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Abstract

In the dual object of an infinite compact, connected group, every infinite Sidon set contains an infinite
subset on which full interpolation can be performed using very small classes of measures (discrete
measures on arbitrarily small sets or nonnegative discrete measures). In particular, the Figa-Talamanca—
Rider subset of an infinite product of compact, connected, simple Lie groups has these kinds of
interpolation. This substantially improves previous interpolation results.
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1. Introduction

1.1. Definitions and background Throughout this paper, G denotes a compact
group with dual object G consisting of a full set of inequivalent irreducible
representations. If U C G, then M (U) denotes the finite, regular, Borel measures
concentrated on U; My(U) denotes the discrete measures on U and MI(U ) the
nonnegative, discrete measures on U. We write [t for the Fourier-Stieltjes transform
of the measure (.

Given o € G we write H, for any (fixed) space C? on which o (G) is an irreducible
group of operators, with (finite) dimension d = d,;.

We investigate subsets of G where every possible function can be interpolated
by the Fourier—Stieltjes transform & of a nonnegative, discrete measure u. We say
‘possible’ because ‘nonnegative’ restricts what can be interpolated. Indeed, if u
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is nonnegative (or even, real), then (o) = (o). Furthermore, if o ~ & with say,
@ = P~ o P (we write 0 ~p @), then we also have

a)="P /Ed,uPl = Ph(o)P !,

which leads to the following definitions, in which o € E C GandU C G is open, and
the norm of a matrix A, € B(H,) is its usual norm || A | as an operator on H, and
I°(E) ={(Ac)seE : sup, || A || < oo}. These definitions are generalizations from the
abelian case [2, 4, 5, 9].

DEFINITION 1. We say that ¢ € [*®°(E) is Hermitian if (&) = ¢(o') whenever o and
@ € E,and ¢(0) = Po(o) P~ whenever o ~p &. We write [;°(E) for the Hermitian
elements in [*°(E).

We say that E C I' is symmetric if the identity 1 ¢ E and whenever o € E, then
occk.

We say that E is antisymmeticif 1 ¢ E andif 0 € E, theno ¢ E unlesso ~ 0.

We say that E is a Sidon(U) set if, whenever (A, )scr € [°°(E), there is a measure
w supported on U satisfying ii(c) = A, forallo € E. If U = G, E is Sidon.

We say that E is Ip(U) if E is Sidon(U) and the interpolating measures
concentrated on U can be chosen discrete. If U = G, E is Ij.

We say that E is Fatou—Zygmund lo(U) (FZIo(U), for short) if each Hermitian
@ € £°°(E) can be interpolated by a discrete, nonnegative measure concentrated on U.
IfU =G, E is FZIy.

We say that E is cofinitely FZ1y(U) if there is a finite subset F of E such that £ \ F
is FZIy(U).

Clearly, Sidon(U) (Io(U), FZIy(U)) implies Sidon (Iy, FZIj respectively). Also, if
Eis FZIy(U)sois E U E. As fi(1) > 0 for u nonnegative, an F’Z1y(U) never contains
1. Clearly Io(U) implies Sidon(U). Less trivially, if E is FZIy(U), then E is Io(U)
(Proposition 2.5). Finite sets in duals of compact, connected groups are Io(U) for all
open sets U and FZIy(U) (Corollary 2.9 and Proposition 2.10). Sidon sets in the duals
of compact connected abelian groups are Sidon(U) for all open U (see [2, 9]).

1.2. Statement of results We adapt the methods of [1, 7] to prove that there are as
many FZIj sets as one could hope for.

THEOREM 1.1. Let G be a compact connected group and E C G. If E is an infinite
Sidon set, then there exists an infinite F C E such that F is FZIy and cofinitely
FZIy(U) for all open U.

The sets Io(U) and FZIy(U) are related as follows.

THEOREM 1.2. Let G be a connected, compact group and E C G. Let FC G be
finite. If E is cofinitely FZIy(U) for all open U then EU F U E U F is Io(U) for all
open U. If1 ¢ F then E U F is also FZI.
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COROLLARY 1.3. IfE C G is cofinitely FZI1y(U) for all open U, then E is Io(U) for
all open U.

REMARKS.

(i)  Readers familiar with the union theorem for Sidon sets' may wonder why we
need to prove that a union of a finite (!) set with an [y set is Iy. That is
because the class of Iy sets is not closed under unions (see [3, Example 5.1]
for the standard example), and the same holds for the classes of Io(U), FZIy,
and FZIy(U) sets [4, 5].

(i) ‘Connected’ is an essential hypothesis, even in the abelian case, for our
conclusions. See [4, 5, 9].

In the course of the proof of Theorem 1.1 we prove a result about the F7R set of G
(defined below). This is important because FTR sets are the basic examples of Sidon
and [ sets of unbounded degree.

