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1. Introduction. A (round-robin) tournament T con-
n s is ts of n nodes p . p ^ , . . . , p s u c h t h a t e a c h p a i r o f d i s t i . n e t 

1 2 n 
-+• 

nodes p. and p . is joined by one of the oriented a rcs p .p . or 
p.p. . If the a rc p.p. is in T , then we say that p. dominates 
* j l l j n r i 

p . . The set of all dominance-preserving permutat ions a of the 

nodes T form a group, the automorphism group G(T ) of T . 
n c a c n n 

It is known (see [l]) that there exist tournaments T whose group 
n 

G(T ) is abst ract ly isomorphic to a given group H if and only 

if the order g(H) of H is odd. 
If g(T ) denotes the order of the group G(T ) , let g(n) 

n n 
denote the maximum of s(T ) taken over all tournaments T . 

n n 
Our main object here is to prove the following resu l t . 

THEOREM. The limit of g(n) as n tends to infinity 
exists and lies between \T3 and 2.5 , inclusive. 

2. An Upper Bound. In this section we shall prove by 
induction that 

(2 5 ) n 

(1) g(n)< - i £ ^ - , for n > 4 . 

It is not difficult to verify that this inequality holds when 
4 < n < 9 by using the exact values of g(n) given in Table 1. 
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n 

g(n) 

1 

1 

2 

1 

3 

3 

4 

3 

5 

5 

6 

9 

7 

21 

8 

21 

9 

81 

Table 1 

Consider any node p of an arbitrary tournament T , 

where n :> 10 . Let d denote the number of different nodes in 
the set 

D = {a(p) : c*€ G(T )} . 

If TV and T , denote the sub tournaments determined by the 
d n-d 

nodes that are in D and by the nodes that are not in D , then it 
is clear that 

(2) ï(Tn)< g{Td) • g(Tn_d)< g(d) • g(n-d). 

If 3 < d < n-3 , then it follows from the induction hypothesis that 

- ' . ^ 
(2.5) n-d 

2(n-d) - 8(n-4) 
(2.5) 

2n 
(2.5)1 

2n 

If d = 3 or n- 3 , then 

e(T ) < 3 • ^2 '5^ 
8 1 n' - 2(n-3) 

(2.5)1 

and if d = 1, 2, n-2 or n-1 , then 

g ( T ) < A , 2n . (2.5) ( 2 ^ 
g* V - 5(n-2) 2n < Zn 

A different argument must be used when d = n . 

There are n(n-l) /2 arcs in the tournament T . Hence, 
n 

if d = n and the nodes of T are all similar to each other with 
n 

respect to the group G(T ), it must be that each node dominates 
n 

exactly (n-l)/2 other nodes. This can happen only when n is 
odd. 
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Consider the subgroup H of automorphisms a of G(T ) 
n 

such that or(p) = p . It follows from a resul t in group theory 
(see [2]) that if d = n , then 

g(Tn) = ng(H) . 

No element of H can t ransform one of the (n - l ) /2 nodes that 
dominate p into one of the (n - l ) /2 nodes dominated by p , 
since p is fixed. Hence, 

g(H)< (g ( (n - l ) /2 ) ) 2 . 

Therefore, if d = n , then 

n n-1 5 n-1 2n 2n 

(Notice that if n :> 11 , then (n- l ) /2 > 5 , so we are certainly 
entitled to apply the induction hypothesis to g( (n- l ) /2) . ) This 
suffices to complete the proof of inequality (1^ by induction. 

An immediate consequence of inequality (1) is that 

(3) lim sup g(n) < 2.5 . 

We r e m a r k that equality holds in inequality (2) when the 
a rc s joining nodes in T , to nodes in T , all have the same 

d n-d 
orientation. It follows that if n is even, then 

(4) g(n) = max {g(d) . g(n-d)} , d = 1, 3, 5, . . . , n- 1 / 

since d is odd. Hence, in determining exact values of g(n) 
the only tournaments that need to be examined individually are 
those with an odd number of nodes in which all the nodes a re 
s imilar to each other. 

