
EISENSTEIN f S CRITERIA F O R ABSOLUTE 
IRREDUCIBILITY OVER A F I N I T E F I E L D 

K e n n e t h S. Wi l l i ams 

( r e c e i v e d May 9, 1966) 

Le t p denote a p r i m e and n a pos i t i ve i n t e g e r . Wr i te 

q = p and le t k denote the Ga lo i s field with q e l e m e n t s . The 
q 

unique f a c t o r i z a t i o n d o m a i n of p o l y n o m i a l s in m(;> 2) i n d e t e r -
m i n â t e s x , . . . , x wi th coeff ic ients in k is denoted by 

1 m q 
k fx , . . . , x 1. It i s the p u r p o s e of this note to p r o v e the fol iow-

q 1 m 
ing g e n e r a l i z a t i o n of E i s e n s t e i n ' s i r r e d u c i b i l i t y c r i t e r i a and to 
poin t out s o m e of i t s c o n s e q u e n c e s . 

T H E O R E M 1. Suppose f ( x . . . . , x ) i s a (not n e c e s s a r -
1 m 

i ly h o m o g e n e o u s ) p o l y n o m i a l € k [ x j , . . . , x 1, such that , if f 
q 1 m 

i s r e g a r d e d as a po lynomia l in s o m e i n d e t e r m i n a t e x . ( l £ i £ m) 
of d e g r e e d( l <. d < q) then t h e r e e x i s t s an abso lu t e ly i r r e d u 
c ib le po lynomia l J> (x, , . . . , x. t , x. . . . . , x ) with coeff ic ients 

F y ^ 1 î - l î+l m 
in k , wi th the p r o p e r t i e s 

q 

> | f d , j>\ £ r ( r = 0 , 1 , . . . , d - l ) and } * 1[ fQ, 

r 
w h e r e f deno t e s the coeff ic ient of x. (r = 0, 1, . . . , d ) . Then 

r l 
f is a b s o l u t e l y i r r e d u c i b l e in k [x . . . . , x ]. 

q 1 m 

P roo f . Without loss of g e n e r a l i t y we can take i = m . 
As k f x , , . . . , x , 1 i s a unique f a c t o r i z a t i o n d o m a i n and £> is 

qL 1 m - 1 J 

an i r r e d u c i b l e e l e m e n t in it, by E i s e n s t e i n ' s i r r e d u c i b i l i t y 
c r i t e r i a ( see for example [2]), f i s i r r e d u c i b l e in k [x , . . . , x ] . 

q 1 m 
Suppose however tha t f i s not abso lu t e ly i r r e d u c i b l e in 
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f 

k fx x 1 . Then t h e r e i s a n o r m a l e x t e n s i o n k of k 
qL 1 m J q q 

o v e r which f s p l i t s into a :> 2 conjugate f a c t o r s , say , 

f<Xl X m ) = " ( g s ( X ! V 1 ' 
s = l 

Tak ing x = 0 we ob ta in 
m 

f (x , . . . , x ) = n h (x , . . . , x ), 
o 1 m - 1 . s 1 m - 1 

s= l 

w h e r e 

h (x . . . . , x ) = g (x , . . . , x ,0 ) . 
s 1 m - 1 s 1 m - 1 

As p> I f over k and so over k we have J o q q 

} I n h 
a 

h 
s 

s= l 

o v e r k . Bu t p i s a b s o l u t e l y i r r e d u c i b l e ove r k and so i s 
q i q 

i r r e d u c i b l e o v e r k . Hence 
q 

>K 
t 

o v e r k , for s o m e s ( l <_ s <_ a) . By con jugacy th i s i s t r u e for 

a l l s ( l £ s < a) . 

L e t 

h = S i (s = 1,2, . . . . a) 
s J s 

! 
w h e r e i = i (x , . . . , x J e k [x . . . . , x 1. T h e n 

s s i m - 1 q L 1 m - l J 

a 

f = n h = £> i , 
° A S 

S=l 

w h e r e i = IT i i s defined o v e r k . Th i s c o n t r a d i c t s 
8 = 1 S * 
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a > 2 as. J I t . 

COROLLARY 1. Suppose f i s such tha t t h e r e e x i s t s a 
l i n e a r p o l y n o m i a l I (x . . . . , x A ) € k fx . . . . , x 1 with the 

1 m - 1 q 1 m - 1 
p r o p e r t i e s 

1 H f , | j f (r = 0 , 1 , . . . , d - l ) and i 2 | f . 
d r o 

Then f is ab so lu t e ly i r r e d u c i b l e in k [x . . . . , x 1. 
q 1 m 

P r o o f . Th i s fol lows i m m e d i a t e l y f r o m t h e o r e m 1 as a 
l i n e a r p o l y n o m i a l i s a lways a b s o l u t e l y i r r e d u c i b l e . 