THEOREM 1.4. Suppose that G = ]_[jej G is a product of simple, simply connected,
connected, compact Lie groups. Then FTR(G) \ {1} is FZIy and cofinitely FZIy(U)
for all open U.

REMARKS.

(i) We do not know whether all Iy sets are Io(U), even for abelian groups. See [4, 5]
for related results in the abelian case.

(il) We also do not know whether one of the groups of Theorem 1.4 has a Sidon set
that is not /.

1.3. Organization of this paper We give further background in the next subsection.
Preliminary results are given in Section 2. Theorem 1.2 is proved in Section 2.5,
Theorem 1.4 in Section 3.1, and Theorem 1.1 in Section 5.2.

1.4. Some further background In Z there are: Sidon sets not Iy (see [3]) and Iy
sets not FZI (see [5]). Hadamard sets in Z are FZI (see [5]), as well as being Io(U)
(see [4]) and cofinitely FZ1y(U) for all open U (see [5]). Every infinite subset E of the
dual of a compact abelian group contains an FZI set of the same cardinality, and, if the
compact abelian group is connected, E will contain an infinite subset that is cofinitely
FZIy(U) for all open U (see [5]). We do not know whether ‘of the same cardinality’
correctly may be added in the nonabelian case: our combinatorial arguments do not
permit us to select a large enough subset to which the technical Lemma 4.1 can be
applied. On the other hand, if E is uncountable, then E does contain an uncountable
set that is cofinitely FZIy(U) for all open U.

‘Cofinitely’ is forced upon us by the fact that no set, not even a singleton, is
FZIy(U) for all open sets U: consider any {} C G and suppose U is a neighbourhood
of e with the property that ||A(x) — A(e)|| <1/2 for all x e U. As A(e) =1, the

I See, for example, [12] and the references therein.
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diagonal elements of A(x) are at least 1/2 for all x € U. Thus, if u =Y axd(xx)
€ M;(U ), then the diagonal elements of (L) are strictly positive and so arbitrary
interpolation with positive, discrete measures supported on U is impossible.

In the nonabelian setting there are infinite, compact, connected groups whose
duals do not admit any infinite Sidon sets. Cartwright and McMullen [1] effectively
characterized those groups admitting infinite Sidon sets and described their Sidon sets
in terms of FTR sets (defined below). This was used in [7] to prove that every infinite
Sidon set contained an infinite I set.

The Figa-Talamanca and Rider set (FTR set) of a group G that is a (product of)
classical, simple, simply connected, compact Lie group(s) is denoted FTR(G) and
found as follows.

DEFINITION 2. If G is one of the matrix groups SU(n), O(n), SO(n) or Sp(n) let
o : G — U(n) be the self-representation. For G = Spin(n) let ¢ : G — SO(n) be the
canonical covering map and let o denote the composition with the self representation
of SO(n). Then FTR(G) ={o, 0, 1}. (Note that o is equivalent to o except if
G =SU(n).)

If G=]] jes Gj where the groups G; are classical, simple, simply connected,
connected, compact Lie groups (that is, the matrix groups above), then

FTR(G)=| J{o o Pj: 0 € FTR(G )},

J

where P; : G — G are the projection maps.

2. Preliminaries

2.1. Some properties of FZIy(U) sets Suppose that o ~p & and A is any matrix
of size dy X dy. Put u = dy(TrAc + TrAo). Then p is a real measure (a real-valued
polynomial even) and fi(c) = A + PAP~!. Taking conjugates and noting that we
must have 7i(c) = P7i(o) P!, it follows that P~'AP = PAP " for all A. Thus, if
we set p(o) = A + PAP~!, then p(o) = PMP_l. Conversely, if B = PBP~ 1,
then B=A+ PAP~! for A= B/2.

These observations show that for an antisymmetric set E, ¢ € [*°(E) is
Hermitian if and only if whenever o ~p &, ¢(o) has the form A, + PA, P! for
(As)oecg €1°°(E). This can be used to give a characterization of FZI sets, as follows,
the proof of which is immediate.

PROPOSITION 2.1. Let G be a connected compact group and U C G. An
antisymmetric set E is FZIy if and only if whenever (Ay) € I°°(E) and ¢ = (By)
satisfies By = Ay if o o and B, = Ay + PA, P! ifo ~pa,thereis u € M;(U)
such that (o) = ¢(o) forall o € E.

As with Sidon and [ sets it is enough to perform ‘almost’ interpolation. We make
this precise in the next proposition, which requires some notation to be stated. Let
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N
D(N, U) = {ZakS(xk) 0<ar<1,x € U} and
k=1

N
DT(N,U) = {ZakS(xk) 0<ap<1,xc € U}.
k=1

We also set

BUZ(E) ={p e L*(E):|l¢(cll <1} and
By((*(E) ={p € ;7 (E) : 9ol < 1}.

