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On the condition number of certain

Rayleigh-Ritz-Galerkin matrices

Bernard J. Omodei

Martin H. Schultz {Bull. Amer. Math. Soa. 76 (1970), 8U0-8UU] has

investigated the spectral condition number of the Rayleigh-Ritz-

Galerkin matrices that arise when normalized B-spline coordinate

functions are used to approximate the solution of a class of

linear, self-adjoint, elliptic boundary value problems in one

dimension. This paper shows how results analogous to those of

Schultz [op. ei.t.~\ can be established under weaker assumptions.

We also extend the results to boundary value problems in,higher

dimensions.

We consider the following class of linear, self-adjoint, two-point

boundary value problems:

(1) L[u(x)] = £ (-l)VTp.(*)^(x)1 = f(x) ,
j=0 L° ->

0 < x < 1 , / € L2[0, 1] , n 2 1 ,

with homogeneous Dirichlet boundary conditions

(2) Dku(0) = Dku(l) = 0 , 0 < fe £ n - 1 .

Assume that p -(x) , 0 - 0 - n > are real-valued bounded measurable

functions on [0, l] .

Let W^'2[0, l] denote the completion of the set of all C°°[0, l]

functions having compact support in (0, l) , with respect to the Sobolev
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norm

n f l

3=0 •'o

We assume that there exists a positive constant K such that for all

w i. if1 [0, 1] ,

(3) K\\wf2 5 J j j p^W^ud

This assumption corresponds to the assumption that the differential

operator L is positive definite. Schultz [73 made the stronger

assumption that, for all w £ t/1' [0, l] ,

*IMI* - f {.I P /

It can be shown that the problem (l)-(2) has a unique generalized

solution and that the Rayleigh-Ritz method is applicable; see Omodei [6].

^Let {^(x)}. be m given linearly independent coordinate functions

such that <f>. 6 (v^'2[0, l] for all 1 £ i £ m . Let 5 denote the

approximating subspace spanned by {<j>-}̂ _, . We claim, without giving the

derivation, that the Rayleigh-Ritz-Galerkin matrix R = [r.-,) for the

problem (l)-(2) is given by

(k) r., = 1 Z P .(x)!?'^, (x)DJ<t>.(x) \dx , 1 £ i, k £ m .
0 j=0 ^ 1 '

We now introduce normalized B-spline coordinate functions. Following

the construction of de Boor [I], for a positive integer d , the finite set

of real numbers

i s said to be a (<i+l)-extended -partition of [0, 1] , i f and only i f

X, < x. , for a l l 0 £ & £ f f - d + l ; that i s , i f f, denotes the
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multiplicity of the knot x, in v , then / , £ d for all 1 2 k 5 N .

Let I E JO S it S ill | i , < x, } , and define

(5) A i max [x, -xA and 6 = min [x. -xA .
k K K kil

Let Sp Ad, v) denote the extended spline space of a l l extended splines of

degree d on v satisfying the boundary conditions (2); that i s ,

SpAd, TT) consists of those real-valued functions on [0, l ] which

satisfy the boundary conditions (2), reduce to a polynomial of degree less

than or equal to d on \xy, xr.+1] f ° r a l l k £ I , and have d - f-,

continuous derivatives in a neighbourhood of x, for a l l 1 5 k - N .

Assuming that n - d , we add 2(d-n) extra knots to IT to form the

part i t ion

11 : x-d+n = ••• = x-i = XQ < ^ l " • • • S XN < XN+1 = XN+2 = •" • = xN+d+i-n '

We now define the classical B-splines for the part i t ion if (see [4]) :

Mk(x) = (d+l)g[xk, xk+1, ...,

i s (d+1) times the (<i+l)-th divided difference in y of the function

, x) B (y-x)+ based on the points a^, *fe+1, • • - , x ^ + j + 1 • The

normalized B-splines are defined by

(6) H,k(x) E k+JH k Mk(x) ,

It can be shown that {tyAx) }i,^lj+n
 f°rm a basis for Sp (d, IT) (see

C4]).