When n is odd and d = n , the inequality 

g(T )< n(g((n-l) /2))2 

n 

is best possible in the sense that equality holds for cer tain tour
naments when n = 3, 9, 27 and, perhaps, for all higher powers 
of th ree . 
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Stronger forms of inequality (1) can be obtained by the same 
type of argument if one is willing to t r ea t m o r e special cases 
separa te ly . For example, it can be shown that 

/ v ^ -45(2 .03) n .- . . 
g(n) < * if n > 13 , 

but this r esu l t has to be verified direct ly for 13 £ n <̂  26 . 

We conjecture that 

g(n) < NT3n_1 , 

with equality holding if and only if n = 3 , k = 0, 1, . . . 

3. Proof of the existence of the l imit . If T and T. 
a b 

a r e two a rb i t r a ry tournaments , consider the tournament T 
ab 

obtained by replacing each node of T by a copy of T ; if the 
a D 

node p dominates the node q in T originally, then in T , 
^ a ab 

each node of the tournament that rep laces p dominates each 
node of the tournament that rep laces q . (When T and T 

a b 
a re both 3-cycles , the tournament T , is i l lustrated in Figure 

ab ° 
1. ) It is not difficult to see that the o rde r s of the groups of T , 

a 

F igure 1. 

T and T satisfy the inequality 

f<Tab) > g(T a) [g(Tb) f 
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T h e r e f o r e , 

(5) g(ab) >̂  g(a) [g(b)] , fo r a l l i n t e g e r s a and b . 

In p a r t i c u l a r , s ince g(3) = 3 , i t fo l lows by induct ion tha t 

(6) g ( n ) > ^ 3 n - 1 if n = 3 k , k = 0, 1, . . . . 

Hence , 

(7) l i m sup 

We now u s e inequa l i t y (5) to p r o v e the following r e s u l t . 

L E M M A . If g(m) > y , then g(n) > y - ç. for any 
p o s i t i v e 6 and a l l suff ic ient ly l a r g e n . 

P roo f . We a s s u m e tha t y > 1 s ince the r e s u l t i s obvious 

o t h e r w i s e . L e t i be the l e a s t i n t e g e r such tha t y > 1 - € / y 
E v e r y suff ic ient ly l a r g e i n t ege r n can be w r i t t e n in the f o r m 
n = k m + t , w h e r e k > i and 0 < t < m . Then 

g(n) = g(km+t) > g (tan) 

r , , 1 / m . k / k + l k / k + 1 
> Lg(m) J > Y 

i / i + 1 1-1/ i 
> v > v 

= v ( l - € / v ) = y - € , 

as r e q u i r e d . 

Le t (3 = l im sup g(n) n . (We know that \T3 < p < 2 . 5 . ) 
F o r e v e r y p o s i t i v e € t h e r e e x i s t s an i n t e g e r m such tha t 

g(m) > p - € . 

But then, a cco rd ing to the l e m m a , 

g(n) > p - 2€ 

for a l l suff ic ient ly l a r g e n . Hence , 
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lim inf g(n) > (3 - 2c 

for every positive € . Therefore, 

(8) lim inf g(n) = lim sup g(n) 

The theorem stated in § 1 now follows from statements (3), 
(7) and (8). 

ADDENDUM 

Perhaps it should be pointed out that the problem of de ter 
mining g(n) i s equivalent to the group-theoret ic problem of de
termining the order of the la rges t subgroup of odd order of S , 

the symmetr ic group on n objects . 

If H is any subgroup of odd order of S let H act on 

the nodes of the complete graph K with n nodes. Then H 

induces an equivalence relat ion on the edges of K . Assign an 

a rb i t r a ry orientation to one edge from each equivalence c lass 
and orient the images of these edges under H in the same way. 
The fact that H has odd order implies that the orientation of 
every edge of K is now uniquely determined. This procedure 

defines a tournament T and it is clear that H is a subgroup 
n 

of G(T ) . If H is chosen to be the la rges t subgroup of odd 
order in S then, since g(T ) is always odd, it must be that 

n n 
H is in fact isomorphic to G(T ) . It follows, therefore, that 

n 
g(n) is the order of the la rges t subgroup H of odd order of S . 
It is not difficult to show that in determining the order of the 
la rges t subgroup H of odd order it is sufficient to consider the 
case that H is t rans i t ive . 
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