DERIVATION OF SOLUTIONS OF THE KLEIN-GORDON
EQUATION FROM SOLUTIONS OF THE WAVE
EQUATION

by LL. G. CHAMBERS
(Received 2nd April 1966)

The Klein-Gordon equation
Q* 1 9?

Q being a constant of dimensions [time] ™' and ¢ being a constant velocity,
appears in nuclear physics (1) and, when the Laplacian operator is two-
dimensional, in the theory of long gravity waves on a rotating earth (2). If Q
is zero it reduces to the wave equation

1 8%
Vie )y =0. 2
( = 612> v @
It does not seem to have been observed that solutions of the Klein-Gordon
equation may be derived from solutions of the wave equation and it is the

purpose of this note to establish that this is true.
There are three different problems which arise

(A) The solution of

Q* 1 9
(VZ—? —c—251—2>¢A=0 (3A)
with ¥ = f(r), %l-/: =0 for t =0.
(B) The solution of
Q1 8
<V2—'c—2'_c—252->‘//13=0 (3B)

with ¢ =0, {j.l—f =g(r) for t =0.
0

(C) The evaluation of the Greens function
G(r,r'; 1, 1)
associated with equation (1), that is the solution of
Qr 18
2 - ’ ’
(V -z —?672)6_6(’_')50_1)' 30
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The evaluation of G enables the solution of the equation
Q* 1
Vi— — — Y =yxlrt 4
( =3 azl)dj xr, 1) C))

to be written in the form
Y(r, t) = Idt' Jdt’G(r, r;ot (e, t)

clearly, for the solution of (3C), it is possible to assume r’, ' to be zero.

In the analysis which follows, the solutions of the problems with Q zero will
be given a zero subscript and the quantities {/,, ¥, G will be determined in
terms of ¥ o, ¥go, G, respectively. This will be done by means of the Laplace
Transform over time. Transforms are denoted by bars.

Problem A
Transforming equation (3A), it follows that
Q? +
(- 232 L2+ o) - ©)
using the fact that (3), if ¢ = ¢(t),
0 d2 3 ,
f prE {o(t)}e~?"dt = p>P — p¢(0) - ¢'(0). (6)
(1]
Similarly
p’ 1
<V2_ c_2> ¥ 4o(r, D)+ P pf(r) =0. ™
Changing p to (p? + Q?)* in equation (7) it follows that
+Q
(v2 2 )%o(r, VPR 2 L P = ®
Equations (5) and (8) are consistent if
Yu(r, p) = ( ) ¥ 40(r, \/P +Q%). )]
Now the inverse transform of {(\/p?+Q?), dropping the spacial variation,
is (4)
t —
Y1) =¢()-Q -[ V(2 —u®) ((Qu)du. (10)
0
If the inverse transform of
P .
— 7 is &),
(p* +QY)* ®
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then using the Faltung Theorem (3) the inverse transform of ¢ ,(r, p) is

4
J At =v)P (r, t—v)dy, ay
V]
which is the solution of the problem. A(f) may be determined as follows.
We have
® 1
eI Q)= —————; 12
f o ¢ A= g (42
whence
® d
e Pl — Jo(Qn)+6(t
[T e[ oo
D
=_- " —_ —J,0)+1
P roh o(0)
=P
(p*+Q%)*
d
Thus ) = 5 [Jo( QD] +6(0). (13)
Substituting the expression for A into the expression (11), it follows that
t
Yur, ) =W, (r, )+ J di Jo(Qu)Y ((r, t —v)d (14)
v
which is the required result. °
Problem B
Transforming equation (3B) it follows that
Q2+ p? 1
(Vz— zp >Ws(r, P+ 59(r)=0 (15)
c c
-on using equation (6).
Similarly
2 P’ 1
(V - C_2> %o(n P+ o2 g(r)=0. (16)
‘Changing p to (p% +Q?)? in equation (16) it follows that
21 0? =, 1
(Vz" 4 po Yaolr, /P*+Q%) + g g(r) =0. amn
Equations (15) and (17) are consistent if
) ¥s(r, p) = ¥polr, p* + ), (18)
and it follows that
t R
bato, O = Yuolr, 022 | o, D@ 19)
o

This is the solution of problem B.
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It may be remarked that in the solutions of Problems A and B, ¢ need not
necessarily be constant.

Problem C
The solution of
, 1 ¢2
Vi— 1 Gy(r, 0; t; 0) = 4(r)d(1) 20)
c? at®
is (6)
Go(r, 0; 1, 0)= — - 5<t— 5); 1)
4nr c
more generally
1
Golr,r'; t,1)=— — 8(t* 22
olr, r ) IR (%) (22)

where R = | r—r' |, t*=t—1t'— ]f
c

Taking the Laplace transform of equation (20),

2
(VZ— '2—2) Golr, p) = 5(r), (23)
it being assumed that the delta function is applied just after ¢t = 0. (If this be

not the case, terms involving [%’] , [Gol: = o arise.)
t =0

Similarly, the Laplace Transform of

Q* 1 ¢ .
2 . —
[V - Eia—tzil G(r, 0; 1, 0) = 8(r)é(1) (24)
2 2
is (Vz— 24p )(_}(r, p) = 6(r). @5)
c

Comparing equations (23) and (25) it follows that

G(r.q P) = GO(’) \/pz + Qz)' (26)

The solution of Problem C is thus similar to that of Problem B and so omitting
all variables other than ¢

G() = Go(1)-Q J.‘ Go(y/1? —u?)J (Qu)du

0

=Go(t)—QJ“GO(D)JI(Q\/IZ—UZ) "2"” , @n

NI

on using the transformation v? = ¢? —u?, the second form being more convenient.
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Substituting the expression (21) in equation (27), it follows that

QJ,(Q\/:Z— r—z>f
G(r, 0; t,0)=—i 5(:-_’>— < cH(t—f), (28)
4nr ¢ \/(tz_r_z) c
(,‘2

H being the Heaviside step function. G(r, ¥'; ¢, ) may be obtained from
equation (28) by replacing r by R and ¢ by 1—1¢'.
The solution of equation (4) is thus given by

Y(r, 1) = Yo(r, D+Y(r, 1) (29)
where
_ _1_ y(r', t¥)de’
Yol(r, 1) = o j—R 31

the solution associated with the wave equation, and writing

2) 4
{(,_,,)z_ ’%} =1,
Cc

Yir, ) = 9—- J‘ dt’ J dt’ M x(r', tH (32)
4nc tt

where the integral is only taken over ¢!>0. In effect y! is the * tail > due to
the existence of Q.
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