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FRECHET ALGEBRAS WITH A LAURENT SERIES GENERATOR
AND THE ANNULUS ALGEBRAS

S.J. BHarT, H.V. DEDANIA AND S.R. PATEL

Banach and Fréchet algebras with a Laurent series generator are investigated lead-
ing, via the discrete Beurling algebras, to functional analytic characterisations of
the holomorphic function algebras on the annulus as well as the C -algebra on
the unit circle.

1. INTRODUCTION

A linear associative unital algebra A is a Fréchet algebra if A is a complete metris-
able topological algebra whose topology is defined by a sequence (pg) k31 of submul-
tiplicative seminorms. Further, a Fréchet algebra A has a Laurent series generator x
if

(a) A is topologically generated by {z,z~!} for an invertible element z; and

(b) foreach ye A, y= Y Apz™, where 3. |An|pk(z™) < co for all k € N.
nez nez

A Fréchet algebra A topologically generated by {z,z~!} has the unique ezpression

property if each y € A has a unique expansion y = 3 A z".
nez

A weight on Z is a strictly positive function w : Z — (0, 00) such that w(m + n)
w(m)w(n) forall m, n in Z. For r > 0,let I, = {2 € C:|z| =7}. Let w = (We) k1
be an increasing sequence of weights on Z. For an appropriate r > 0, the associated
Wiener Fréchet algebra W (T',,w) consists of continuous functions f on T, satisfying
Ifll, = §Z|ﬁ(n)|wk(n) < oo for all k € N, where f,(e*) = f(re®®)(0 <0 < 2r)

n

and f.(n) is the nt® Fourier coefficient of f,. Then W (I, w) is a Fréchet algebra with
a Laurent series generator and with the topology defined by norms {||-||,, : ¥ € N}.
For 0 € 73 < r; < 00, let H(I'(r2,71)) be the uniform Fréchet algebra consisting of
functions holomorphic in the open annulus I'(rg,71) := {z € C: 13 < |2| < 1} and
having the compact open topology. For 0 < r, <71 € 00, let T'[ry, 1) = {z eC:m &
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|z| < 71}; the annuli T (rz, 7] and I'[ry,71] are analogously defined with appropriate
r1 and r2. We shall write I'[r,r] = T, and Ty =T for simplicity. Let H (T [r,71))

= {f € C(T[r2,m1)) : f € H(D(r2,m1)), f(z) = 3 A2 satisfying ¢,(f) < oo for
nez

all 0 < r < rl}, where ¢-(f) = 3 [Aal73 + X |Aal7™. Then H(T[r, 7)) is a
n>0

ng0

Fréchet algebra with the topology defined by the norms {¢, : 0 < r < r1}. The Fréchet

algebra H (T (rz,r1]) is analogously defined. Let H([[r,r1)) = {f € C(T[re,m1)) :

f € H(D(r2,m)), f(z) = X Az satisfying ||fll,,,, = £ alrd + X [Aalr]
nezZ ngo n>0

< oo} Then H (P[rg,rl}) is a Banach algebra with a Laurent series generator and

with norm \|-||r2,r1 . Let C°°(T") be the Fréchet algebra of all C*-functions on T' with

the topology of uniform convergence on I' of functions and all their derivatives.

We shall prove that a Laurent series generated Fréchet algebra having the unique
oo

expression property is isomorphic to the Beurling Fréchet algebra () £1(Z,wy) for an
k=1

increasing sequence (‘*’k)k;1 of weights on Z. This, in turn, will be used to prove the
following main Theorem. We say that a Laurent series generator x of a Fréchet algebra
(A, {px}) satisfies the condition (*) if

(i) there exists M; > 0, Mz > 0 and for each k € N, there exists my € N
such that

Mi(1+n))™ < pr(z”) < Ma(1+[n)™ (ne2)

and
(ii) there exists ng € Z such that {pc(z™): k € N} is unbounded.

A uniform Fréchet algebra is a Fréchet algebra (A,{px}) such that pi(a?)
= pr(a)’ forall a€ A and k € N.

MAIN THEOREM. Let A be a Fréchet algebra with a Laurent series generator «
and having unique expression property. Then the following holds.

