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Numerical Ranges Arising from Simple
Lie Algebras

Dedicated to Professor Y. H. Au-Yeung on the occasion of his retirement

Chi-Kwong Li and Tin-Yau Tam

Abstract. A unified formulation is given to various generalizations of the classical numerical range including
the c-numerical range, congruence numerical range, g-numerical range and von Neumann range. Attention is
given to those cases having connections with classical simple real Lie algebras. Convexity and inclusion relation
involving those generalized numerical ranges are investigated. The underlying geometry is emphasized.

1 Introduction

The (classical) numerical range of A € C"*" is defined by
W(A) = {x"Ax: x € C",x"x = 1}.

This concept and its many generalizations have been studied heavily in the last few decades
because of their connections and applications to many pure and applied areas (see e.g.
[10], [11], [14]). One of the interesting results, perhaps the most fascinating, about the
classical numerical range is the celebrated Toeplitz-Hausdorff theorem [38], [12] asserting
that the numerical range is always a convex subset of C. In fact, the convexity has often been
a concern when different generalizations are considered. For example, given C € C"*"
with C = C*, Au-Yeung and Tsing [3] considered the (joint) C-numerical range of several
Hermitian matrices Ay, ..., A, € C"*" defined by

(1) We(Ay, ..., Ay) = {(tr CU*AU, ..., tr CU*A,U) : U € U(n)},

where U (n) is the unitary group, and studied the convexity and several other related prob-
lems involving W (A, ..., A,). The C-numerical range embraces various generalizations
of the classical numerical range including the joint numerical range W (Ay, ..., A,) consid-
ered by Brickman [5], the k-numerical range considered by Halmos and Berger [11], [4],
and the c-numerical range considered by Westwick and Poon [41], [24]. (More results on
the C-numerical range will be given in the next few sections.) Actually, Au-Yeung and Ts-
ing [3] also studied the C-numerical range of A, . . ., A, for real symmetric or real quater-
nion Hermitian matrices C, Ay, ..., A,. In these cases, the set U(n) in (1) is replaced by the
set of n x n matrices X over the real field R or the skew-field of real quaternions Hi satisfying
X*X =1,
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Inspired by the study of Au-Yeung and Tsing, we consider the C-numerical range in the
following setting. (In most cases, we will not use new notation for the different kinds of C-
numerical range in the following discussion, but will make the definition clear in each case
in the context). Let V be a matrix space (or any finite dimensional linear space) equipped
with a real inner product (X, Y) which is invariant under a compact group G of operators
actingon 'V, ie., (¢X,¢Y) = (X,Y) forallg € Gand X,Y € V. For a given C € V, define
the (joint) C-numerical range of Ay, ..., A, € Vby

) WelAy, .., Ap) = {((A1,2),...,(A,, 2)) : Z € GC)},

where
G(C) = {g(C): g € G}

is the orbit of C under G. Evidently, one can regard Wc(A,,...,A,) as the image of the
orbit G(C) under the linear map Z ((AI,Z), oo (A, Z)). Since (X,Y) is G-invariant,
one easily verifies that

WC(Ah'-'aAp) = {((X17C)7a(XpaC)) : (X17'-'aXp) € G(Alv"'7Ap)}7

where G(A,,...,A,) = {(g(Al), e ,g(Ap)) : g € G} is the joint orbit of A, ..., A,
under the group G. Thus, W¢(A, ..., A,) can also be viewed as the image of a linear map
on the joint orbit G(Ay, ..., A,). Furthermore, Wc (A, . .., A,) covers many other types of
generalized numerical ranges in the literature. We describe a few of them in the following.

Thompson [37] introduced the C-congruence numerical range of a complex n X n ma-
trix A: WI(A) = {tr CUTAU : U € U(n)}, where C is a given n x n complex symmetric
matrix. He proved that WX (A) is a circular disk centered at the origin when n > 1 and
is a circle when n = 1. Then the complex skew symmetric case was studied in [26]. It is
convex except for n = 2 in which case the range is a circle (may be a point). Then Tam and
Tsing [34] conjectured and Choi et al. [6] proved that WCT (A) is convex whenever n > 2 for
general complex matrices A and C (the case n = 1 is trivial). Clearly, WCT (A) can be viewed
as We= (A, iA) in (2) if welet G(X) = {UTXU : U € U(n)} and (X,Y) = Retr(XY*) on
((:ﬂ)(n.

Next, let G(X) = {UXV : U,V € U(n)} and (X,Y) = Retr(XY*) on C"*". This
setting covers two other generalizations of the classical numerical range. First, for any n x n
complex matrices C and A, W¢+(A,iA) reduces to the set {tr CUAV : U,V € U(n)}
considered by von Neumann [22]. The von Neumann range is a circular disk centered at
the origin when # > 1 and hence convex; and it is a circle when n = 1.

The g-numerical range of an n X n complex matrix A, g € C satisfying |gq| < 1, is the set
W(g:A) ={y*Ax: x,y € C",x*x = y*y = 1, y*x = q}. Evidently, W(1 : A) = W(A).
Tsing [39] proved that W(q : A) is convex. See [19] for a shorter proof, and [20] for
further results and references. One can obtain W(q : A) by fixing the third and the fourth
coordinates of the set W (A, —iA, I, —il), i.e., Re y*x = Req and Im y*x = Imq.

Our definition of W¢ (A, ..., A,) also covers the notion of numerical range in the con-
text of compact connected Lie groups studied in [31] recently (see the next section for the
definition and the convexity result). In this paper, we consider the study of W (A4, ..., Ap)
in connection to classical simple real Lie algebras. The convexity of W¢ (A1, ..., A,) is our
main concern.
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Following Au-Yeung and Tsing [3] (see also [25], [31]), we relate the convexity prob-
lem to inclusion relations for W¢(Ay,...,A,) (see Section 3). The underlying geometry
of the orbit G(C) will be emphasized. Some Lie theory background will be given in Sec-
tion 2. Connection between the convexity and inclusion relation together with some tech-
nical lemmas are given in Section 3. In Sections 4-11, we consider W¢ (A, ..., A,) arising
from real classical simple Lie algebras. Some concluding remarks are given in Section 12.

2 The Formulations in Lie Setting

Let G be a semisimple compact connected Lie group, let g be its Lie algebra with the Killing
form B(, ). For a given C € g, we define the C-numerical range of A;,...,A, € gby

We(Ay, ..., Ap) ={(B(A,2),...,B(A),2)) : Z € O(C)},

where O(C) = {Ad(g)C : g € G} is the orbit of C in g under the adjoint action of G. Since
the Killing form is negative definite, one sees that up to a suitable scalar multiplication the
C-numerical range associated with a compact connected Lie group G defined above can be
viewed as a special case of the C-numerical range defined in (2). The Lie group numerical
range was studied in [31] and the following result was proved.

Theorem 2.1  The Lie group numerical range W (A1, A,) is convex.

Indeed Theorem 2.1 is true for general compact connected Lie groups. It is because for
every compact connected Lie group G, G is the commuting product G;Zy and g = g, + 3
where G; is the analytic subgroup of G with semisimple [13, p. 132] Lie algebra g; = [g, g]
and Z; is the identity component of the center Z of G, whose Lie algebra is 3. Now Ad(Z)
is trivial and Ad(G) acts trivially on 3. So for any X = X; +Y where X; € g,, Y € 3,
O¢(X) = Og,(X;) +Y where Og(-) denotes the orbit under the adjoint action of G.

We remark that Theorem 2.1 is very useful in handling the numerical ranges associated
with the realifications of classical (exceptional as well) complex simple Lie algebras dis-
cussed in the next few sections. Here is another result that will be used in our later study.

Proposition 2.2 Let Gy and G, be connected Lie groups such that 1: g, — g, is an isomor-
phism.

1. IfC € gy, then zﬁ(Ol(C)) =0, (w(C)), where O;(-) denotes the adjoint orbit correspond-
ingto Gj,i=1,2.

2. IfC,Ay,..., Ay € gy, then WE(A, ... Ap) = W] (V(A), ..., ¥(Ay)), where W'
denotes the numerical range corresponding to G;, i = 1, 2.

Proof (1) Suppose G is simply connected. Then there exists a homomorphism ¢: G; —
G, onto G; such that dy, = ¢ [40, pp. 100-101]. Since dep, - Ad(g) = Ad (go(g)) - dy, for
any g € Gy [13, p. 110, p. 127], (01 (C)) = 02(¥(C)).

If Gy is not simply connected, let G| be a simply connected Lie group with the same Lie
algebra g;. Then we have O;(C) = O{(C). In other words, the orbit is invariant under
different choices of Lie groups with the same Lie algebra and we have the desired result.
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(2) Notice that ad(w(C)) = tadCy~! for any C € g,. Thus for any X,Y € g,
Bi(X,Y) = B,(¥(X),%(Y)) and

WAL .., Ap) = {(B(A1, 2),...,B(A), 2)) : Z € O1(C)}

= {(Bv1),9@).....BE@4,),9(2) ) : ¥(2) € $(0:(C)

—

—{(Ba),0@)... B4, 9(2) ) : v(2) € (0:(v(©) ) }

= Wi (VA ..., ¥(4y)). u

While the Lie group numerical range embraces many types of generalized numerical
ranges, and has nice convexity property (see [31]), it is not adequate to cover all kinds
of generalized numerical ranges mentioned in the introduction. For instance, it does not
cover the C-numerical range on real symmetric matrices A, ..., A, considered by Au-
Yeung and Tsing [2]. To correct this, we need to consider numerical ranges arising from
real semi-simple Lie algebras.

Let G be an analytic group associated with the real semisimple Lie algebra g. Let K C G
(itis unique once we fix G [13, p. 112]) be the analytic group of f, and let g = f+p be a given
Cartan decomposition of g, here p is the orthogonal complement of f in g with respect to
the Killing form B(:,-). For A,...,A,,C € p, the C-numerical range of (A;,...,A,) is
defined [31] as the following set in R?:

We(Ay, ..., Ap) = {(B(A1,2),...,B(4,,2)) : Z € O(C)},

where O(C) = {Ad(k)C : k € K} is the orbit of C in p under the adjoint action of K. In
the following, we show that once we identify the Lie algebra g, the C-numerical range is
independent of the choice of analytic group associated with it.

