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A COUNTING FORMULA
ABOUT THE SYMPLECTIC SIMILITUDE GROUP

KWANKYU LEE

We derive an explicit formula for the number of elements in the symplectic similitude
group GSp(2rt, q) with given trace and determinant.

1. INTRODUCTION

Let F, be the finite field with q elements! Recall that the symplectic similitude group
GSp(2n, q) over F, is defined by

GSp(2n, q) = { g € GL(2n, q) \ 'gJg = a(g)J for some a{g) € F* } ,

where J denotes " I. This paper addresses the problem of counting the number
[-In 0J

of elements in GSp(2n, q) with given trace and determinant. More formally, we want to
find the value of

) = \{9€ GSp(2n,g) | detg = £ tig = v}\,

when ( € F J , rj € F, are given. In [1], Kim gave a related result: an explicit formula
for the number of elements in GSp(2n, q) with given trace. In this paper, we derive an
explicit formula for C((,,TJ).

THEOREM 1 . Let C, 6 F*, 77 e F,. Let S denote the number ofn-th roots ofQ in
Fq, and let

a€Ff aj

wiere t(x, y) = 1 if(x, y) = (£ rj), 0 otherwise; and the inner sum is regarded as t{an, 0)
for m = 0. Tien we iave

[n/2] , r 1 b I(n/2)-»]1 b

(
6=0 ^ \-Z0Uj=i 1=0
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where R(m, I) denotes £ f[ (9
m-"--»» - l) with R(m, 0) = 1.

The definition of the g-binomial coefficient I is given in the next section.

1AI,
2. P R E P A R A T I O N

Recall tha t the symplectic group over F, is defined by

Sp(2n,q) = { g € GL(2n,q) \ *gjg = J}.

Observe tha t

GSp(2n)9)= ] J daSp(2n,g)
Q6F?

with da = n - A maximal parabolic subgroup P of Sp(2n, q) is given by
0 al»

We let, for 0 ^ 6 < n,

At = Ab{2n,q) = {g

where

1 € P(2n,q) } ,

0 0 16 0
0 ln.b 0 0

- 1 6 0 0 0
0 0 0 ln_6

Now the Bruhat decomposition of Sp(2n, q) with respect to P says

Sp(2n,<z) =
6=0 6=0

This decomposition will play a crucial role in our proof of the theorem.

Let gn be the number of n x n nonsingulax matrices over F,, and o,, the number of
n x n nonsingular alternating matrices over F9. We define g0 = OQ = 1 for convenience.
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Then

j=o i=i

) ( ( / ) ) ^ j-1 _ y for{
0 for n odd,

The g-binomial coefficient is defined by
LrJ9

I r k l l j r - J - l
L J 9 j=0 'j=0

See [1] and [2] for more details of these facts.

3. PROOF OF THE THEOREM

For any complex-valued function / defined on F, and O,T € F?, let Mm{f;a,r)
denote

+ TQfJ + • • • + aQn, + ra"1)

with M0(/ ;a , r ) = /(0). Remember that R(m, I) was defined in Theorem 1.

LEMMA 1 . Let f bean arbitrary complex-valued function denned on ¥g, and a, r €

F,x. Then

ficrtrg +

[»/2]

n + 1,0 (9Mn_a(/; a, r) - fo - I)""2' ^ /(7))
1=0

PROOF-. Recall that for a nontrivial additive character A of F9 and O,T e F,, the
ordinary Kloosterman sum K(X; a, r) is defined by K[X; a, r) = J ] A(aa+ r a - 1 ) . First

we state a slightly modified version of Theorem 4.3 in [2].

https://doi.org/10.1017/S0004972700019079 Published online by Cambridge University Press

https://doi.org/10.1017/S0004972700019079


18 K. Lee [4]

SUBLEMMA. Let us define #GL<nw) (A; a«T) = 53 A(a tr </ + r tr p""1) for a non-

trivial additive character A of F, and <r,r € F£. Then

; a, r) = ; a, r)""21.
J=o

Now pick a nontrivial additive character A of F,. We then have

1 =7}|/(7)
76F,

7 € F,

By the sublemma,

1=0
E E K^
76F, «€Ff

76F,

But we have

7€F, *€Ff

= ̂  E E (E
9 7£F, ̂ eF* a6F,x

= " E E E A(«5(̂ Qi + raf1 + • • •
9 7€F, {€¥„

^ - 7))/(T)

76F,

where the unspecified sums are taken over c*i,..., On_a € F£. Thus we get the lemma. D
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LEMMA 2 . Lete,f be arbitrary complex-valued functions defined on ¥g. Then

e(detg)f{tig)
j€GSp(2n,g)

[n/2]/ ,- , 6 K»/2)-6]

= qni-1Y\<f+b | J TTCg2 -̂1 -1) Y* qlR(n-2b + i,l)

x Y e(an) (qM^wif; 1, a)-(q- I)"-26"2' V) /(7)))
n

PROOF: We have

S6GSp(2n,9) ?

«n) E / w
By the Bruhat decomposition,

e(detg)f(ttg) =
S6GSp(2n,«) o€Fj 6=0

Observe that the structure of P allows us to compute explicitly tr(dQ0<y&) for g € P.
Thus we get

e(detg)f(tig)
S€GSp(2n,«)

= E ewY^pii^'2-1^-"^-^-*) 53/(7)
6=0

Now use Lemma 1 to resolve the last expression. This completes the proof. D

PROOF OF THEOREM 1: We obtain Theorem 1 from Lemma 2 simply by setting e
and / to be the functions defined by

\ \ ifa = C, , , , , f l i fa = 77,

10 otherwise, 10 otherwise,

for a € F,. D
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REMARK. Tables of C(C, rj) for GSp(2n, q) with different n and 9 are included below.
These were produced by a Hathematica program into which the formula for C{Q,rf) was
coded. The referee explained the apparent symmetries in the tables by observing that
C(C, V) = C{p?nC, or}) for a e F J .

TABLES OF C(C,n)

GSp(6,3)

<?«,»?) »7 = 0 77 =

GSp(4,5)

3053423790 3058639785 3058639785
3063934512 3053384424 3053384424

= 2
3867500 3713125 3713125 3713125 3713125

0 0 0 0 0
0 0 0 0 0

3870000 3712500 3712500 3712500 3712500

GSp(6,5)

£ =
c =
c =

V)
1
2
3

4

,7 = 0

91408007812500

91395312500000

91395312500000
91408007812500

T J = 1

91395326171875

91408015625000

91395328125000
91401669921875

.7 = 2

91401669921875

91395328125000

91408015625000

91395326171875

77 = 3

91401669921875

91395328125000

91408015625000
91395326171875

77 = 4

91395326171875

91408015625000

91395328125000
91401669921875
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