >

case (i) of Lemma 4 we can get that for p\ < p < fa,

| |T /HL*-(*) ^ \\MTf\\L,.~(x) ^ C\\M*Tf\\is.-{x) ^ C\\f\\L,{x).

For the case n(X) < oo. For each / G L'(X) with 1 < pi < p < p2, note that / £
and

Thus, Tf € Lpil00(-f). It follows from the case (iii) of Lemma 4 that

\\Tf\\p
L,,~{x)

Consequently, T is bounded from U{X) to V'°°{X) for px < p < p2. Recall that T is a
subadditive operator, by the Marcinkiewicz interpolation theorem again, we can obtain
that T is bounded on U'(X) for 1 < pi < p < p^ < oo. D
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