Proposition 2.3 Let C € p. The orbit O(C) is independent of the choice of the analytic
group G and so is the C-numerical range.

Proof Let G’ be a simply connected Lie group whose Lie algebra is also g. Consider the
trivial isomorphism id: g — g. Then there is a unique analytic homomorphism 7: G’ —
G [40, p. 101] such that dm, = id. Let K’ (K) be the analytic subgroup of G’ (G) with Lie
algebra f. The group K is generated by the elements exp(Z), Z € f. Likewise, the group
m(K’) is generated by 7(exp Z) = exp dm(Z) = exp(Z), Z € 1. It follows that K = w(K’).
Now using Adg (ﬂ'(k)) -dm, = dm, - Adg/(k), k € K’, we have Ox(C) = Ok/(C), C € p.

|

By Proposition 2.3, we can choose any analytic group of g when we consider the corre-
sponding numerical range associated with a given Cartan decomposition. Next, we show
that there is a nice relation between the generalized numerical ranges arising from two
isomorphic semisimple real Lie algebras, and hence one can transfer convexity (or non-
convexity) results between them. Let g; = f; + p; and g, = f, + p, be Cartan decompo-
sitions of two isomorphic semisimple real Lie algebras g; and g,. Let ¢: g; — g, be an
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isomorphism. Thus g, = ¢(¥;) + ¢(p1) is also a Cartan decomposition of g,. There exists
(13, p. 183] 0 € Int(@y) satsfying o (6(1)) = b and o (6(p1)) = .

Proposition 2.4 With the above notations, let p = o - ¢.

1. ForanyC € py, <,0(OK1 (C)) = Ok, (go(C)) where K; is the analytic subgroup of G; for t;,
i=1,2.

2. WA(Ay, ... JAp) = Wé(c) ((p(Al), ceey @(Ap)) where W' denotes the numerical range
corresponding to the given Cartan decomposition, i = 1, 2.

Proof Let G, (we assume that G is simply connected because of Proposition 2.3) and G, be
analytic groups of g; and g, respectively. There is an analytic homomorphism 7: G; — G,
onto G, such that dm, = ¢. Since dm, - Ad(k) = Ad (w(k)) - dm,, we have np(OK1 (C)) =
Orx)) (go(C)). Since [13, p. 110] mw(ef1) = e¥™k = ¢#(k) where k; € K}, , has 7(K;) C G,
as an analytic subgroup which is K; [13, p. 112]. So go(OK] (C)) = Ok, (go(C)). The rest
follows from a similar argument as in the proof of Proposition 2.2. ]

Thus we will fix a Cartan decomposition of g when we study W¢(Ay, ..., Ap).

The classical real simple Lie algebras are isomorphic to one of the real forms h C g and
a® (the realification of g) in [23, p. 233]. We will use the special isomorphisms between the
classical real Lie algebras of different series [13, pp. 519-520], [23, p. 235].

Since the Cartan decomposition for a compact real form b is trivial, i.e., f = hand p = 0,
the corresponding numerical range is trivial, i.e., {0}. For any classical complex simple Lie
algebra g, if b is a compact real form of g, then g = I + i}) is a Cartan decomposition. The
corresponding numerical range is always convex by Theorem 2.1.

The Killing forms of the classical complex simple Lie algebras are well known [13,
pp. 186-190] and that of g® is given by Bu(X,Y) = 2ReBy(X,Y) forall X,Y € g, and
for the other real forms b), By(X,Y) = By(X,Y) forall X, Y € b [13, p. 180].

As mentioned in Section 1, we will consider the convexity problem of W¢(A,,...,A,)
associated with noncompact classical simple Lie algebras.

3 Convexity and Inclusion Relation

Using the idea in [24] and [3] (see also [31]), we can prove the following result relating the
convexity and inclusion relations for the generalized numerical ranges corresponding to a
group G defined in (2).

Proposition 3.1  The C-numerical range Wc(Ay, ..., A,) defined in (2) is convex if and
only if Wp(Ay,...,A,) CWc(Ay, ..., Ay) forall D € conv G(C).

Proof By the discussion after the definition of W¢(A), where A = (A,...,A,), we see
that W (A) is the image of G(C) under the linear map ¢: V — R? defined by ¢(2Z) =
((Al,Z)7 el (AP7Z)). Thus, we have qb(G(C)) C conv(qb(G(C))) = qb(conv(G(C))).
Consequently, QS(G(C)) is convex if and only if ¢ <c0nv (G(C))) - ¢(G(C)) ,i.e, Wp(A) =
d)(G(D)) C (b(G(C)) = Wc(A) for any D € conv G(C). [ |
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For W¢(Ay,...,Ap) associated with a real semisimple Lie algebra g with the maximal
abelian subalgebra a, we can further the result. It is known that O(C) N a, # ¢ where a, is
a (closed) fundamental Weyl chamber of the maximal abelian subalgebra a in p. So we can
assume that C and one of A;’s are in a since the Killing form is G-invariant.

The famous Kostant’s convexity theorem [16] asserts that the orthogonal projection of
the orbit O(C) onto a is the convex hull of the orbit of C’ € O(C) N a under the ac-
tion of the Weyl group W of the pair (g,a). The orthogonal projection 7: p — a can
be thought as (m, ..., m,) (m is the dimension of a) where 7’s are the components of 7.
Now Wc(Ay, ..., A,) can be viewed as the collections of p-tuples of functional values of p
arbitrary real linear functionals of p (represented by Ay, ..., A,) acting on the orbit O(C).
Using the Kostant’s convexity theorem and Proposition 3.1 we can deduce the following
corollary (also see [33]).

Corollary 3.2 ([31]) LetX,,...,X, beelementsinpandletY € a,. Then Wy(Xy,...,X,)
is convex if and only if W7 (X1, ..., X,) C Wy(Xy,...,X,) whenever Z € conv W(Y) and
Z € a;.

Corollary 3.2 is very useful for establishing convexity or nonconvexity of numerical
range via inclusion relation. We will demonstrate this repeatedly in the forthcoming sec-
tions.

Next, we consider some more concepts and lemmas that are useful in studying the in-
clusion relations Wp(Ay,...,A,) C Wc(Ay,...,A,) for D € conv W(C). As we will see
in later sections, the lemmas help us to reduce the proofs of the inclusion relations to low
dimensions, e.g., n = 2 or 3.

Let x, y € R”. We say that x is weakly majorized by y, denoted by x <,, y if the sum of
the k largest entries of x is not larger than that of y for y = 1, ..., n. If in addition that the
sum of the entries of x is the same as that of y, we say that x is majorized by y, denoted by
x < y. The relation Z € conv W (Y) is related to either < [for sl,(F)] or <,, (for others
classical simple Lie algebras, except the cases s0,,, and so(2#n) which are more difficult to
deal with. In the latter cases, we need the Thompson’s partial ordering x < y requiring
that x lying in the convex hull of the set {Py : P is a diagonal special orthogonal matrix},
see [35] and [27] for details). A pinching matrix P is an n X n matrix such that for some

1<i<j<mn,
. « 11—«
P[Ia]lv]]:<l_a Oé)’

where 0 < « < 1, and the complementary submatrix P(i, j | i, j) = I,—».

Lemma 3.3 ([7]) Letx,y € R". Then y <, xif and only if y < Py --- Pix for some
pinching matrices Py, . . ., Py. Hence, ifx,y € R}, then y <, xifand onlyif y = T'P; - - - Pgx
for some pinching matrices Py, ..., Py and I' = diag(y1,...,v,) with0 < v < 1,i =
1,...,n

The following lemma is related to Question 2 of [30].

Lemma 3.4 Suppose b < c be such thatby > -+ > b,y > |by|andc; > -+ > ¢,o1 >
|cn|, where n > 4. Then there exists a sequence of vectors b = v,y K vy_3 K -+ L 1] K
vo=cinR"so thatfori=1,...,n—3,
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1. v; and v,y differ in at most 2 entries, and
2. one can remove n — 3 common entries from both v; and vi,1 to obtain v;, #;+; € R® so that
Vie1 < V.

Proof One may assume that ¢; > --- > ¢, > 0. Otherwise, apply the arguments to the
vectors (¢, ..., ¢—1, —Cy) and (by, ..., b,—1, —b,), and change the signs of the entries with
the smallest magnitude in v;’s in the final step.

Our assertion follows from a careful study of the proof of Lemma 6 in [35]. Using the
proof of Thompson, one can construct a sequence of vectors so that vy = ¢, and fori > 1,

(a) v; is generated from v;,_; with by changing at most 2 entries such that condition 1
holds, and
(b) v; hasby,...,b; as entries.

For our purpose, we can stop after getting v,,_3, and set v,,_, = b. We need to prove that
the vectors also satisfy condition 2. To this end, let us take a close look at the construction
from vy to v; using the idea in Lemma 6 of [35]. In Thompson’s proof, one has to change ¢;
and ¢;4 to by and ¢ for a suitable construction of t, where i is the smallest integer satisfying
¢ > b; > ciy1- To prove condition 2, we consider 2 cases. If i = 1, then we keep the
entries ¢y, ¢, ¢3 in v;, and keep the entries by, t, c3 in v, so that (by,t,¢c3) < (c1, 62, ¢3) by
the construction. If i > 1, we keep the entries ¢y, ¢;, ¢i41 of v; and ¢y, by, t of v, so that
(c1,b1,t) < (c1, ¢, cis1) by the construction.

To prove condition 2 holds for i = 1, we can focus on the n — 1 entries v, excluding
by, and the entries b,, . . ., b,, and proceed to construct v,. Inductively, we get the desired
conclusion. [ |

The following geometrical result is clear (see e.g. [25], [31]).
Lemma 3.5 Let A be an m X n real matrix and let k be the rank of A. Let S"~! be the unit
sphere in R".

1. Ifk < n, then A(S"™') is a (k — 1)-ellipsoid with the interior.
2. Ifk=n (< m), then A(S"" ') is an (n — 1)-ellipsoid.