PROPOSITION 2.2. Let E C G be an antisymmetric set and let U be a o-compact

subset of G. The following properties are equivalent:

(1) Eis Ip(U) (respectively FZIy(U));

(2) there is some 0 < ¢ <1 (equivalently, for all 0 <¢& < 1) such that whenever
@ €I°(E) (respectively ¢ €;°(E)), then there is 1€ Mg(U) (respectively
JIRS M;(U)) satisfying

I5(0) — (o)l <e forallo € E;

(3) for every 0 <& <1 there is N such that for all ¢ in the unit ball of [°°(E)
(respectively ¢ in the unit ball of [;°(E)) there is u € D(N, U) (respectively
ne DY(N, U)) with |ii(y) — ()| <& forally € E;

(4) there is N such that for all ¢ in the unit ball of I°°(E) (respectively ¢ in the
unit ball of I)°(E)) there exists p € D(N, U) (respectively p € DT (N, U)) with
i(y) =e(y) forall y € E and ||u|| < N.

PROOF. We prove that (2) implies (3) for the FZIy(U) case and leave the remainder
to the reader. (That M;(G) is not a vector space slightly complicates the proof.)
See [5, 7] for a similar characterization of FZIy(U) sets in abelian groups and Iy sets
in nonabelian groups, respectively.

One may view B(£;°(E)) as the product space I1 B, where B, is the set of

oeE
the norm at most one dy X dy matrices, of the form A= PAP ! if o ~p 7. Let

U = J{° Uy, where the U, are compact and U C U, C - - -. For 1 < N let

Wy = {(p € H By :3pu e DY(N, Uyn) s.t. ||li(o) — p@)|| <eforallo € E}

oeck

By assumption | Jy_; Wy =[], < Bo- The compactness of the U, ensures that
each Wy is closed. Since [ [,y Bo is compact (with the product topology), the Baire
category theorem implies that some Wy has nonempty interior. Consequently, there is
afiniteset F C Eandayy € [[,cp Bo suchthat ¢ x [[,cp\p Bo S Wa.

Consider the subset S of [;°(E) consisting of the elements which vanish off F.
Note that S is a finite-dimensional, real subspace. Take a basis, say ey, ..., eg,
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where e; € B;,(I°°(E)). Since all norms are comparable on a finite-dimensional space,
there is some C > O such that ||} bjejll;= > C ) |b;|. Since each +e; is Hermitian,
we can obtain u;, v; € M;(U) such that forall o € E,

||ﬁ}(a) —ej(0)] <Ce/2N and ||15}(0) +e;j(0)] <Csg/2N.
By taking suitably large partial sums we can assume there exists some N’ such that
each puj, vj € DY(N', U).
Let ¢ € B;,(I°°(E)). Since ¢ coincides on E \ F with an element of Wy, we
can find u € DY(N, U) such that ||[i(c) —¢(o)||<eforalloc € E\ F. As uisa

positive measure, (¢ — )| (extended by 0 on E \ F) belongs to S and therefore
equals Y b jej for some b; real. Write b; = b}L — be where b;.—L > (. Note

CY |bj| = lle = RAlrle <1+ lllmw) <2N.

Foro € E,
H(/’(U) - ZZ(O’) - (Zb+ﬂj + b UJ)(O')
= ” (@) = E@)lp\F + (Z b (ej — ) + b (—ej — @)) (0)

(Zb?(é’j —ﬁ;) +b;(—ej - ‘Z))(U)

< sup |l(¢ — 1) (0)] + sup
o€eE\F o€k

<e+ ) |bjICe/(2N) < 2.

Finally, we note that u + Zb;,uj + Zb;vj e DY (N +2N’, U) and, as N’ is
independent of the choice of ¢, this proves that (2) implies (3). O
DEFINITION 3. The set E is an Io(N, ¢) (respectively, FZI(N, ¢)) set if (3) holds.

LEMMA 2.3. The set E C G is Io(U) (respectively FZIy(U)) if and only if E is
Io(Ux) (respectively FZIog(Ux)) for each x € G.

PROOF. Indeed, it = " ax8y, satisfies fi(0) = ¢(o)o (x)~! if and only if

> @by (0) =) ao (x)o(x) = (o). O

PROPOSITION 2.4. Suppose that q: G —> H is a continuous, surjective homo-
morphism.  Then E C H is FZIy(qU)) if and only if E= {cog:0€E} is an
FZIy(U) subset ofG.

PROOF. This follows easily since the surjectivity of ¢ ensures that 0 o ¢ ~p o 0 ¢q if
andonly if o ~p 0. O
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2.2. Antisymmetric FZIy(U) sets are Io(U)

PROPOSITION 2.5. Let G be a compact connected group and E C G be an anti-
symmetric FZIy(U) set. Then E U E is In(U).

