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ON DIFFERENTIAL INVARIANTS OF HOLOMORPHIC

PROJECTIVE CURVES

HISASI MORIKAWA

1. Canonical forms

Let (<pi(u), , φn(u)) be a system of holomorphic functions whose

Wronskian does not vanish at origin, where holomorphic functions mean

functions holomorphic around origin.

A variable transformation

(u, y) H-> (φ), λ(z)y)

induces a map

',φn(u)) >,φn(z))

where ^ ( 0 ) Φ 0 and λ(0) Φ 0.
dz

We associate linear differential operators of rank n which is a pro-

jective invariant of a holomorphic curveυ: u »-> (ψ^u), , <pn (u)) in Pn~\

ψu

d V-1

ψn

d y-1

y, ψu •••, ψn

Received December 6, 1978.
1) We mean holomorphic maps by holomorphic curves.
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d γ-
)

"> Φn

d y-

•> Φn

The variable transformation (u, y) «-> (u(z), λ(z)y) induces a transformation:

Ln(p\u, y) H-> Ln(q\z, y)

DEFINITION (Lagurre-Forsyth). A linear differential operator Ln(Q \ z, y)

is called to be canonical, if

Qi ΞΞ Q2 = 0 .

We call z a canonical independent variable of a canonical form

LΛ(Q\z,y).

THEOREM 1 (Forsyth)2). For each Ln(p \ u, z) there exists a variable

transformation

(u, y) •-> (u(z), λ(z)y)

such that Ln(p | u, z) is transformed to a canonical form. Moreover a var-

iable transformation maps a canonical form to a canonical form, if and

only if

-
cy

Forsyth's theorem means that for each holomorphic projective curve:

we may associate a canonical variable and a canonical form which are
unique up to Mobius transformations.

2. Differential invariants

Similarly as classical invariant theory, we define differential invari-
ants of Ln{P\u,y) first for generic coefficients Pι(u) (1 < ί < ή), and then
specialization

2) See Theorem 6.1 and 6.2, Chap 6 [1], or Theorem 2.4, Chap 2 [2].
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< ί < ^ O

gives the definition for Ln(p\u,y).

DEFINITION. A differential invariant of weight p of Ln(P\u, y) (with
generic coefficients) is a polynomial

such that

is invariant for every variable transformation

(u, y) >-> (u(z), λ(z)y) ,

where

ψΦθ,
dz

Forsyth gave the following fundamental system of differential invari-
ants of a canonical form

- 2)\pl(2p - 8 - 2 ) !

where weight of θp (z) is p.
For a complex number w (Φ 0,1, 2, •) we denote

_ w(w - 1) - (w - I + 1)
11

Let wu - ,wn be complex numbers (Φ 0,1, 2, •),

£ /£(0) £(1) Λ(2) \ £ /£(0) £(1) £(2) \
SI — \S1 > SI > SI > /> * * #? Sn — VSw > Sn J Sn > * ' ' /

be variable vectors of infinite length and denote
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Germ of SL(2, C) at (1 *h acts on f3{ξs \ z) as follows

z) = fr* + sr
/γa

where (γz + δ)w* =

DEFINITION. A formal power series F(ξ; z) with coefBcients in C[ξ]

is called a covariant of index u (a complex number), if

; *) = (rz + VFU; °ϋ±Δ , ((W) 6 Germ of SL(2, C)) .
/ \ γz + δ/ Wγa/ Iγz + dJ Wγa)

DEFINITION. A polynomial φ(ξ) is called a semi-invariant of index ur

if

n °° 3
V V 1 7£(Z-1)

/ i / , tgy -

and Σ Σ (W3~~ 2Z)f j ° — ^ ( f ) = w^>(f).

THEOREM 23). Γ/ιe following three conditions are equivalent;

i) F(ξ z) is a covariant of index u,

ii) F(ξ 2:) = exp(^J)^(f) with a semi-invariant of φ(ξ) index u, where

i=ii=o afy>

iii) F(f z) = φ( , ( ldz)tA£j\z) ^ . . . \ ^ j ^ α semi-in-
\ Wj(Wj — ! ) • • • ( ^ — I + 1) /

variant φ( , fj°, •) 0/ index u.

THEOREM 34).

3) See Theorem 5.1 (Robert's Theorem), Chap. 5 [1], or Theorem 1.3, Chap 1
[2].

4) See Theorem 6.5, Chap. 6 [1], or Theorem 2.6, Chap 2 [2].
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{Differential invariants of Ln(Q | z, y)}

= {covariants of θs(z), , θn(z)} ,

where θp(z) = , wn) = (-6, - 8 , . . . , -2n).