4 The sl,(F) Case

The Cartan decomposition of sl,(F) is sl,,(F) = f + p where p is the space of traceless
(trace zero) real symmetric, Hermitian and quaternion Hermitian matrices, where F = R,
C and H respectively. The group K is SU,(F). Let C € p. The C-numerical range of
Ay, ..., A, € p,associated with sl,,(IF) (after a translation and disregarding the constant 4n
when F = C; 2n when IF = R or H) is

WA, ..., Ap) = {(tt CU*AU, ..., tr CU*A,U) : U € SU, ()},

where C, Aq,... ,Ap are real symmetric, Hermitian, and quaternion Hermitian matrices
when F = R, C, and Hl respectively. This is the c-numerical range of (A;,...,A;) when
C = diag(cy, . . ., ¢,) and ¢’s are real. It is a well-studied object and we summarize the result

in the following (see [3], [2], [8], [25], [41] for details).
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Theorem 4.1 LetF = R, C, H. Suppose C, Ay, A,, Az are n X n matrices over IF such that
C=CH A =A}i=1,23.

1. UnlessF = Randn = 2, chF(Al,Az) is convex. When n = 2, Wg{(Al, oy Ap) is an
ellipse satisfying conv Wg{(Al JA)) = Wg(Al ,A).

2. Ifn>2andF # R, then WE(A1, Ay, As) is convex. When n = 2, WE(A1, Ay, As) is an
ellipsoid in R>.

The above results are best possible in the sense that Wi(A, . . ., A,) fails to be convex if
(i) p>3or(n,p)=(2,3)whenlF = CorH[1], [25]; or
(i) p > 2or(n,p) = (2,2) when F = R. One may see [25] for a unified treatment of the

above three numerical ranges and related results.

Often times sl,,(H) is identified with su*(2n) via the standard isomorphism H" — C?"
[15, pp. 26-27]. There K = Sp(n) and

_ X Y\ o« _ T _ _
p_{<_7 X)'X =X, rX=0Y = Y}.

Then the C-numerical range of A, ..., A, € p will be written in the form:
We(Ay, ..., Ap) = {(tr CW*AW, ..., trCW*A,W) : W € Sp(n)}.

5 The su,, Case

It is known that

K =SU(p,q) {(g 3) .U € U(p),V € U(q),det U det V = 1},

0 Y
p= {(Y 0) :Ye(CPXq}, a= P R(Ejpj+Epsj))-

1<j<p
The range associated with su,, ; (after disregarding a suitable constant) is
We(Ay, ..., An) = {(Retr C*UA,V,...,Retr C*'UA,V): U € U(p),V € U(g)},
where C, Ay, ..., A, are given p X g complex matrices and is symmetric about the origin.
Proposition 5.1 Let C,A;, Ay, As be p X g complex matrices and suppose min{p, q} > 2.
Then Wg(A1,A,,As) C We(Ar, Ay, As) if b < ¢ where b and ¢ denote the vectors of singular

values of B and C respectively.

Proof We may assume that p < q. It is sufficient to consider the case [2] that (b;, b;) <
(c1,62) and b; = ¢;, 1 = 3,...,p. In order to avoid trivial case, we assume |¢c; — ;| >
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|by — by|. Let (r1,r2,13) = (Re Zle biyfAix;, Re Zle biyfAyxi, Re Zle biyfAsx;) €
Wp(A;,Az,A3). Forany 0, ¢ € [0,27], define

u; = e cos Ox; + € sin O0x,, vi=¢e" ? cos Oy + ¢ sin 0y,

y = —e @sinfx; + € cosbxy, v, = —e “sin Oy, + ¢ cos 0y,,

anduy; =x;,i =3,...,qandv; = y;,i =3,...,p. Since c; + c; = by + by,

P
1
Re Z biviAju; = E(bl — by)[pj cos 20 + sin 20(g; cos 2¢) + s; sin 2¢) ]
i=1

p
1
+ E(Q + o) Re(yTAjx + y3Aixy) + Rez ciyi Ajxi,
i=3

where fori = 1,2, 3,
Pj =Re(yTAjx; — y3Aix;), qj = Re(y5Ajx; + yJAjx2), sj=Im(y;Ajx; — y{Ajxy).

As 0 and ¢ vary from 0 to 27, we have an ellipsoid E, ,; centered at 0. Now (1,12, 73) €
E.yp C conv Ey . since c; +¢; = by +b; and [¢; — ¢y > |by — by|. If E, . is degenerated, we
have (r,r2,73) € Ex . C Wc(A1, Az, Az). So we assume that it is not degenerated. For any
2 x 2 complex matrix A, there exist U,V € U(2) such that UAV = diag(is;, is;) where s
and s, are singular values of A. This implies that we can find orthonormal y{, y5 in the span
of y1 and y, and orthonormal x{, x; in the span of x; and x, such that the corresponding
pl=9q =51 =0.Setx =x;,i=3,...,49, v/ = yi,i = 3,...,p. In other words, the
ellipsoid E/ , . is degenerated.

Now, consider a continuous map ¢ +— (x(t),y(t)) with + € [0, 1], where x(t) =
(xl(t), xz(t)) (resp., y(t) = (yl(t), yz(t))) is an orthonormal pair of vectors in the span
of {x1,x2} (resp. {y1,y2}), so that x(0) = (x1,x2), x(1) = (x{,x3), y(0) = (y1,y) and
y(1) = (y1,y;). Then Ey) () will change continuously from E, . to E .. Thus,
(1,12, 13) will be included in one of the Ey() y(1)c- [ |

We remark that the continuity argument in the above proof has been used in [2] and
[25], and will be used repeatedly in the next few sections.

Proposition 5.2 Let C, Ay, ... A, be p X q complex matrices where min{p,q} = 1. Let
r = max{p, q} and let k = rank A where A is the m X 2r real matrix

Rea;; —Imay; -+ Rea, —Imay,
A= Re an —Im ar ce Re ar, —Im arr
Rea,;, —Ima,; --- Rea,, —Ima,,

and

j=1,...,m.

L@ e =1
T ap-ap)’ ifg=1,

The numerical range We(Ay, ..., Am) is
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1. an (k — 1)-ellipsoid with the interior embedding in R™ when k < 2r and hence convex;
2. an (2r — 1)-ellipsoid embedding in R™ when k = 2r.

Proof Assume p = 1 for definiteness. We may further assume that C = (c0- - - 0) where
c>0.LetA; = (aj---ajg). Then

Wc(Ay, ..., Ay) = {(Rec(an ceat, ..., Rec(ay, - ~-amq)u) cueCluu=1},

which is the image of the sphere ¢5?1~! under the map A. By Lemma 3.5, we are done. W

Corollary 5.3  Let C,A;,Ay,A; be 1 x q complex matrices, where q = 2,3,4. Then the
numerical range

We(Ar, Az, As)
= {(Retr C*UA,V,Retr C*UA,V,Retr C*UA;V) : U € U(1),V € U(g)}
is an ellipsoid with interior in R>.

Proof By Proposition 5.2 and the fact thatk < m =3 < 4 <2r. ]

Theorem 5.4 Let C, A1, A;, A3, Ay be p X q complex matrices such that p # q. Then
Wc(Ar, Ay, As) is convex. Moreover, W (A1, Az, Az, Ay) is not convex in general.

Proof By Proposition 5.2, it suffices to consider the case min{p, g} > 2. Assume p < q for
definiteness. By Proposition 5.1, it remains to show that Wg(A;, Ay, A3) C Wc(Ay, Az, As)
if0<by <candb;=c,i=2,...,p. Let

P P P
(r,m,13) = (Rezbiy?Alxi,ReZbiy?Azxi,ReZbiyfA3xi) € Wh(A1, Az, As).

i=1 i=1 i=1

For U € U(2), set (u; ug) = U(x; xg) and u; = x5, i = 2,...,q9 — 1, i.e, u; and y,
are orthonormal pair from the span of x; and x;. Now Re >/ b;y*Aju; = Re by yiAju; +
Re Zf:z ¢iyF Ajx;. Then the locus of the above point in R? is an ellipsoid E;, with the interior
when U varies over U(2) by Corollary 5.3. Clearly (r1,12,73) € E; C E. C Wc(A1, Az, A3)
since b; < ¢;.

Assume p < ¢, B = [B
I,—> ® diag(4,2). Let A; = [A;

0] where B = I, ®3Land C = [C | 0] where C =
0] fori = 1,2, 3, 4, such that

Al :Ip, Azzlp,z@diag(l,—l), A3: pfz@ <(1) (1)> 5 A4: p,2@ (0 (1)> .
Then (p +4, p— 2, p— 2, p— 2) S WB(Al,Az,A3,A4) \ Wc(Al,Az,A3,A4) because of the
following reason. If tr BU*A;V = tr C*U*A;V = p + 4, then by extremal properties the
first (p — 2) columns of U (resp. V') must be the left (resp. right) singular vectors of A,
corresponding to the singular values 1, and the p — 1 and p-th columns of U (respectively,
of V) must be the singular vectors of A; corresponding to the singular values 3. Thus U is
of the form U; ® U, € U(p), where U, € U(2),and V is of the form U; U, dV;5 € U(q).
However (Retr C*U*A,V,Retr C*U*A3V,Retr C*U*A,V) cannotbe (p—2, p—2, p—2).
Thus the inclusion relation fails, and hence W (Aq, . .., A4) is not convex. [ |
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Theorem 5.5 Let C,A;,A;,A; be n X n complex matrices. Then W (Ay,A;,) is convex if
n > 1. Itis an ellipse if n = 1. Moreover, W¢ (A1, Az, A3) is not convex in general.

Proof Suppose n > 1. Then W¢ (A1, A;) is equal to the set

{(Reic,’y;‘AﬂhReiCiﬁAzxi) G, () € U(P) |
i=1 i=1

By Corollary 3.2 and Lemma 3.3, it suffices to prove Wp(A1,A;) C W¢ (A1, Ay) when

Casel 0<b; <cp,andb;=c¢,i=1,...,n
Let (r1,72) = (Re ZLI biyfAixi,Red> " biyfAyx;) € Wp(A1,Ay). For any § €
[0, 27], we consider x| = ¢/x; and x! = x;,i = 1,...,n. Then for j = 1,2, we have

n n
Re Z biy?ij[ = bi(cosORe yjAjx; —sinfIm yyAjx;) + Re Z biy; Ajx;.

i=1 i=2
As @ varies in [0, 27], the locus of the point (Re }." | b;yfAx!/,Re>""_| biyFAyx]) traces
out an ellipse Ex , where X denotes the unitary matrix (x; - - - x,,). Similarly we have Ex
and obviously Ex;, C convEx, (0 < by < ). If Ex, is degenerated, then (ry,1;) €
conv Ex . = Ex .. So we assume that Ex . is not degenerated. Let u; € C" be a unit vector
such that y}A;u; = 0. Extend u to an orthonormal basis {uy, ..., u,} of C". Evidently
Ey . is a line segment or a point. Let Hy and Hx be the skew Hermitian matrices such that
exp(Hy) = U and exp(Hy) = X respectively. Now consider the curve f: [0,1] — U(n)
defined by f(t) = exp(tHU + (1 — t)HX). So Ex. = Efuy. and Ey, = Efq).. Now
(r, 1) € Exp C conv Ex . By continuity, there is 0 < ¢ < 1 such that (r,r,) € Ef), C
We(Ar,Ay).