PROOF. Write E = Eq U E; w_hereEoz{a eE:o~c}land Ei={c € E:o0 ~0}
and suppose that ¢ € [°*°(E U E). Find u1, vy, u2, v2, € M;(U), such that

_ 0(0) + Prp(0) Py ifo € By, ~p, 5,
ni(o) = .
(o) ifo € E,
R i ((p(o) - Pg<p(o)Pgl) if o € Eg, 0 ~p, 7,
vi(o) = ]
ip(o) ifo e Ep,
P 0 ifo € Ey R 0 if o € Ey,
H2(0) = { — . and (0) =1 —— .
o) ifoekE ip(oc) ifoekE.
It is routine to verify that the discrete measure () —ivy + o —iv2)/2 does the
desired interpolation. O

2.3. Finite sets are Iy(U)

LEMMA 2.6. Let G be a compact, connected Lie group and U be an open subset of
G. Let H be a finite-dimensional Hilbert space and suppose o : G — B(H) (where
B(H) is the bounded operators on H) is an analytic map. Then o (U) spans B(H) if
and only if 0 (G) spans B(H).

PROOF. If o(U) does not span B(H), then o(U) is contained in a hyperplane
L € B(H) of (complex) co-dimension at least one. Choose a nonzero vector
e Cdim B(H) orthogonal to L with respect to a fixed inner product (-, -) on B(H).

Since the map x — o (x) is an analytic mapping of G into B(H) [11, p. 102], the
map x — (¢, o(x)) = f(x) is also analytic on G. Because f vanishes on the open
set U and G is a connected Lie group, f vanishes identically. However, then ¢ is
orthogonal to o (G) and hence o (U) cannot span B(H).

The converse is trivial. O

COROLLARY 2.7. Suppose that G is a compact, connected Lie group, E is a finite
subset of G, and U is an open subset of G. Then E is Ip(U).

PROOF. All finite sets are Iy [7, Proposition 2.2] thus the set M;(G)~ spans B(H)
where H =@ ., H,. Since the mapping x — @ . o (x) is an analytic mapping
of G into B(H). By Lemma 2.6, M;(U)" spans B(H) for all open U C G. O

PROPOSITION 2.8. Let G = A X ]_[iel G; where A is a compact, connected, abelian

group and the subgroups G; are compact, connected Lie groups. Then each finite set
E C Gis Ig(U) for all open sets U C G.
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PROOF. First, suppose that E| C A and E, C ﬁa are finite sets. A dimension
argument shows that [ (E; x E3) = I[®(E1) ® [®(E3).

As each representation, o, in E has finite degree, there is a finite index set / such
that E C (A x [[;¢; Gi)™ (in the sense that o restricted to [[;o; G; is trivial). If we
put E1 =E|4 and E; = E|niel G;» then certainly E C E; x E» and thus [®(E) is
contained in [*°(E) ® [*°(E3). As E| is a finite set of representations on a compact,
connected abelian group it is Io(U) for all open sets U C A (see [4, Corollary 2.8]).
A finite product of compact, connected Lie groups is again a compact, connected Lie
group and thus E» is also Io(U) for all open sets U C [ [;; Gi.

Let U C G be open. We may assume that U is a neighbourhood of the identity by
Lemma 2.3. Therefore, U contains a set of the form U; x U, x Hz‘¢1 G;, where U,
is open in A and U, is open in [[;; G;. Since My(U;)" spans [*°(E;) for j =1, 2,
and each o € E is trivial off E; x Ep, My(U)" spans [*°(E). O

COROLLARY 2.9. If G is a compact, connected group, then any finite set E C G is
Io(U) for all open sets U

PROOF. By the structure theorem for compact, connected groups [10, Theorem 6.5.6],
G is isomorphic to a quotient of A x [[,.; G; where G; are compact, connected Lie
groups, and A is a compact, connected, abelian group. If E is a finite subset of G,
then E lifts to a finite set of irreducible representations of A x [ [ G;. As the quotient
map is open, it suffices to assume G = A x [[ G; and thus the previous proposition
applies. O

2.4. Finite sets are FZI

PROPOSITION 2.10. If G is a compact group, then any finite set E g@ not
containing 1 is FZIy.