The following lemma is a simple consequence of a theorem in [2].

LEMMA 1. For an arbitrary (d+1)-extended partition TT̂  there exists

a positive constant D depending on d but not on ir such that .

^ <Wl HL -x
=-d+n fc+d+1 nlxfc+d+l xk
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for all a 6 / + d + 1 " 2 " where ||a|| = £ a? .
^ <• i = l ^

We consider the case where the approximating subspace

Sm = SpA.d, IT) , m = N+d + l-2n, and the coordinate functions

(J)̂ (x) = ̂ i+n^d-1^ ' i = 1 ' 2 m • Assume that f^ 5 d + 1 - n for

all i S k < N to ensure that SpAd, TT) C (/̂' [o, l] . The speatral

condition number of the Rayleigh-Ritz-Galerkin matrix i? is defined by

K(i?) H IlifilgHi?-1^ where ||fl||2 E sup |U?a||2/||a||2 .

aef

Using (3). i t can easily be shown that R is positive definite and

symmetric, and hence K{R) = X A where X and A are the minimum and
maximum eigenvalues, respectively, of R . The following theorem is
analogous to that of Schultz [7],

THEOREM 1. If (3) holds and IT is an arbitrary (d+1)-extended
•partition of [0, 1] such that fk < d + 1 - n for all 1 < k S. N , tfcew

there exists a positive constant C depending on d but not on IT such
that

(8)

Proof. From (k) and (3), we obtain for all a € if ,

y I""" I "• I -• " 1 I2"! II " 1rl r n
= Jo i ? o P^(

u j-o ^-l i-i £2

which, by Lemma 1, yields

aJi?a > KDd I a*.
d+1

)"16||a||2 ,

and thus

(9) x > nn
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Conversely, since p .(x) , 0 - 3 - n , are bounded on [0, l ] , there
0

exists a positive constant P such that, for all a € K ,

„ n r l i - m -i2a *a £ } J L£ ^ M
n r l i - m

m A

since * i 4 ^ d _ 1 ( « ) , 1 = i £ m , has support fc^^, * i + M] . Thus

T m 2 " II ' II2

a i?a £ P(2d+l) ^ a . (x . - x . , ) Y, D '̂l'- j
i=i '̂  't+M 7-+w 1 j=o v+n 1"ico

Using Lemma 3.1 of [3], it can be shown that there exists a positive

constant E depending on d but not on IT such that

n I, . |,2
^ *£-Hi-d 1 £ E& for a l l 1 £ i £ m .

3=0 L°°

Hence

aTi?a s PB(2d+i)(d+i)A6-2n||a||2 ,

and thus

(10) A £

Combining (9) and (10), we obtain the desired resul t with

C = PE(2d+l){d+l)2K.-1D~2 . II

A corollary analogous to the Corollary of [7] is clearly valid.

Extension to higher dimensions

We consider the following class of linear, self-adjoint, boundary

M
value problems defined on an W-dimensional hypercube £2 = X [0, 1]

3=1
with boundary 9J2 ;

(11) L[M(X)] = f(x) , X € Q , f € L2(Q) ,
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with homogeneous Dirichlet boundary conditions

(12) Dau(X) = 0 , X E 5 S , 0 5 |a| « n - l , n * 1 ,

where the linear differential operator L is defined by

(13) L[M(X)] i Z ( - D ^ ' ^ t _(x)A(x)l .
02 |<x | |B |<n L0l t5 a

We are using the usual multi-index notation, see [5], Assume that all the

coefficients Pag(
x) a r e bounded measurable functions in ft and that

pag = pga for a11 ° £ H ' I0l £ » •

Let fc^'2(ft) denote the completion of the set of all C°(Q)