Case2 b < c. It follows from Proposition 5.1 by setting A; = 0.

When n = 1, the image of the unit sphere in R? (the unit circle) is clearly an ellipse.
This is just a special case of the second part of Proposition 5.2. However, W¢(A1, A,, As) is
an ellipsoid in R by Proposition 5.2 and hence not convex in general.

LetB=1,_1®(1/3),C =1,_1®(1/2), Ay = I,_1®(0), A, = I, ®(i), A; = I,,. Then
we claim that Wg(A;, A,, As) is not a subset of Wc(A1, Az, A3) and hence W (A1, A;, Asz)
is not convex. Now (n — 1,n — 1,n — 1 + 1/3) = (Retr BA;,Retr BA;,Retr BA;) €
Wpg(A1, Az, A3) and we claim that this point does not belong to W¢ (A1, A,, A3). Suppose
(n—1,n—1,x) € Wc(A1, Az, A3). ThenRetr CU*A,V = n—1 for some unitary U, V, and
the sum of the first n — 1 diagonal entries of U*A;V is n — 1, which is the sum of the n — 1
singular values of the matrix U*A; V. It follows from Corollary 3.2 in [17] that U*A,V =
Aj. Thus the first n — 1 columns of U are identical to those of V' and the last columns of U
and V are scalar multiple to each other, i.e., u, = €"v,. Now Retr CU*A,V = n — 1. So
¢ = +1. Hence Retr CU*A;V cannotben — 1 + 1/3. Thus, the inclusion relation fails
though s(B) <,, s(C), and so W¢ (A, Az, A3) is not convex. [ |

Corollary 5.6 The set {tr CUAV : U,V € U(n)} is a circular disk centered at the origin
when n > 1 and is a circle when n = 1.
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Now we consider C = diag(1,0,...,0). Convexity will then be established for the
corresponding numerical range.

Theorem 5.7 Let C = diag(1,0,...,0) and let Ay, Ay, A; € C"™*", where n > 2. Then the
numerical range Wc (A1, A,, As) is convex.

Proof By Corollary 3.2, Lemma 3.3 and Proposition 5.1, it is sufficient to show that
Wpg(A1,A,A3) C We(Ap, Az, As) when B = diag(5,0,...,0),0 < 8 < 1. Letr =
(r1,1r2,13) € Wg(A1,A;,A3), ie, rj = By*Ajx where x, y € C" are unit vectors. Con-
sider ' = (r{,r;,r3) where r; = By*Aju, j = 1,2,3. As u runs over the unit sphere
of C", the locus of r’ is then Eg = Wp/(A[,A;,A;) where A} = y*A; € C™*" and
B’ = (30---0) € C'*", Hence by Proposition 5.2 (m = 3,r = n, k < 4 < 2r), Egisan
ellipsoid with interior centered at the origin and clearly r € Eg C E; C Wc¢(A;, Ay, A3).

|

Corollary 5.8 Let Ay, Ay € C"*", and let q € C satisfy |q| < 1. Then
{(Rey*A1x,Re y*Asx,Re y*x) : x,y € C" ) x"x = y*y = 1}

and
{y'Aix:x,y e C",Rey*x=¢q} = U{W(q’ :A1):q' € C,Req’ = q}.

are convex.

6 The s0,(C) Case

The range of Ay, ..., A, € v, after disregarding a suitable constant is
We(Ar,...,Ap) = {(tr COTA,0,...,tr CO"A,0): O € SO(n)},
which is symmetric about the origin when 7 is odd but it is not true for the even case.

Theorem 6.1 ([31]) Let C, Ay, A; be n X n real skew symmetric matrices. Then the numer-
ical range W (A1, Ay) = {(tr COTA,0,tr COTA,0) : O € SO(n)} is convex.

The following result settles Question 1 in [30].

Theorem 6.2 Let C,A;,A;, As, Ay be n X n real skew symmetric matrices.

1. Ifn > 5,then Wc(Ay, Ay, As) is always convex in R>. Moreover, Wc (A1, Ay, As, Ay) is not
convex in general.

2. Ifn = 4, C,A1, Ay, As are 4 X 4 real skew symmetric matrices, then Wc(Ay, Az, As) is
generally not convex.

3. Ifn =3, then We(Ay, Ay, A3) is an ellipsoid (perhaps degenerated) in R,

4. Ifn = 2, then Wc(Ay, Ay, As) is a point in R,
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Proof (1) Due to [30], it is sufficent to consider the even case 2n x 2n. Given a 2n X 2n
real skew-symmetric matrix X with singular valuess; =51 > s, =5, > +-- > 5, = 5, let
s(X) = (s1,-++,50).

Suppose n = 3. It is known [13, p. 521] suy = s0(6). By Proposition 2.2 and The-
orem 4.1, Wc(A1,A;,A3) is convex when n = 3, and equivalently, Wg(A1,Ay,A3) C
Wc(Ar, Ay, As) whenever b < ¢ where b = s(B) and ¢ = s(C). Now, suppose n > 4.
We can assume that B and C are in canonical form and s(B) < s(C). By Lemma 3.4, we
can construct b = b,_; < --- < by = c satisfying the two conditions of the lemma. Let
Bj be the real skew symmetric matrices corresponding to bj, j = 1,...,n —1(B; = C
and B,_; = B) in cannocial form and the 2 X 2 blocks can be permuted as we please.
If (x1,%2,%3) € Wpg(A1,A2,A3), j = 2,...,k, then there exists O € SO(2n) such that
X = trBjOTA,'O, i=1,2,3.LetBj =P®Rand B;_; = Q@ Rwhere Pand Qare 6 X 6
such that s(P) < s(Q). Now let D; be the leading 6 x 6 submatrix of OTA;0, i = 1,2, 3.
Thus we can find a 2n x 2# real orthogonal matrix of the form U = O(U; @ I,,—¢) so that
(x1,%2,%3) = (tr BjUTAlU,tr BjUTAQU,trBjUTA3U) € Wp,_ (A1,A;,A3). So we have
the inclusions Wg(A1, Az, A3) C -+ C Wc(A1, Az, A3) and hence the convexity.

The result for the odd case is best possible in the sense that if p > 3, there are (2n+1) x
(2n +1) (n > 2) real skew symmetric matrices C, Ay, ..., A, such that Wc(Ay,...,A,) is
not convex [31]. The example in [31] also works for even case.

(2) Notice that [13, p. 240] su, @ su, = so(4). This yields that W¢(A;, Ay, A3) is
generally not convex when C, A, A;, A; € s0(4). The result follows from Proposition 2.2
and an example in [1] or Theorem 4.1.

(3) The isomorphism s0(3) =2 su(2) explains the common ellipsoid phenomenon for
the numerical ranges associated with sI,(C)® and s03(C)® when p = 3 (see Theorem 4.1).

(4) Itis trivial. |

Remark 6.3 1If SO(k) is replaced by O(k), denote the corresponding set by
We(Ay,...,Ap). Whenk = 2n+ 1, We(Ay,...,Ay) = We(Ay,...,A,). However, if
k = 2n, then

WC(AI,...,AP) =Wc(Ay,...,Ap)) UWci(Ay, ..., Ay),

where C’ = DCD and D = diag(1,...,1,—1). If C is singular, i.e., the rank of C is less
than or equal to 2(n — 1), then W¢(Ay,...,A,) = Wc(Ay,...,A,). When p = 2, and
suppose C is nonsingular, then W¢ (A}, A,) is the union of two convex sets [31] and is not
convex in general. We have the following example: Let

X=<_°1 (1)) C=A=Xa 68X, A=X& XX

Then (—2n, —2n — 4) and (—2n + 4, —2n) € Wc(A,,A,) and the midpoint of the two
points is (—2n + 2, —2n + 2). If it were in Wc (A, A, ), then there would exist U € O(2n)
such that tr A;JUTCU = tr A,UTCU = —2n+ 2. Let B = UTCU. So E?:l bri—12i =
Z;:ll byi12i —by—12n=n—1.Thusn—1= Z;:ll byi—1i and by, 1,2, = 0. However,
wehaven — 1 = |Z:':_11 byi—1i] < Z?:_ll |boi—12i] = Z::ll |bai—12i] = |ban—120| <1 —2
according to a result in [27]. It is a contradiction.
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7 The sp,,(C) Case

The Cartan decomposition is $p,,(C)® = sp(n) + isp(n) where K is the symplectic group

Sp(n) = (g UV> € U(2n).

The C-numerical range of Ay, ...,A, € p will then take the form (after disregarding the
constant —2(n + 1)):

{tr CW AW, ... ,trCW*™A,W) : W € Sp(n)},

where C, Ay, ..., A, € sp(n). Suppose

then

trCW*A;W =2Retr C[U*Aj iU — U*AjpV + VFARU + VA, V]
—2Retr G [-VTA U+ VAV + UTARU + UTA, V.
If C € sp(n), then there exists U €  Sp(n) such that U*AU =
idiag(cy,..., ¢, —C1,...,—Cn), where ¢; > 0, i = 1,...,n. Denote by ¢ the vector
(c1,...,¢,). Hence the i—th component of Lhe numerical range is of the form
2Re[tr CU*AjjU + trCV*A;V] — 4Imtr CU*Aj,V (since AJ»T2 = Aj;) where C =
idiag(cy,...,cy), i.e, —2Im Z?:l ci(ufAjiu; + vajlvi) — 4Re Z?:l ciufzjzvi. The nu-

merical range is also symmetric about the origin. Since Sp(n) is compact connected, by
Theorem 2.1 we have

Theorem 7.1 ([31]) LetC,A;, A, € sp(n). Then Wc(Aq, Ay) is convex.