PROOF. Without loss of generality we may assume that E is antisymmetric. Given any
Hermitian ¢ in the unit ball of [°°(E), put ¢ (0) = ¢(0) if o * & and ¥ (o) = ¢(0)/2
otherwise. Set
p=A+Y  dy(Try(o)o + Trir(0)o),
o€k
where A > 0 is sufficiently large to ensure that p > 0. If o ~p o, then as ¢ is
Hermitian, Ty (o) = TrPy (c)P~ ' Po P~! = Trys(0)o. Moreover, if o € E, then
p(©@) =¢(0) =¢(0), thus p(0) = ¢(o) forallo € E.
For each x € G choose a neighbourhood U, of x such that

o) —oWIl <e/lpl,
for all y € Uy and o € E. Choose a finite subcover Uy, ..., Uy, of G. For each
Jlet Vi =Uy; \Ui;% Uy,. The V; form a finite (but not open) covering of G by
disjoint sets. Put u = Z'}Zl p(V;j)8(x;), where by p(V;) we mean fvj p and note that

liZ(o) — @ (0)| < & forall o € E. Now an application of Proposition 2.2 (3) proves
E is FZIy. O
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2.5. Proof of Theorem 1.2 We may assume £ N F = {J and that both E and F are
symmetric. It does not matter whether F is empty. Let U be an open neighbourhood of
the identity of G. Let U’, W’ be open neighbourhoods of the identity with WU’ C U.
Let F| C E be a finite set such that E \ F is FZIy(U").

Let W be an open neighbourhood of the identity of G such that W3 ¢ W/ andx € W
implies || 1o — o (x)l|5H,) < 1/2 for o € F U Fy. Since E is cofinitely FZIo(W), we
may choose a finite set F» C E \ F; such that E\ (F; U F>) is FZIop(W). Choose
any T € E \ (F1 U F,). Then there exist u_, i1 € Mj(W) such that &+ () = 0+(7)
=41, and i+ = O elsewhere on E \ (F| U F,).

Let w =y + pu_. Then p >0 is supported on W, it =0 on E \ (F; U F>), and
a = |||l > 2 (this is where the nonnegativity is used). Furthermore, ||X(c) — als||
< a/2, by integration, for each o € F U Fy, so [t(o) is invertible for each o € F U Fj.

Since F U Fj U F; is finite, Corollary 2.9 implies there exists a discrete measure' w
supported in W such that ® = i~! on F U Fj and 0 on F>. Then p % w has transform
the identity on F U F| and zero on E \ F].

Now let ¢ € £°(EUF). Let w; € My(W) have @1 =¢ on FUF; and w»
€ My(U’) have @, =¢ on E\ Fi. Then w3 = * o * w1 + (8, — i * w) * wy has
w3 =¢ on EUF, and w3 is a discrete measure concentrated on W3UWwWU' cU.
It now follows that E U F is Ip(U). Since E, F are symmetric, EUFUEU F is
Ip(U). That proves the Ip(U) assertion.

The proof of the FZIj assertion follows similarly, with a call to Proposition 2.10 in
place of Corollary 2.9. We observe that 72~ ! can be interpolated on F by a nonnegative

~_1

measure supported on W since the nonnegativity of p implies £~ is Hermitian. O
2.6. Orthogonal representations and the padding property

DEFINITION 4. The nontrivial representations {0} C G are mutually orthogonal if

G =][];c; Gj, the index set J is the disjoint union of sets J; and oy € ]_[//GJ,(\G,
We say that £ € G has the padding property if for every € > 0 there is m = m(g)
and xo, ..., X1 € G satisfying (1/m) Y7} o/(x))|| < & forall o € E.

Padding was a key idea used in [7] to ‘piece together’ I sets in a product group
setting. It is shown in [7] that FTR(G) \ {1} and finite sets not including 1 are sets
which have the padding property. Of course, if 1 € E, then E does not have the
padding property.

LEMMA 2.11. Let G = ]_[ieJ G; and E; C a Suppose there is some ¢ <1 and N
such that all E; are FZI(N, €) sets and that E = | J E; has the padding property. Then
E is FZIy.

PROOF. Let {A;}scr be a Hermitian function in the unit ball of [°°(E) and for
each i let u; = Z,ivzl aié(gki) be a positive measure on G; with 0 <ai; <1 and
llixi(0) — Ag|| < ¢ for all o € E;. We can ‘combine’ these measures to produce a

I At this point we do not need nonnegativity.
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single positive discrete measure on G which will simultaneously interpolate all A,
by imitating the proof of [7, Theorem 3.3] with one change: rather than choosing
S1, ..., 8 an g-net in the complex unit ball, we choose s; =ie fori =0, ..., [1/¢e].
Given any 0 < a;; < 1 there is some s; such that |s; — ay;| < . Hence the measure v
constructed in [7, Theorem 3.3] does the appropriate interpolation and is positive as
needed. O

3. Proof of the FTR Theorem 1.4

We use two lemmas, from which the theorem will follow easily. The first,
Lemma 2.11 above, allows us to piece together the FTR sets of the factors; the second,
which follows, shows that those FTR sets satisfy the conditions necessary for that
piecing.