COROLLARY 2. If f ( X j , . . . , x J € k [x , . . . , x J 
1 m - 1 q 1 m - 1 

h a s a t l e a s t one abso lu t e ly i r r e d u c i b l e f a c t o r p (x . . . . , x j ) e 
J 1 m - 1 

k [ x , , . . . ^ 1 s u c h tha t p ïf then 
q 1 m - 1 

f(x , . . . , x ) - x 
1 m - 1 m 

is a b s o l u t e l y i r r e d u c i b l e in k [ x , , . . . , x ] . 
q 1 m 

P r o o f . Th i s i s obvious ly a s p e c i a l c a s e of t h e o r e m 1 and 
p r o v i d e s a g e n e r a l i z a t i o n of l e m m a 3 of [ l ] . 

Note . T h e o r e m 1 need not be confined to f ini te f i e ld s , i t 
could have b e e n s ta ted for any field which i s not a l g e b r a i c a l l y 
c losed , as the proof is quite g e n e r a l . 

We now p r o v e t h e o r e m 2 which p r o v i d e s a g e n e r a l i z a t i o n 
of c o r o l l a r y 3 of [ l ] , 

T H E O R E M 2. L e t f(x , . . . , x ) be a (not n e c e s s a r i l y 
1 m 

h o m o g e n e o u s ) po lynomia l e k Tx , . . . , x 1 of d e g r e e a f y qL 1 m J ° 
d ( l < d < q) and let a € k . Set 

q 

f (x , . . , , x ) = f(x , . . . , x ) - a 
. a 1 m 1 m 

and 
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f (x , 
a o 

x ) = x f ( x / x x / x ). 
m o a 1 o m o 

Also for r = 0, 1, . . . , d l e t 

r * 

r r / \ 1 a 
f (X , . . . , X ) = - "-

a 1 m r i . r 
ax x = 0 . 

o 

(Note tha t f only depends on a when r = d ) . Suppose t h e r e 
a 

e x i s t s an a b s o l u t e l y i r r e d u c i b l e p o l y n o m i a l y(x , . . . , x ) € 

k Tx , . . . , x 1 wi th the p r o p e r t i e s 
qL 1 m J 

} | f^ (r = 0,1, . . . , d - l ) and §2 \ l^° . 

T h e n f i s u n i v e r s a l - t ha t i s , for any a 6 k t h e r e a r e 

q y , . . . , y € k s u c h tha t 
1 m q 

f(y„i • • • >y ) = a 

1 m 

p r o v i d e d q > D(m, d) , w h e r e D d e p e n d s only on m and d . 

P r o o f . We have 

• r r 
f (x , • . . , x ) = 2 f (x . . . . , x ) x 
a o m . a l m o 

r=0 
d . p L d 

As f i s a c o n s t a n t y j[ f excep t when the c o n s t a n t is z e r o , 
a a 

In t ha t c a s e (y , . . . , y ) = (0, . . . , 0) . O t h e r w i s e , by t h e o r e m 1, 
* 1 m 

f i s a b s o l u t e l y i r r e d u c i b l e in k . Hence by a t h e o r e m of Lang 
a q 

and Weil ( s ee for e x a m p l e [ l ] , p . ! 2 ) the n u m b e r N of z e r o s of 
«T* 

f in k s a t i s f i e s 
a q 

| N - q | < A(m, d) q 
m - 1/2 

w h e r e A(m, d) d e p e n d s only on m and d . L e t N deno te the 
* 1 

n u m b e r of z e r o s of f ^ i n k wi th x = 0 . T h e n ( s e e for 
a q o 
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e x a m p l e [ l ] , p . 12) 

^ / TV n i - 1 
N < B(m, d)q 

w h e r e B(m, d) depends only on m and d . Now N - the num-
* 

b e r of z e r o s of f in k with x = 1 - s a t i s f i e s 
a q o 

N + (q-l)lNL = N 
1 L 

so 

AT rci'l 1 r / _ T m . _ , m - 1 
N 2 - q = — {(N-q ) - N± + q } 

Hence 

i T m - 1 | 1 r f T m . ^T m - 1 ^ 
|N 2 - q | < —J { | N - q | +Ni + q } 

1 r A m - 1 / 2 „ m - 1 m - 1 -
< — 7 {Aq + B q +q } 

2 m - 1 / 2 , « m - 1 / 2 . m - 1 / 2 
< - { Aq + Bq + q } 

r m - 3 / 2 
= Cq 

w h e r e C = 2(A + B + 1 ) depends only on m and d . 

Hence 

m - 1 ^ m - 3/2 
N 2 > q - Cq 

and so 

N 2 > 0 

P r o v i d e d q > D ( m , d ) , 

2 
w h e r e D = C depends only on m and d as r e q u i r e d . 
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