Proposition 7.2 Let C, Ay, Ay, As, Ay € sP(2). Then W¢ (A1, Ay, Aj) is convex. Moreover,
Wc(Ar, Ay, As, Ay) is not convex in general.

Proof Since sp(2) = so(5), the result follows from Proposition 2.4 and Theorem 6.2 (1).

Proposition 7.3 Let C,A;,A,,As € sp(n) wheren > 2. If b < ¢, then Wg(A;, Az, As) C
Wc(Ar, Az, A3).
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Proof Assume that Band C are in diagonal form, i.e., C = i diag(cy, ...,y —C1y .-+, —Cn)s
¢; > 0. It is sufficient to handle the case that (b;,b,) < (¢1,¢) and¢; = b;, i = 3,...,n.
For j = 1,2,3,let A; be of the form

A —Ap
— € sp(n).
( Ap A p(n)

So the elements of W (A1, Ay, A;) are of the form (x;, x;, x3) where
n n
xj = —2Im Z ci(uf Ajiu; + viAj1v;) — 4Re Z culAjpvi,
i=1 i=1

and u’s are the columns of U and v’s are the columns of V in

W = <U UV> € Sp(n).

i

Forany 6, ¢ € [0, 27], define

u] = e cos Quy + € sinfuy, v = e '? cos Oy + €' sin v,
uh = —e 7 sin Quy + € cos Ouy, vy = —e ' sin v, + € cos Ov,,
andu/ =u;,i=3,...,nandv/ =v;,i =3,...,n. Sinceb; + b, = ¢ + &, for j = 1,2, 3,
we have

n n

yj=—2Im Z ci(u*Ajiuj +v{*Ajv]) — 4Re Z ciu*Apv;

i=1 i=1

= (a + o) [—Im(uiAjiu + u5Ajuy + v’ijlvl + V’Z“Zjlvz) -2 Re(uTijvl + u;‘ij)]

+ (c1 — c2)[pjcos 20 + sin 20(q; cos 2¢ + 5 sin 2¢)]

n n
_ ZImZCi(MTAﬂUi +ViAjv;) — 4ReZciuijzw

i=3 i=3
where
pj = —Im(uiAju —uyAjup + v’lkzjlvl — v;kzjlvz) — 2Re(u’fzjzvl — uﬁijvz),
q; = —2ImujAju; —2Im v’lklevz — 2Re(uij2vz + uﬁzjzvl),
sj = —2ReujAju, —2Re v’fzjlvz — ZIm(u;ijzvl — vfzjzuz),

j = 1,2,3. The locus of (y1, 2, y3) is an ellipsoid E.w when ¢ and 6 vary on [0, 27]. So
forany x € Wg(A;, Az, A3), thereis W € Sp(n) and x € E,w C conv E, since |b; —by| <
ler — ¢2] and by + b, = ¢; + ¢;. We notice that the matrix R(0,¢) ® I,_, ® R(0,¢) ® I,_,
is an element of Sp(n) for any 6 and ¢ where

e ®cosh  e?sinf

—e ®sinf € cos 0) ’

R(0,0) = <

In particular, R(6, ¢) ® R(6, ) € Sp(2). By Proposition 7.2, conv E.yy C Wc(Ay, Az, As)
so that x € W¢(Ay, Ay, As). This completes the proof. [ |
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Theorem 7.4 Let C,Ay,Ay,A5,Ay € sp(n). Then Wc(Ay, Ay, As) is convex if n > 1,
and is an ellipsoid (perhaps degenerated) centered at the origin if n = 1. In general,
Wc(A1, Ay, Az, Ay) is not convex.

Proof First we establish the simplest cases. When n = 1, Sp(1) = SU(2) and hence by
Theorem 4.1, W¢ (A1, Az, A3) is an ellipsoid (perhaps degenerate) centered at the origin.

It is sufficient to show that Wg(A, Ay, A3) C Wc(A1,As,A;) when 0 < b; < ¢; and
¢ =b;,i=1,...,n The elements of Wg(A;, A,, A;) are of the form (x;, x;, x3) where

n n
xj=—2 ImZbi(u;"Aﬂui + v;kzjlvi) - 4Rez biu;kgjzvi

i=1 i=1
= —2Imby (Ui Ajuy + viAjv) — 4RebiufA v
n n
—2Im Y ci(uf Ajyui +viAjvi) — 4Re Y il Apvi,
i=2 =2

j=1,2,3. Let (ujv{) = U(uyv;) where U € Sp(1) and set ] = u;, v/ = v;, i =2,...,n.
Similar to the previous treatment, we have an ellipsoid E, , as U runs over Sp(1), by
using n = 1 case. So we deduce that a point x € Wg(A;, A,, A3) is contained in Eyp, ,,, C
conv E,, ,,, since by < ¢;. Thusx € conv E, ., C Wc(A;, A, As) by Proposition 7.2.

Now we construct nonconvex examples for the more general case. Let

B=1,2®3L® (~I,—2) ® (-3D),
C =1, > & diag(4,2) & (1, ») & diag(—4, ~2),
Al - In ¥ (_In)v A2 —1ip—2 ¥ dlag(la _1) &® (_In—Z) & dlag(_17 1)7

0 1 0 —1

As=1,,® (1 0) ®(—1—2) @ (1 0 > )
0 i 0 1

A4 —1p—2 @ (_1 0) @ (_IH—Z) @ <_l O) .

We are going to show that
(2(n—2)+12,2(n — 2),2(n — 2),2(n — 2)) € Wp(A1, Az, A3, Ag) \ We(AL, Az, A, Ay).

Consider a set which is larger than W (A1, A;, A3, Ay):

WCI(AI,A27A35A4)
={(tr CU*A U, tr CU*A,U, tr CU*A3U,tr CU*A3U) : U € U(2n)}.
Indeed the set is the C-numerical range of (A;, A;, A3, A4) associated with gl(2#n, C). Ap-

plying the reasoning in the first example of the proof of Theorem 5.4, then (2(n —-2)+
12,2(n — 2),2(n — 2),2(n — 2)) ¢ Wl(A1, Az, As, Ad). u
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8 The sp,,(R) Case

It is known that

K= {(_AB f;) :ATA+B™B=1,ATB=BTA,A,B¢ ]R{”X”},

p:{@( —Yx):YT:MT:X,X,YE}R"X"}? a= €D REjj = Eujon)

1<j<n
A B
(% %) ex

if and only if A + iB € U(n). Hence we identify K with U(#n). Similarly we identify f with
u(n). Now we identify p with the space of n X n complex symmetric matrices via the map

Notice that

(;( _YX) = X+iY, X, Y e R XT =X, YT =v.
Hence a is identified with the space of real diagonal matrices. So the corresponding C-
numerical range, after disregarding the constant 2(n + 1), takes the form

We(Ai,...,Ap) = {(Retr CUTAU,...,Retr CUTA,U) : U € U(n)}.

Clearly the numerical range is symmetric about the origin. We can assume that C =
diag(cy, . .., c,) where ¢’s are the singular values of C. When p = 1, the set W¢(A) is a
closed interval [32]. We have the following convexity result when p = 2.

Theorem 8.1 Let C,A;, Ay, As be n x n complex symmetric matrices. Then W (A1, A;)
is convex if n > 1. It is an ellipse (perhaps degenerated) in R* if n = 1. Moreover,
We(Ay, Ay, As) is not convex in general.

Proof The second assertion is trivial since the numerical range is just the image of the unit
circle under a linear map from R? to R?. Let n > 1. We need to consider the following two
cases.

Casel 0<by <cpandb;=c¢,i=2,...,n
Let (r1,1,) = (Re 2?21 bixI' A x;, Re 2?21 bixI'Ayx;) € Wy(A1, A;). Forany 0 € [0, 27]
we consider x| = ex) and x! = x;,i = 2,...,n. Then for j = 1,2, we have

n n
Re Z bix!TAjx! = bi(cos20 Rex{ Ajx; — sin 20 Imx{ Ajx;) + Re Z bix! Ajx;.
i=1 i=2
As 0 varies on [0, 27], the locus of the point (Re Zle bix/TAx!, Re Zle bixI Ayx!) traces

out an ellipse Ex , where X denotes the unitary matrix (x; - - - x,,). Similarly we have Ex
and obviously Ex;, C conv Ex . If Ex . is degenerated, then (r, ;) € conv Ex, = Ex,. So
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we assume that Ex . is not degenerated. Let u; € C" be unit vector such that ulAju; =0
(see Lemma 3 of Thompson [36]). Extend u; to an orthonormal basis {u, . .., u,}. Hence
the ellipse Ey . is degenerated. Using the continuity argument, we are done.

Case 2 Suppose (by,by) < (¢1,6) and b; = ¢;, 1 =3,...,n. Let

p p
(r1,1) = (Re Z b,-xiTAlxi, Re Z bixiTAzx,-) € Wg(Ay, Ay).

i=1 i=1

For any 6 € [0, 2], define y; = cosfOx; + sinfx,, y, = —sinfx; + cosOx;, and y; = x;,
i=3,...,n. Then

n
1
Re E cylAjyi = E(c1 + ) Re(x{ Ajxy +x3 Ajx)
i=1

1 n
+ E(Cl —¢;)(pjcos20 +g;sin20) + ReZcixiTiji,
i=3

where p; = Re(xlTijl - szijz) and q; = Re(szijl - xlTijz). As 0 varies from 0 to
2, we get an ellipse E.. Now (ry,r;) € E, C conv E.. The ellipse E. can also be viewed
as the image of a loop in SU(2) under the above continuous function, namely, the set of
rotation matrices. By the simple connectedness of SU(2), conv E, C W (A1, Az). Hence
(r1,12) € We(A, Ag).

The example in the proof of Theorem 5.4 works for this case and the computation is
similar. |

Corollary 8.2 ([37]) Let C and A be n x n complex matrices such that C = CT. Then the
congruence numerical range Wc(A) = {tr CUTAU : U € U(n)} is a circular disk if n > 1.