LEMMA 3.1. If G is any one of the classical, compact, simple, simply connected Lie
groups, then FTR(G) \ {1} is FZIy(N, ¢) for some N and 0 < ¢ < 1 independent of G
(and so FZI).

REMARKS.

(i) The choice of N and e will be clear in the proof.
(i) Since the FTR set (less 1) has at most two elements in the classical case, this
would follow from Proposition 2.10, if we did not need N, ¢ independent of G.

PROOF. Denote the FTR set of G (excluding 1) by {o'} or {0, 7}, as appropriate. We

consider the classical matrix groups separately.

(1) For SU(2), SU(3) we appeal to the finite sets result.

(i) For SU(n), n>4 and O(n), n>1, we essentially use the argument in
[7, Proposition 3.2].

@iii)) For SO(n), n > 3, it suffices to show each matrix in O(n) is a positive linear
combination of a bounded number of matrices in SO(n), with the number
independent of n. We need only consider orthogonal matrices with determinant
—1 and these can be written as P! N P with P special orthogonal and N block
diagonal of the form

—1I;
0
0

oX~o
N o o

with j odd and T block diagonal with 2 x 2 blocks of the form

T — cos¢ sing
" \—sing cosg)"’
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Thus, N is one of the block diagonal matrices

-1 0 0 O
- 0 0 100 ) _01 ;) 8
o R’} o o1 of Lo )
0 0 0 R
where R is special orthogonal. We can write
0000 1 00 O 1 0 0 O
000 O] _Lfo 100 41 0 -1 0 O
000 O] 41001 0 410 0 -1 O
000 R 00 0 R 0 0 O R
-1 0 0 O -1 0 0 O
1o -1 0 0 0 1 0 O
T3lo o 1 ofTalo o -1 o]
0 0 0 R 0 0 0 R

and thus as a positive sum of four matrices in SO(n). The positive combinations
of matrices for

~1 00 0
-1 0 0
~ 0 0 100
(0 0)’ 0o 010 @ |0 T O)
0 000 0 0 R

can be obtained in a similar manner. Here O denotes a zero matrix (possibly
different in each instance) of dimensions required by the nonzero matrices of its
row and column.

(iv) For Sp(n), o ~p o with intertwining operator

(0 —I,
P‘<1n 0).

Thus, we need only interpolate matrices of the form

(% %)
(b v) (5 0)

with U, V unitary belongs to Sp(n). Since any matrix can be written as the
positive linear combination of four unitaries it is straightforward to perform the
required interpolation.

(v) The Spin(n) case follows from SO(n) since the property of being FZIy(U) is
preserved under quotients (Proposition 2.4). O

Any matrix of the form
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3.1. Proof of Theorem 1.4 Because FTR(G) \ {1} is known [7] to have the padding
property, we can apply Lemma 3.1 and Lemma 2.11 to conclude that FTR(G) \ {1} is
FZI.

We now show that FTR(G) \ {1} is cofinitely FZIo(U) for all open U C G. If J
is finite, then #FTR(G) < 1 4+ 2#J, so FTR(G) \ {1} is cofinitely FZIy(U) for all sets
U, open or not.

We therefore assume that J is infinite. If U C G is open, then U contains a set of
the form

Uy x---x Uy l_[ G,

where U; C Gjisopen, 1 < j <N.LetG' = ]_L-¢{1 ..... vy i and G" = Hie{l ..... nGi-
Suppose that E = FTR(G) \ {1} and take F = FTR(G”) \ {1}. Of course, we can
identity F with a subset of E, and E \ F with FTR(G’), and we do so. With those
identifications, E \ F is FZI by the preceding paragraph, and F is finite.

Let ¢ € B((*°(E)). Since E \ F is FZIy, we can obtain u € MJ(G/) such that
L=¢onE\ F,say u=> apd(xx). (Here we think of E \ F as FTR(G’).) Replace
xk by x; = (Vki)ier Where yi; =xi; if i#1,..., N and y;; =efori=1,..., N.
Then x; € U, and pu) =) axd(x;) is a discrete positive measure supported on U
whose Fourier transform coincides with that of . on E \ F. That ends the proof of
Theorem 1.4. O

4. A technical lemma

If A and B are infinite sets, then A ® B is never Sidon [1, p. 311], even in the
abelian setting [9, Theorem 1.4]. It will be useful for us to know that certain infinite
subsets of the product of two FZI sets are FZIj.

LEMMA 4.1. Let Ey ={x;}jes be antisymmetric and assume all x; have the same
degree. Assume that E1 U Ep is Io(U)). Let E» = Ujej E; j where the sets E; j are
disjoint. Suppose that E; is antisymmetric and FZIy(Uy). Furthermore, assume that
E| is orthogonal to E;. Then E = Ujej Xj ® Ep jis FZIo(Uy x Uy).