functions having compact support in ft., with respect to the Sobolev norm

We assume that there exists a positive constant K such that for all

0

(lit)
L ' ft '•051 a I,

It can be shown that the problem (ll)-(l3) has a unique generalized

solution and that the Rayleigh-Ritz method is applicable, see [6]. Let

{<().(X)}._ be m linearly independent coordinate functions such that

<(>. € }P' (ft) for all 1 5 i 5 m . The Rayleigh-Ritz-Galerkin matrix

'2' U
R = (^-r,) f°r the problem (11)-(13) is given by

(15) r . j , = f f Z p R(x)ZjV(x)Z?e<J) (

For each j , 1 S j 5 M , le t TT . be a (<i+l)-extended par t i t ion of

3
[0, 1] in the j - th dimension:

u . 0 = x(<7) < x ( j ) < x ( j ) < < x ( j ) < x(t7) = 177 . . 0 x Q < x x - x2 - ... - xN_ < xN_+1 1 ,
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and l e t A . and 6 . b e d e f i n e d a s i n ( 5 ) - U s i n g e x p r e s s i o n ( 6 ) , we
3 3

N.-n

construct the normalized S-spline basis -t I/J, fa? ) f f o r

I K >k=-d+n

_ M
Sp Ad, TT .) , 3 = 1, 2, . .., M . Let IT H X IT. be a (d+l)-extended
0 3 j=1 3

product partition of £1 and let

A = max A. and 6 = min 6 . .
3 3

The extended multivariate spline space Sp Ad, TT) is defined to be the

M _
tensor product ® Sp [d, IT .) . It can be shown that Sp {d, TT) is the

J~l

linear span of all the normalized multivariate B-splines

* [ x ^ [x^) . . . * [x^] , -d + n z k . Z S . - n ,
K l K 2 KM 3 3

3 = 1 , 2 , . . . , M ,

which we rename as {s.(x)}._ , where
'Z' I*—X

X = ( x ( l ) , x ( 2 ) , . . . , x W ) and m = I T [N .+d+l-2n) .
3=1 °

Using Lemma 1, i t is straightforward to prove the following:

LEMMA 2. For cm arbitrary {d+l)-extended product partition IT of

52 y there exists a positive constant D depending only on d such that

for all a i d " ,

(16) I I a,B,\ > D6M/2U\L .

In applying the Rayleigh-Ritz method, let the approximating subspace

S = Sp Ad, TT) and let the coordinate functions ()>.(x) = B.(x) ,
Tfl \J 1 * 1 *

i = 1, 2, ..., m . Assuming that the maximum multiplicity of the interior

knots of TT . is less than or equal to d + 1 - n , for all 1 s j 5 M ,
3

then it can be shown that Sp Ad, TF) C v"'2(f2) , see [6].
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THEOREM 2. If (Ik) holds and H is an arbitrary (d+l)-extended

product partition of ft such that the multiplicity assumption above is

valid, then there exists a positive constant C depending only on d such

that

(17) <{R) S C(A/I)MZ~2n .

Proof. From (15) and (lit), we obtain for all a € R"1 ,

p

"2

which, by Lemma 2, yields

2 '

and thus

(18) X 2 X D 2 ^ .

Conversely, since Pag(*) > 0 5 | a | , |fj| < n , are bounded in ft ,

there exis ts a posi t ive constant Q such that

m -i2T r f To ? , H ,
O-|ot|5tt 'Q. L. i= i -1

and using the minimal support properties of \B.} ._ , it can be shown that

there exists a positive constant F depending only on d such that

m r r- -i

I £ af b°B.(x)
T2

dx

m

i=\
"Ml2.

Using Lemma 3-1 of [33, it can be shown that there exists a positive

constant E depending only on d such that
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2
£ \vaB^ 5 EZ~2n for a l l 1 5 i S m .

Hence

and thus

(19) A 5

Combining (l8) and (19), we obtain the desired resul t with

C = QFE[d+l)MK~XD~2 . II
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