9 The sp,, Case
We may assume that p < gq. It is known that

0 X O X4

B X5 o0 X% 0
b= 0 Xu 0 —Xnl(°

Xy, 0 —XL 0

a= P REjpij+Epijj— Eprgrjprari — Eaprgrjprari);
1<j<p

- 0 U, 0 —Vz . U, —Vl U, —Vz
K=9lv o @ o |’ (V1 of ) € Sp(p). (Vz T, ) € Spla)
0
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Given C € sp, ., there exists W € Sp(p, q) such that W*CW is of the form:

0 G 0o -G
(ClT 0>®<—C1T 0)’

where Cy = ¢Ey; @ -+ @ ¢,Epp with; > 0foralli = 1,..., p. Now the (12)-block of an
element of O(A;) (A; € p) has the form of the (12)-block of the matrix

* 0o A, o A

U0 =V, 0 S 14 U 0 =V, 0
Q=[ov o -7 A 0 A0 00U 0 -V,
Vi 0 U 0 0 Kﬂ 0 —K{z Vi 0 U 0 ?

P * i T
j j
A, 0 —A, 0

ov, 0 U, 0V, 0 U,

namely, Q;; = UfA{2 U, + U{"A{;Vz +V¥Al,U, — V¥A],V,. Hence the j-th component of
the numerical range is Re tr CTQp+Retr CQj,+Retr CQlT2 +Retr CTQ;, = 4Retr CTQy,,
where C = ¢,Ej; @ - - - ® ¢, Epp. In other words, the j-th component is of the form
P ) ) . .
4Re Z ciluy, Al yus + uf Al vy + v’fiAhuzi — v’fiA{2v2,»],
i=1

where Uy = (uy; -+ ulp): Vi= - le); Uy = (ug1 -+~ Uzq)> Vo= (var - V2q) form an
element of K. The numerical range is also symmetric about the origin. By Remark 11.1, we
have

Proposition 9.1  Let C, Ay, A, A3 € sp, . Then Wc(Ay, Az, A3) is an ellipsoid with inte-
rior centered at the origin in R® and hence is convex.

Proposition 9.2 Let C, Ay, A3, A3 € 5D, . Ifmin{p,q} > land b < ¢ Wg(A,, Az, A3) C
WC(A17A27A3)'

Proof It is sufficient to consider the case (b1, b,) < (¢1,¢), bi = ¢, i = 3,... , p. Let
(xl,a'cz,x3) € Wg(A1,Az,A3), ie, x; = 4Re Zf:l bilul Al ug + Al vai + v’fighuzi —
VTiZ{ZVZ,'], j=1,2,3. Forany 6 € [0,27] and ¢ € [0,27], k = 1,2, define

i i cos Oviy + € sin Ovya,

w, = e ' cos Qug, + € sin Oy, V), = e~

ul, = —e '?sinQugy + € cos Quyy, v, = —e 9 sinOvgy + € cos Oy,
Since by + b, = ¢; + ¢, for j = 1,2, 3, we have

p . .
o T %A 1 Pk v R v
yj=4Re E biluy; Ajyuy; +uy; Ay + vy Aty — vy Ay
i=1

=2(c; + ) Re[uTlA{2u21 + uT2A{2u22 + uTlA{4v21 + uT2A{4v22
+ V;K{Mﬂ + VT2K{4”22 - VTVK{zVZl - VT2K{2V22]
+2(by — by)[pjcos20 + (g cos 2¢ + r;sin 2¢) sin 20|
p —

+4Re E ciluj ;A uai + uj; AL vai + VAL — VA2,
i=3
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where
L * A kA x4 ok A
pj = 2RelujjAjyua — upAjyung + Uy Ajgvar — upA v
V1Al — VA — VA Vo T VAV
_ * AJ * A x 4] x 4]
qj = 2 Re[u]| Ayu + uly Ayt + ul | Ay vay + Ul Ay v
VinAaUoy T VAl — V1AV — VipAdgp Vo

— * Al * Al * Ad * AJ
rj = 2Im[—uj Al uz + U AUy — Ul Ayva + U AV

% « ) x 2/ * 1)
— V1At + VAt + VAV — VARl

The map which sends ’s and v’s to u’’s and v"’s is in 'y(Sp(l) X Sp(l)) C K where 7y denotes
the imbedding from Sp(p) x Sp(g) — K [13, p. 455]. As 6 and ¢ vary on [0, 2], the locus
of (y1, y2, y3) is an ellipsoid E;, with interior by Proposition 9.1. Since |b; — b,| < |¢; — 2],
we have x € E, C E. C W¢(Ay, Az, A3). By a continuity argument, we are done. [ |

Theorem 9.3 Let C,Ay,Ay, A5 € sp,,. When min{p,q} > 1, Wc(A1,A,) is convex.
Furthermore, Wc (A1, Az, As) is not convex in general.

Proof We may assume that 1 < p < g. It suffices to show that Wg(A1,A;) C Wc(Ar, Ay)
when 0 < by < ¢, b =¢,i =2,...,p. Let (x1,x2) € Wg(A1,Az), e, for j = 1,2,
xj = 4Re 3P bilufAlyugi + uf Al v + ViAL i — viATvy;). Forany 8 € [0,27], let
uly = e%uyy and v), = v, ul, = w, v = vin i o= 2,00, s uh = i, vy = Vai,
i=1,...,q9. Thenfor j =1,2,

p ) .
L T Ix AT T PR AT v v A
yj=4Re E biluy; Ajyuy; +uy; Apgvy; + vy Ay, — vy Apvyl
i=1

= 4b[pjcosf + g;sin 0]
P . .
* A % A ] * ) * 1)
+4Re E cilul ;A uai + ;A1 Voi + VAt — VAL V2],
i=2
— i j 7/ =i _ j
where p; = RelujjAjun + ujyAyyvar + vij Ao — viiApval, 45 = —Im[ufiAjyupy +

wi Al voy + v ALy — v Alvy]. The matrix diag(e, e=") belongs to Sp(1) and thus
'y(diag(eie, e ) @ Iy s, Iq) € K. As 0 varies on [0, 27], the locus of (y1, y2) is an ellipse
Ey. Since 0 < by < ¢y and Sp(1) is simply connected, we have (x;,x,) € E;, € convE, €
We(Ar, Az).

The convexity result is best possible. We will work out the p = g case and the p # g
case is similar. Let B=1,,_; & (1/3), C=I,_.,® (1/2),A1 =1, D(0),A, =1, & (>i),

AgZIn. Set —
({0 X 0 -X
(e 0)e (e 7))
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where X = B,C, A;,i = 1,2,3. We claim that Wg(A;, Ay, A3) & Wc(Ay, Ay, As) and hence
Wec(A1, A, As) is not convex. Notice that

4(n—1,n—1,n—1+4+1/3) = (Retr BA;, Retr BA;,Retr BA;) € Wg(A;, A,, A3)
and we are going to show that this point does not belong to the set
WA (AL, Ay, As) = {tr CU*A,, U, tr CU*A,U, tr CU*A3U) : U € U(4p)}
and W¢ (A1, Az, As) C WA(A1, Az, As). Suppose 4(n—1,n—1,x) € We(Ar, Az, As3). Then
Retr CU*A;V = n — 1. Then using the reasoning in the second example of the proof of

Theorem 5.4, we see that 4(n — 1,n — 1,n — 1+ 1/3) ¢ W/(A;, Az, A3). Hence inclusion
relation fails when s(B) <,, s(C). Thus W/(A;, A;, A3) is not convex. [ |

10 The so*(2n) Case

It is known that

K= {(A B> :ATA+B"™B=1,ATB=BTA,A,B¢c ]R{”X”},

—B A
_ X Y vl T _ _ X1
p—{(Y _X).X =-X,YT=-Y,X,Y €iR ,

a= iR((Elz —Ey) — (i — En+2,n+l))
@ i]R{((E% — E3y) — (Ensone3 — En+3,n+2)) -

Analogously to sp,,(R) case, we identify K with the unitary group U (n) and the subspace p
with the space of complex skew symmetric matrices respectively. Then a is identified with
i D1<j<(n/2) R(E2j—12j — E2j2j—1)- Then the group K acts on p such that A — UAUT. So
the C-numerical range of the complex skew symmetric matrices A;,...,A, € pis

We(Ai,...,Ap) = {(Retr CUTAU,...,Retr CUTA,U) : U € U(n)}.

The set is symmetric about the origin.
Since su; 3 = s0*(6), by Corollary 5.3, we have the following result and one can give a
more geometric proof by identifying O(C) with a 5-sphere.

Theorem 10.1 Let C,A,,...,A, be 3 X 3 complex skew symmetric matrices. When 1 <
p <5 We(Ay, ..., Ap) is an ellipsoid with the interior in RP and hence a convex set.

Corollary 10.2 Let n > 3 be an odd integer. Suppose B and C are complex skew symmetric
matrices with vectors of singular values (nonincreasing order) b and c, respectively such that
c—b>0. Then W(Ay,...,A)) C We(Ay,...,A,) if1 < p <5

Theorem 10.3  Let C,B, A1, A,, Az be n X n complex skew symmetric matrices. Let n >

4 and b and c be the vectors of singular values of B and C respectively. If b < ¢, then
Wg(A1, Ay, A3) C We(Ar, Az, A3).
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Proof It is sufficient to consider the case (b1, b;) < (¢1,¢;) and b; = ¢;, i = 3, ..., n. Sup-
pose x = (x1,%,%3) € Wg(A1,A,, As), i.e., there exist e, e,, . . . , e, orthonormal vectors
in C" such that fori = 1,2, 3,

[n/2]
x; = —Rel(b; + bz)(elTAiez + e3TAie4) — (b — bz)(elTAiez — e3TA1-e4) -2 Z bjesz_lAiezj]
=3
Let fi, f2, f5 and f; € C" be the vectors defined by [30]
fi =cos¢pcosfle; —singcosbe, —cos¢psinfes +sin@sinbey
fr =sin¢gcosfe; +cospcosfe, —singsinfe; — cosesinbey
fr =cosgpsinfe;  +singsinfe, +cospcosfes +sin ¢ cosbey
fa = —sin¢sinfe; +cos¢sinfe, —singcosfes +cos @ cosbes.