PROOF. Partition E as F1 U F», U F3 where
Fil={x®oce€eE:oc~a},
F,={x ®aeE:a~QUEandx~pX7} and
F3={x®ocecE:0~p,0and x =X}
Letp = (A(x ® 0)) € B(I*°(E)) and put
AX ®0) + R(x ® 0)A(x ® )R(x ® o)™

X(x®o)= if x @0 ~px00) X 0
A(x ® o) otherwise.

Our task is to interpolate (X (x ® o)) on E.
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We produce three positive, discrete measures py whose transforms agree with
X(x ® o) when x ® 0 € F; and 0 otherwise on E.

Let d be the common degree of the y;, and let I ¢y be the d x d matrix with
a 1 in the (k, £) place and O elsewhere. For each x ® o0 € E, write A(x ® o)
=30 i e ® ape(x ® 0).

Case I, interpolation on Fj. Since E; is Ip(Up) there exists, for each 1 <k,
{<d, Wk, e = Zn O k08 (Xn ke) € Mg(Uy) such that @(X) =1Iry for each x € E.
Observe that for each o € E; there exists a unique x € E; such that x ® o € E. Since
Ey is FZ1y(U3), there exists v, ¢ € M;(Ug) such that for o € E»,

ap keake(x® o) ifthere exists x € E; with x ® 0 € F

v/\ )
kL = .
! 0 otherwise.

(There is no problem doing thisas o < o if x ® o € F}.)
For x @ o e Fland 1 <k, ¢ <d,weputwi =7, 8(Xn k) ® Vnk,e. Then

Grr(X ®0) =Y X (k) ® Ikt (@) =Y XCnkt) ® tnk tk (X ® 0)
n n

=k t8Conk.)0) @ ke (X ®0) =i e @ ao(X ®0),
n

on Fy, and @y ¢ equals O otherwise on E. Thus u; = Z;f 1—| @k,¢ interpolates X on
Fy and is zero on F, U F3.

Case 11, interpolation on F>. We write E; = E{ U E{, where E| is the set of elements
X ~ X, and EY is the rest of E.

We use the Io(U1) property of Ej to get pg ¢ =, Onk,e8(Xn k,e) € Ma(Uy) such
that
e (x) = I e ifXEEi
PRE =00 ity e B

Now we obtain vy, x ¢ € M;(Uz) such that

Dnkt(0) = g ear (X ® ) + Qo (W k0are(X @)O5 ",

if there exists y with y ® o € F;.
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If we again put wi ¢ =Y, 8(Xnk,¢) ® Vp,k,¢ We have for x ® o € F>,

Ge(X ®0) =Y X(tnkt) ® Uy xe(0)
n

=Y XCtke) ® [k care(x ® 0)
n

+ Qo @i care(x ®0))Q;']
= kX Cnkt) ® ako(X ® 0)
n

+ Tt P x Gk )Py ® Qo (ko (x ® 0)) 0,
= Ike ® ar,e(x ® o)

+ PXZ an,k,ZX(xn,k,Z)PX_l ® Qo (ake(x ® 0)) Q"
n

=l ®aks+ (Py ® Qo) it @ are(x ®0) (Py ® Q).

Consequently, 3(x ® o) = Zz,ezl k(X ®o)=A+ RX®UZR;Q1§,J on F» and
equals zero otherwise on E.

Case I, interpolation on Fs3 (the final case). Here we need that E{ U E| is
Io(Uy). That allows us to obtain' a real Wk,e =Y, Cnk,e8(Xnk,e) € Mg(Uy) such
that g ¢(x) = Ir¢ for all x € Ey with x ~ ¥ and 0 otherwise on E;j. Then obtain
Vn.k,t € M (U>) such that

- n ke (ake(X ® ) + Qoare(x ® )0,
Vnke(0) = if there exists y with x ® o € F3
0 otherwise on E>,

since ¢, k¢ is real. If a)l(clz =, 8(Xnke) Vi € M;(U] x U), then

w;(clz(x ®0) =l Qlari(x ®0) + Qoare(x ® )0, 1,

if x ® o € F3 and O otherwise. Similarly, obtain

o) (x ® 0) = ilke ® lax.o(x ® 0)/i + Qolra(x B/TQ;!
on F; and add together to get 3 = Zg’l | (1) T+ w(z) noting that on F3, A(x ® o)
equals

1 ¢ -
5 Y I ®lare(x ®0) + Qoare(x ®0)0; ']
2 k=1

+ ’Elk,e ® lare(x ® 0)/i + Quare(x ® ) /105 ]

I Just take any Z” bnxe8(Xnke) € Mg(Uy) that interpolates I o at both x and x if they are not
equivalent, and 0 else on E1, and then take px ¢ =Y, (bp.k.e, + bnk,e)/2)8 (Xn k. 0).
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Taking 1 + pp + u3 gives a positive, discrete measure concentrated on Uy x U
and doing the required interpolation. O

COROLLARY 4.2. Suppose that G =G| x Gy is a compact, connected group,
x € G, E2 C Gy is antisymmetric and cofinitely FZIo(U). Then E = x Q@ Ey is
cofinitely FZIo(V x U) for all open sets V.