3. Defining differential equations of moduli

Two protective holomorphic curves in P71'1

Cφ: u->(φ1(u)9 - ',φn(u))

and

Φ: z ,φn(z))

are called to be equivalent, if a protective transformation in Pn~ι and a

variable transformation (u, y) —> (u(z), λ(z)y) map Cψ to Cφ.

By virtue of Forsyth's theorem equivalence classes of projective

holomorphic curves correspond bijectively to equivalence classes of canon-

ical forms with respect to transformations

cy'az+'β
γz + δ' (γz

Here we shall give the moduli spaces of projective holomorphic curves

in Pn~x and stable projective holomorphic curves by means of non-linear

differential equations. The answer is not so difficult, that is a consequence

of properties of Schwarzian derivatives.

Schwarzian

d3z

dτ3

3
2

dzz
dτ2

dz
dτdτ2

is naturally generalized to pairs of differential forms as follows

{(df)m, dg} = {df, dg} = {f, g}(dg)2 .

LEMMA 1. If we put
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&(*) =

θs{z)

- 1 dθj(z)

2) dz

2j dz 2j(2j + 1)

we have

<D
},dz}.

Proof. Putting θ^zXdz)1 = (df)1, we have

2(2j + ί)\dz

LEMMA 2. Let θj(u)(du)}, χjiu^duy1*2 (3<,j<n) be holomorphίc dif-
ferential forms around origin. Then there exists a variable z such that

{θ,(u)(duy, dz}
+

if and only if

2(2j + l)χ£u)θk(uy - 2(2k

< 2 )

2;2
du

±
2k2

du

If (θs(u)(duy, , θn(u)(du)n Φ (0, , 0), then the variable z is uniquely
determined up to Mόbius transformations.

Proof. If θj{u), θH(u) φ. 0, then from properties of Schwarzian it fol-

lows.
1, dz} - {θk(u)(du)k, dz}

= {θ}(u)(duy, du} + {du, dz} - {θk{u)(duY, du} - {du, dz}

= {θ}(ύ)(duy, du} - {θh(u)(du)\ du}

j d2u 2/ \ du

du
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For a fixed j the equation on z

{θj(u)(duy, du) - 2(2/ + ^(uy^iuXduY = {dz, du}

is solvable, and

{θjiuXdu)', dz} = 2(2; + Vθjiuy^iuXdu)2 .

Hence we can choose a variable z such that

if and only if (2). Assume that θj(u)du Φ 0. Then

{θj(u)(du)j

9 dz} - {θjiuXdu)', dzf} = {<fe, d^} = 0

and thus z is uniquely determined by {βj(uXduy, dz} up to Mobius trans-
formations.

Now we have the next theorem:

THEOREM 4. Equivalence classes of holomorphίc projective curves in
pn-i correspond bίjectίvely to system of holomorphίc differential forms

(θ3(uXdu)\ .9θn(u)(du)n

9 χM(du)\ ,χn(u)(duγ*+*)

such that

2(2j + ΐ)χ,(u)θk(uγ -

= λθj{u)θk(uy
( 3 ) j du2

2; 2 V ' du 2k2 A '\ du

< j <k<n) .

Let Ln(Q 10, y) be a canonical form associating with a holomorphic projec-
tive curve C, and (θz{z), •, θn(z)) be the system of fundamental differential
invariants of Ln(Q | z, y). Then the bijective correspondence is given by

, dz} (3<j< n)

Proof. It follows from the following equivalence

Ln(Q \z,y)++ (βz{z\ , θn(z)) ++ (θ3(zXdz)\ , θn{zXdz)\ z)
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THEOREM 5. Denote

— 1 d a / Λ

2j dz Λ

θriz)

- 1 d o

- 1 d

4/ + 4 dz
•X,(*)

cte

C be the portrait (equivalence class with respect to independent variable

transformations) of the curve

«•->(••-, θj(z), • • ,θJh(z), • • -,χs{z), • ,χjk<,z), • • •)

in weighted projective space with weight system

Then, if ( ,θjh, • ,χjk, • • •) φ (0, , 0), the correspondence:

[equivalence class of C] <-> C

is bijective. If ( , θjh, • • , χjk • •) = (0, , 0), then C is a point and

C is equivalent to a curve

(zh, zXι logz , • •, z'1 ( logz) m \ ••-, z*% zXr logz , • • •, zλ* (logz)m r)

with λu • • •, λr e C and 2 m4 = n.