The matrix which sends (e1, e, €3, e4) to (f1, f, f3, fa) is an element of SO(4). So fi, f,
f3, fa € C" are orthonormal vectors. Direct computation leads to

Re(fAifr+ fiAifa) = e[Ajes + €1 Ajes,

Re(ffAjf, — f{fAjfs) = pjcos26 +sin20(q; sin2¢ + sj cos 2¢), j=1,2,3,
where
pi= Re(elTAjez — e3TAje4), q; = Re(elTA]-e3 - ezTAje4), s; = Re(—ezTAje3 + elTAje4).
Then for i = 1,2, 3, y; is just the real part of the number

(by — by)[pjcos20 +sin26(q; sin2¢ + s; cos 2¢)]

(n/2]
— (e + Cz)(e{Ai(?z + €§Ai€4) +2 Z bjegjf]AiEZj-
=3

As 0 and ¢ vary in IR, the locus of the point (y1, y2, y3) in R? is an ellipsoid (compare [2])
which will be denoted by Ej, . Here E = (e - - - €,) € U(n). Notice that |¢c; — 3| > |b; — bs ]|
and hence (x1,x,,%3) € Ep g C convE. g C We(Ay, Az, As).

Now, given a 4 x 4 complex skew symmetric matrix A, there exists U € U(4) such that

0 s 0 is
T _ 1 2
UAU = (—iSl 0) @ <—i52 0)

where s1,51,5,,s, are singular values of A. This implies that we can find orthonormal
vectors ef, €5, e, ey in the span of ey, e;, e3, e4 such that E. g/ is degenerated where E' =
(ejeseseqes - - - e,) € U(n). By a continuity argument, the result follows.

Theorem 10.4 Let C, Ay, A,, A; be n X n complex skew symmetric matrices.
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1. Then Wc(A1,Ay) = {(Retr CUTAU,Retr CUTAU) : U € U(n)} is convex when
n > 2. It is an ellipse (perhaps degenerated) if n = 2.

2. If n is even, then Wc(A1, Ay, As) is not convex in general. If n > 3 is odd, then
Wec(Ay, Ay, As) is convex.

Proof Suppose n > 2. (1) We notice that W (A1, A;) is equal to the set

(n/2] (n/2]
{fZ(Re Z cix2Ti_1A1x2,-, Re Z cix2Ti_1A2x2,-) (xpexy) € U(n)}.

i=1 i=1

By Lemma 3.3, Corollary 3.2 and Theorem 10.3, it is sufficient to consider that case that

0<b <candb; =c¢,i=2,...,[n/2]. Suppose x = (x1,x;) € Wg(A1, A,), i.e., there
exist ey, e, ...,e, € C" such that
(n/2]
x; = —2Re (blelTAie2 + Z bje2Tj_1A,~e2j), i=1,2.
=2

Define f; = e'e; and f; = e¢;,i = 2,...,n. Then fori = 1,2,

[n/2]
yi = —2 Re(blflTAifZ + Z b]‘fz?,IAifz])
=2
[n/2]
=-2 <b1 [cos O Re eITAiez —sinf Im elTAiez] + Re Z bjeszflAiezj) .
=

The locus of the point (y, y,) traces out an ellipse which is denoted by E, ;. Now (x;,x,) €
E.p C conv E, . There are orthonormal vectors u;, u, such that ulAyuy, =0 ([29], n > 2).
Extend u;, 4, to an orthonormal basis of C", {uy,...,u,}. The corresponding ellipse is
degenerated. By continuity argument, we are done.

Suppose n = 2. The orbit O(C) is

{UT ((C) _OC> U:Ue U(n)} = {e"" (2 _OC> S [o,m]},

by considering the determinant of UTCU, where C = ( 0 ) Let

o 0 —ay _ 0 —day
v @) e )

We(Ar,Az) = {(Reca; cos§ — Imcay sin @, Reca, cos @ — Imca, sinf) : 6 € [0,27]}

Then

is an ellipse.
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The following example shows that the first part, when # is even, is best possible. Let
X=(2)).letB=X® - ®X®X/3,C=XD- - BXDX/2,A| =X® - ®XDO,,
AA=X® - - &XPiX,A3 = XD ---DXP X, where each matrix is of size 21 x 2n. Then
we claim that Wg(A1, Ay, A3) is not a subset of W (A1, Ay, A3).

Notice that (—2(n—1), =2(n—1), —2(n—1)—2/3) = (Retr BA;, Retr BA;, Re tr BA;) €
Wg(A1, Az, A3). Nowif (—2(n—1), —2(n—1),x) € Wc(A1, Az, A3), thenRetr CUTAU =
—2(n — 1) and by extremal properties, we have UTA;U = A;. So U = U, @ U, where U,
is a 2 x 2 unitary matrix. Now Retr CUTA,U = —2(n — 1) implies that U] XU, = +X.
Thus Re tr CUTA3U cannot be —2(n — 1) — 2/3. Hence the inclusion relation fails though
s(B) <, s(C). So W¢(Aq, Ay, As) is not convex.

(2) Letn = 2m + 1. Similarly, we show that Wg(A;,A;, As) C Wc(A1, Ay, As) where
by < candb; = ¢,i = 2,...,n. Suppose x = (x1,x,%x3) € Wg(A1, Az, A3), ie,
there exist orthonormal vectors ej, ey, . . ., ey € C*™1 such that x; = —2(bjel Aje, +
Y bieAies), i =1,2,3.

The point v = —2b;(el Ajey, el Ase,, el Ase;) belongs to Wi (Al, A;, A3) which is the
ellipsoid with interior and centered at the origin by Theorem 10.1. Here

Al = (ETAE)[1,2,2m+1|1,2,2m+1], i=1,2,3,

are 3 X 3 skew symmetric matrices, and A[« | 8] denotes the submatrix of A lying in the
rows and columns indexed by the sequence o and f3, respectively, and

r [0 b
B = (—bl 0) 0.

The ellipsoid with interior is denoted by C, j, . Since the 5-sphere b; S centered at the origin
and with radius b; in R® is contained in the interior of the larger sphere ¢;S> with radius
(0 < by <), (x1,%,%3) € Cop, € Coy CWe(Ar, Az, Asz). u

Remark 10.5 Then = 2 case follows from the isomorphism s0*(4) = su(2)@sl,(R). The
numerical range associated with s1(2) @ sl;(R) is indeed the numerical range associated
with sl, (R) since su(2) is a compact form. Also s0*(8) = s0, ¢ and see Theorem 11.4.

Corollary 10.6 ([26]) Let C be a complex n x n skew symmetric matrix and let Abean n x n
complex matrix. Then the congruence numerical range Wc(A) = {tr CUTAU : U € U(n)}
is a circular disk centered at the origin when n > 2 orn = 1. When n = 2, it is a circle
centered at the origin.

11 The so,, Case

Now

0 Y
K =50(p) x SO(q), p= {(YT 0) 1Y € Rpxq}, a= P REjpij+Epij)).
1<j<p
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The corresponding C-numerical range of p x g matrices Ay, ..., Ay, after disregarding the
constant 2(p + q — 2), is

We(Ay,...,Ay) = {(tr CTUAV,...,tr CTUA,,V) : U € SO(p),V € SO(g)},

where C, Ay, ...,A,, are p X q real matrices. It is clear that when p # g, say p < ¢, the
special orthogonal groups can be replaced by the orthogonal groups and hence the set is
symmetric about the origin. It is also symmetric when p = q = 2n.

When m = 1, the set W (A) is evidently a line segment and is fully known [21] and [28].
Let m = 2. When (p,q) = (1, 1), the numerical range is a singleton set. When (p,q) =
(1,2) or (2,1), the numerical range W (A1, A;) is then the image of the circle centered at
the origin under a linear map from R? to R?, i.e., an ellipse and hence not convex. This is
certainly the case since s01, = sl (R).

Remark 11.1 When p = 1 and g > 3, Wc (A, A,) is the image of the unit sphere S7!
in R under a linear map from R? to R?. It is an elliptical disk and hence is convex. We
already learned the special cases g = 3 and q = 5 from the isomorphisms sp; 3 = sl (C)R
and s0; 5 = sl,(H). Similarly, if p = 1 and g > 4, Wc(A;, Az, Az) is the image of the unit
sphere $77! in R? under a linear map from R? to R’. It is an ellipsoid with interior and
hence convex. We then conclude that the numerical range W (A1, A;, Az) is an ellipsoid
with interior centered at the origin in R® for sp; ; since sp; ; = 50y 4.

When (p, q) = (2, 2) we have the following example.

Example 11.2  The numerical range W (A1, A;) is not convex when

10 10 0 1
=foa) a=lo0) = (Go)

Proof Clearly the points (1,0) and (—1,0) belong to W¢(A;, A;). We want to show that
their midpoint is not in W¢ (A}, Ay). Suppose (0,x) € Wc(Ay, Ay), i.e., there exist P,Q €
SO(2) such that PQ = PA;Q = (g (7”) By Theorem 2 of [35], v = 0. Since the matrices
have the same determinant, ie., detl, = detPQ = 1 and they have the same singular
values, i.e., « = —(3 and 8 = *1, we conclude that PQ = A, or —A,. Let

p_ [ cos 6 sind Q= s ¢ sing
~ \—sinf cosf)’ ~ \—sing cos¢/’
Direct computation on PQ = +A, leads to cos(§ + ¢) = 0 and sin(f + ¢) = £1. This im-

plies that PA,Q = —I, and I, respectively. In other words, x = £1 and hence W¢ (A, A;)
does not contain the origin. ]

Remark 11.3  The orbit of C = diag(1,0) is merely a part of the sphere $> C R*. The real
linear map C’ + (tr C'Ay, tr C'A;) does not send O(C) onto an elliptical disk in R?.
Indeed, by Proposition 2.4 one can deduce the nonconvexity from the isomorphism
50y, =2 shL(R) @ sl,(R). The numerical range corresponding to sL(R) @ sl,(R) is the
sum (pointwise) of two ellipses, i.e., the locus traced by one of the ellipses when its center
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is moving on the boundary of the other ellipse (when the directions of the axes of the
moving ellipse do not change). The figure is then the region between the outer and inner
envelopes. In particular, if the two ellipses are circles, we have an annulus. If the two ellipses
are degenerated, e.g., two line segments centered at the origin, the numerical range is then
a parallelogram with interior and hence convex.