PROOF. Since {x} is Io(U) for all open U, the conclusion follows from Lemma 4.1
where E1 = {x} and the E; ; are singletons with union E. O

A similar argument proves the following.

COROLLARY 4.3. Suppose that G =G| x Gy is a compact, connected group,
UjCGj are open for j=1,2, I is an index set, E1={x;:i€l}CG is
antisymmetric, E| UE; is Io(Uy) and the elements of E| have the same degree.
Suppose also that E; ={o;:i €1} C (/?\2 is antisymmetric and cofinitely FZIy(U,).
Then E = {x; ® o; : i € I} is cofinitely FZIy(U1 x Uj).

5. Sets that are cofinitely FZ1y(U)
5.1. Products of Lie groups

THEOREM 5.1. Let G =[];c; Gi be a product of simple, simply connected,
connected, compact Lie groups and suppose E C G is an infinite set of representations
of bounded degree. Then E contains an infinite subset F such that F is cofinitely
FZIy(U) for all open sets U.

PROOF. The boundedness of the degrees implies that up to isomorphism there are only
finitely many choices for o |, and that £ has the padding property [7].

Therefore, we may assume that, for each i, {o|g, : © € E} has at most one element.
A combinatorial argument shows that such a set contains an infinite subset of the form
{x ® o;}; where the representations {o; } are mutually orthogonal and orthogonal to x
(see [6, Theorem 2.7] or [7, Lemma 4.5] for a proof). By Corollary 4.2 {x ® o;}; is
an infinite set which is cofinitely FZIy(U) for all open U. O

Using the preceding results in an analogous fashion to the proof of Theorem 4.9
in [7] we can obtain the following.

COROLLARY 5.2. Suppose that G =[] G; is a product of simple, simply connected,
connected, compact Lie groups. Any infinite Sidon set in G contains an infinite set
which is cofinitely FZI1y(U) for all open sets U.

PROOF. By Cartwright and McMullen’s characterization of Sidon sets (see
[1, (5.1) and Proposition 5.5] or [7, Theorem 3.1] for details, including our notation),
E C Ey x Ey x E3 where Ey = {1}, E3 = FTR(G3), E» is a set of representations on
G» of bounded degree and E; is orthogonal to E3. Of course, if either #(E; N E)
or #(E3 N E) is infinite, then since the FTR set is cofinitely FZIy(U) set for all open
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U, and since every infinite set of representations of bounded degree contains an infinite
set that is cofinitely FZ1y(U) for all open U, the proof is complete.

More generally, if there is some o € E5 such that {oc ® x € E : x € E,} is infinite,
then this set suffices, being a translate of an F7R set. Similarly, if there is some x € E3
such that {o ® x € E : 0 € E;} is infinite, then this set again contains an infinite set
that is cofinitely FZIy(U) for all open U.

Otherwise, it is possible to choose infinite asymmetric sets {o;} C E», with all o;
of the same degree, and {y;} C E3 such that {o; ® x;} C E. By passing to a further
infinite subset, if necessary, by Theorem 5.1 we can assume {o;} is cofinitely FZIy(U)
for all open U. By Theorem 1.2 {o;} U {o;}is Io(U) for all open U. As E3 is cofinitely
FZIy(U) for all open U, Corollary 4.3 implies {0; ® x;} is also cofinitely FZIy(U)
for all open U. O

5.2. Cofinitely FZIy(U) sets, the general case Theorem 1.1 follows immediately
from the following result.

THEOREM 5.3. Suppose that G is a compact, connected group. Then every infinite
Sidon set in G contains an infinite set that is cofinitely FZIy(U) for all open sets U.

PROOF. According to the structure theorem, G is isomorphic to a quotient of
G = ]_[i <7 Gi X A, where A is compact, connected and abelian and G; are classicgl,
simple, connected, compact Lie groups. Let g be the quotient map and given £ € G,
put E={0 oq:0 € E}. By Proposition 2.4 E is FZIo(U) if E is FZIo(g~ " (U)).
Thus, it suffices to prove that E contains an infinite set that is cofinitely FZIy(U) for
each open U. In [5] it is shown that every infinite subset of the dual of a compact,
connected, abelian group contains a cofinite FZIo(U) set. With these facts and the
results of this section the proof can be completed in the same manner as the proof of
Corollary 5.2. O
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