Proof. Let (θίfczΓ), , θ/

n(z/)) be the system of fundamental differential

invariants of a canonical form Ln(Q'\z',y) corresponding to the same

curve C in weighted projective space. Then there exists μ(2) φ. 0 such

that

ff}(z') =

ffjk(z!) = μ(Zy
 + *"θjk(z) ,

•ΦΓ) = μ(zr+% (Z) ,

On the other hand

= θ'jk(z') =
2j dz1 A 2k dzf

W)
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= χ'Jk(z')

dz'

x'M)
- 1 d

Aj + 4 dz'

If ( θjk, • • , χJk •) =έ (0, , 0) then we have

- 1 d t

2k dz'

θ'j(zr>(dzy = θj{z){μ{z)dzy =

and

By virtue of (4) this shows

)', dz} = {Θ5{z)(dzy, dz'}

and thus zf is a Mδbius transformation of z. Namely Ln(Q'\zr,y) is

equivalent to Ln(Q\z,y). Assume t h a t ( >,θJk, -9χjtk, •) = (0, 0).

Then by virtue of Lemma 2 there exist a constant c and a function u(z)

such t h a t

- l d χ , -ldθk

4/ + 4 dz 2k dz

4(2; + l)(2j + 2)
( =

This shows {2:, u} = — — with α in C, and thus

( • • • θ s { z ) , •••, θ j k { z ) , •••, X j ( z ) , •••, χ j k ( z ) , • • • )

-(-•«» ••••" • 4(ίΐT) 0 -

https://doi.org/10.1017/S0027763000018675 Published online by Cambridge University Press

https://doi.org/10.1017/S0027763000018675


84 HISASI MORIKAWA

Hence C is a point. We may assume z = eau within Mδbius transforma-

tion. This means

du

az az
θiz) = cj(

with γ3, - - -, γn in C. The fundamental solution of this type of linear dif-

ferential operator is given by

{zλ\ zh log z, - , zh (log zY\ , zλ\ zλ* log z9 - , z2r (log z)mή .

4. Coordinate-free formulation

We shall reformulate the above results in terms of bundles. Let u

be an independent variable, and let

dιu (/ = 1,2,3, .••)

be independent variables over ring C{u} of convergent power series in u.

A derivation d is defined in polynomial algebra

as follows

=^Ldu (feC{ιφ,
du

Wronskian of {ψ^u), , <pn(u)) is defined by

( 3 ) rK(f,1,...,ί9n)

ψu '"9 ψn

d<pu , dψn

The relation between this Wronskian and the usual one is given by
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( 4 )

We denote

ψu

du

Ln(p\y) = d«y

then

ψn

d_
du

-ψn

dy, dψu --,dφn

dny,dn

φi, '-,dn

Ψn

= Ln(p\u,y)(du)*,

Ln(p\y) (Ln(p I u, y)) is called to be semi-canonical if px = 0. Ln(p \ u, y)
is semi-canonical if and only if

w(ΨU...,φn) ΞΞ r(du)n

with γ Φ 0 in C.
Changing the dependent variable

with a suitable λ{u) {λ(ϋ) Φ 0), we may transform any Ln{p \ u, y) to a unique
semi-canonical form.

A differential invariant of weight p of Ln(p \ u, y) is defined by

with a differential invariant of weight m

For a semi-canonical form 1̂ 09 |j>) the set of differential invariants
of weight m coincides with the set of differential polynomial with coeffi-
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cients in C

such that

Φ( • ,d%, ••) = Φ(. ••, ( ^ ) W ) w

For each differential invariant Φ of weight m of Ln(p \ u, y) we denote

Φ = Φ(- - , d % , •••) =

then we get the system of fundamental differential invariants

Φ*, ' Jn)

of Ln(p\y). Moreover the system of differential invariants

($3> * * * > @n, , θjk, ' , Xj, , Xjk9 )

corresponding to

(^3> * * * 9 @Π9 ' ' ' 9 @jk9 ' ' ' 9 Xj9 * ' * 9 Xjk9 ' ' ' ) '

5. Several variable case

Let ul9 , ur be independent variables and let

d% (Z= 1,2,3, . . . ; ; = 1,2, . . , r )

be independent variables over ring of convergent power series C{uu , ur}.

We define a derivation d on commutative polynomial algebra

C { u u •-, u r } [ - , d ι u J y •••]

over C{uu , ur} as follows

df = Σ τ ^ * * i (/e C{Wl, , wr}) ,

d(dι

Uj) = dι+1w, (/ = 1, 2, 3, j = 1, 2, , r) .

Remark. For any holomorphic curve

t^iiφ), •• ,Mr(<))

we can associate a differential algebra homomorphism
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such that

C{ύi9 , ur}[ .,dιuj9

dιφ(ul9

C{t}[ . , d%

, Ur{t)) .

For a system (φx(uu , ur), , φn(uu , wr)) Wronskian of (φu 5

yn) is defined by

( 5 ) w —

ψn

dφu

We denote

( 6 )
d > , ••-,

We may define differential invariants of weight p of Ln{p\y) by the
same differential polynomials as differential invariants of one variable
case.
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