Proposition 11.4  Let C, Ay, A, be p X q real matrices. If

(i) min{p,q} > 2andp # g, or
(i) p=q > 3, then Wg(A1,A;) C We(A;,Ay) whenb < c.

Proof For definiteness we assume p < q. Let (r1,12) € Wg(A1, Az), i.e., there exist x1, x, €
R?and y,, y, € R? such that for j = 1,2,

p
T]' = Z bi}/;Fij,'
i=1

p
1 1
S b1+ b2)(y{ A + y3Apa) + S (b = b) ([ Ajx; — y3 Ajxa) + D biy[Ajxi.
i=3

Let
Uy = cosfx; +sinfx;, v = cosBy; +sinfy,,
uy; = —sinfx; + cosbx,, v, = —sinfy; + cosby,,
and u; = x; andv; = y;,i = 3,...,n. Then

p
1 1
Z biviTAju,- = E(bl + bz)(leijl + szijz) + E(bl — by)|[cos 29(y1Tij1 - y2Tij2)
i=1

p
+ sin 20(y2Tij1 + Y]Tijz)] + Z biyiTiji.
i=3

Let Ep,, denotes the ellipse which is the locus of the above expressioin as ¢ varies on
[0,27].
(i) We consider three cases:

(a) Ifg > p > 3, then there is a unit vector x; in the null space of Ay, i.e., Ajx] = 0.
Then choose a unit vector x; € R? which is orthogonal to x; € R%, and choose the
orthonormal vectors y{ and y; in R? such that they are orthogonal to A;x; € RP.

(b) Ifq > p+2,and g > p > 2, then take x{,x; in the null space of A; and set
V1= Y06 Y5 = P
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(c) TItremain to consider (p,q) = (2,3). Given any A € R, 3, there exist U € SO(2)
and V € SO(3) such that

0 a O
o= (020,

wherea > b > 0 are the singular values of A. Now choose W = 1®&R(0) € SO(3)
where R(0) is a rotation matrix such that

0 —-b ¢
UAVW = (b 0 0>

and b* + ¢ = a?. This implies that there exist x{,x, € R and y{, y; € R? such
that y]A1x] = y3A1x; = 0and y5A x| = —y{A1x,.

(ii) We consider two cases:

(a) If p = q > 4, then obviously we can choose two orthonormal vectors x;, x5 € R?,
and two orthonormal vectors y{, y; € R? such that y/ TAlx]f = 0, where i, j =
1,2.

(b) Suppose (p,q) = (3,3). Let A € R3x3. There exist U,V € SO(3) such that
UAV = diag(sy, s1, ds3) where 0 is the sign of detA and s; > s, > s3 > 0 are
the singular values of A. Let R(f) be a rotation. Then there exists § € R such
that the (1,1) entry of R~1(0) diag(s, 6s3)R(0) is s,. This implies that there exist
x],%5, ¥1, y4 € R® such that y{A x| = y;A,x; and y,A1x] = ylA1x5 = 0.

Extend {x{,x;} and {y7, y;} to orthonormal bases {x{, ..., x,} and {y7,..., y;} of R
and R respectively. So the corresponding E,/ ,+ ;, is a line segment or a point. By continuity
argument, the inclusion relation follows. |

Theorem 11.5 Let C, Ay, Ay, As be p X q real matrices. If min{p,q} > 2 and p # q, then
Wc(Ay, A,) is convex. Moreover, Wc(Ay, Ay, As) is not convex in general.

Proof It is sufficient to show that W3(A;,A,) C Wc(A1,A;) if 0 < by < ¢ in view of
(i) of Proposition 11.4. Let (ry, ;) = (E:f’:1 biyIAix;, Zf;l biyIA1x;) € We(Ap, Ay). Let
x{ = cosfx; + sinfx, and xé = —sinfx + cosOxy, x{ = xj,i = 2,...,q — 1. Then for
j=12,

p p

Z biyiTiji’ = bl(leijl cos 0 + leijq sin ) + Z b;yiTiji.

i=1 i=2
The locus of the point (Zf:] biyIAix!, Zf;l biyTA,x!) is an ellipse as 6 varies on [0, 27],
denoted by E, ,;. We have E ,;, C convE, , since 0 < by < c|. Let u; be a unit vector in
the null space of A; and extend it to an orthonormal basis {u,, . .., 1} of R7. Then choose
a unit vector v; € R? which is perpendicular to Aju; € R? (p > 2) and then extend it to
an orthonormal basis {v;,...,v,} of R?. Then E, . is a line segment or a point. Applying
the continuity argument will finish the proof.
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The convexity is best possible because of the following example. Assume p < g without
loss of generality, B = [B | 0] where B = I,_, ® 3L, and C = [C | 0] where C =
I,—, @ diag(4,2). Let A; = [A; | 0] fori = 1,2, 3, such that

N N . A 0 1

A =1,, A=1I, ,ddiag(l,-1), A3=1,,® (1 0) .
Then (p +4,p — 2,p — 2) € Wg(A1, Az, A3) \ We(Ay, Az, As) because of the following
reason. If tr BTUTA;V = tr C'UTA,V = p+4, then by the same argument in the proof of
Theorem 5.4 U is of the form U; & U, € SO(p), where U, € SO(2), and V is of the form
U, @ U, ® Vs € S0(q). Now VCTUT = [D | 0]T where

a ¢
DIp_269<C d).

If Retr CTUTA,V,Retr CTUTA,V,Retr CTUTA;V) were (p+4,p—2,p—2),thena+b =
6,a—b =0, c =0, implying that a = b = 3 and ¢ = 0 which is impossible. Thus inclusion
does not hold, and W (A, A, A3) is not convex. [ |

Remark 11.6 By Proposition 2.4 the convexity result for $0, 3, $0, 4, and $0, ¢ can also

be deduced from those of sp,(R), s11,,, and s0*(8) respectively, since 0,3 = sp,(R),
5054 = Sl 5, and 60, ¢ = 50%(8).

The above technique does not apply for the n x n case (n > 3) since the condition
Z € convW(Y) is not equivalent to <,, nor <. It is Thompson’s partial ordering <.
Nevertheless we have the following result.

Theorem 11.7 Let C, A1, Ay, As be n X n real matrices where n > 3. Then W¢(A1, Ay) is
convex. Moreover, Wc(Ay, Ay, As) is not convex in general if n > 2.

Proof The proof is similar to Theorem 6.2. From the isomorphism s033 = sl,(IR) and
Theorem 4.1, Wc (A1, A;) = {(tr CUA,V,tr CUA,V) : U,V € SO(3)} is convex for any
3 x 3 real matrices C,A;,A,. Then apply the arguments in the proof of Theorem 6.2 to
finish the proof.

Let C = I, ® diag(1,0), Ay = I, & 05, Ay = I, , & ( % §) and A3 = I,.. Then we
claim that W¢(A;, A,, A3) is not convex. It is clear that the points (n—2,n—2,n—2+1/2)
are in W¢ (A1, A;, A3). We are going to show that the mid-point (n — 2, n — 2, n — 2) is not
inside. If (n —2,n —2,n —2) = (tr CUTA,V,tr CUTA,V,tr CUTA3V) € W (A1, Ay, A3),
then by extremal properties [17], we have UTA;V = A, and hence U = W @ U, and
V =W @ Vy, where U, V; € SO(2). Then consider tr CUTA,V and tr CUTA5V. Tt will
then reduce to the computation of Example 11.2. So W¢(A1, A;, A3) is not convex. [ |

Remark 11.8 1f SO(n) is replaced by O(n) in the above setting, then we have W (A}, A,)
= {(tr CUA,V,tr CUA,V) : U,V € O(n)}. It is the union of the convex sets W¢(A;, A;)
and Wc/ (A}, A;) where C' = DC and D = diag(l,...,1,—1). Clearly Wc(A1,A;) =
We(A1, Ay) when the rank of C is less than n. However the set W(A, A,) is not convex in
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general and we have the following example. Let C = A; = I,,, A; = D. Evidently (n,n —2)
and (n — 2,n) € We(Ay, Ay). If the midpoint (n — 1,1 — 1) were in Wc (A1, A;), then we
would have U,V € O(n) such that tr A;JUCV = tr A,UCV = n — 1. Letd,,...,d, be
the diagonal elements of UCV. So >_"_ d; = Z:’;I di —d, =n—1. Hence d, = 0 and
S di=n— 1 Thenn—1 = |30 | < 00 di| = X000 |di] — |d| < n =2, by
Thompson’s inequalities [35]. It is absurd.

12 Conclusion

We conclude that sl,(R) is the only one giving nonconvex W¢ (A1, A;) among simple clas-
sical real Lie algebras (up to isomorphism). Concerning the convexity of W¢ (A1, A;, A3)
we make the following table.

g =sl,(C),n>2

h = sl,(R)
b = sl,,(H), n = 2m
b:5up-,q (p:()’l?"'?[n/z];p‘i'q:n)

g = $02,41(C), n > 2
hb=s0,,(p=0,1,....,n,p+qg=2n+1)
p.a (P ptq
g=25p,(C),n=2mm>3

h=sp,(R),n=2m

h=s5p,. (p=0,1,...,[m/2], p+q=m)

g = 502,(C),n > 4
h=s90,4 (p=0,1,...,n,p+qg=2n)
b = s0*(2n)

Yes if n > 2 (best possible)
No
Yes if n > 2 (best possible)
Yes if p # q (best possible).
Noifp =g

Yes (best possible)
No

Yes (best possible)
No
No

Yes (best possible)
No
No if n is even. Yes if n is odd.

The following is the only case in the above list we have no answer.

Problem For the case s0*(2n) with an odd integer n, what is the largest m > 3 so that
We(Ay, ..., An) is always convex?
From the proof of Theorem 10.1, we see that m < 5.

Remark 12.1 The exceptional simple Lie algebras are [23]: 3 for g,; 4 for f4; 6 for e4;
5 for e; and 4 for eg. The total number of cases is 22. Among them 5 are compact Lie
algebras and the corresponding numerical ranges are trivial. For those 5 complex simple
Lie algebras of exceptional type when we consider them as real Lie algebras, Theorem 2.1
yields the convexity of W(A;, A,). Hence 12 cases are left.
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