(a) If the spectrum sp, (z) of the generator z is open, then A is home-
omorphically isomorphic to H(['(rz,71)) for some 0 € 3 < 11 € oo.
Further, .

(i) 0 < rq if and only if zero belongs to the interior of C\sp,4 {x);
and
(ii) 71 < oo if and only if sp4 (z) is bounded.

(b) If the interior of sp 4 (x) is empty, then there exists r > 0 and a sequence
w = {wg) k1 of weights on Z such that A is homeomorphically isomorphic
to W(T',,w). Further, if the generator z satisfles the condition (*), then
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A is homeomorphically isomorphic to C™(T').

(c) If for each k € N, pi(z™) = px(z)"(n >0) and pp(z") = px(z~1) "
(n < 0), then A is homeomorphically isomorphic to one of the Fréchet
algebras H(T(r2,71)), (T'[r2,71)), H(T (r2,m1]) or H(C[ry,71]). Further,
spy (z) is compact implies that A is the Banach algebra H(T(ra,71]).

(d) - If A is a uniform Fréchet algebra, then A is homeomorphically isomorphic
to H(T(rz,71)).

In Section 2, we discuss several relevant examples of Banach and Fréchet algebras
having a Laurent series generator.

The proof of the main Theorem, presented in Section 3, is broken up into sev-
eral lemmas of some independent interest. The paper is in the contemporary theme of
exploiting power series ideas in Banach and Fréchet algebras. Though there are sev-
eral functional analytic characterisations of holomorphic function algebras on simply
connected planar domains (for example, [5, Theorems 12.3.2 and 13.1.7]), the case of
annulus algebra appears to be treated for the first time in this paper.

2. EXAMPLES

EXAMPLE 1. BEURLING FRECHET ALGEBRAS. Let w be a weight on Z. Let £}(Z,w)

consist of all formal Laurent series f = > A, X™ such that ||f||, = > |[An]w(n) < co.
neZ nezZ

Then (£Y(Z,w), |||l,) is a (Beurling) Banach algebra with the multiplication

(50 (5r) - 55w

nez nezZ neZ =i+j

and having Laurent series generator X and Laurent series norm |||, .
Let w = (wk)y; be asequence (assumed increasing) of weights on Z. Let £}(Z,w)

consist of all formal Laurent series f := 3 A, X" such that ||f||,, < oco forall k€N.
neZ

Then ¢(Z,w) is a Beurling Fréchet algebra having Laurent series generator X in the
topology defined by the family of norms ”'"wk (k € N). Define psx = sup{wk (n)l/ "

1/n

n < —1} and p1x = inf{wk(n)/™ : n > 1} for each k. Since (w) is an increasing

sequence, we have
S pasp2SmisEnasPn2zEMn3s ...
The Fréchet algebra analogue of the classical Wiener Banach algebra is W (I',w) con-

sisting of continuous functions f on I' having Fourier series f ~ Y. f(n)e™® which is
nez

w-absolutely convergent in the sense that ||f||,, = > |f(n)|wk(n) < oo for all k eN.
nez
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(Here we assume that w; > 1.) With pointwise multiplication of functions, it is a
Fréchet algebra having Laurent series generator f(f) = e* in the topology defined by
{Il  llwy : k € N}. The following is an important particular case of this.

EXAMPLE 2. THE ALGEBRA C(I'). Let C°°(T') consist of all C°-functions on
I'. With the pointwise product, it is a Fréchet algebra with the Fréchet topology 7
of uniform convergence on I' of all derivatives. It is defined by the norms ||f||-«

k

=Y (Hf(")lloo)/n!, 0 € k < oo, the Banach algebra norms on C*(I'). For each
:O

k€N, let ||fll, = max [[f™]_, (f €Co(T)). Then [|-fl ~ [Ilcx - Let

Cr+(r) = {f € C*(D) : Iflley = S |F(m)] |n*] < oo}.

nez

Then C**(T') is a Laurent series generated Banach algebra with norm |||, and having
generator e*¢. Further,
CH(T) c CF+(T) c C*(T);

and there is a constant M > 0 such that ||fllocx < [|flliy < M||fllgksr for all f
belonging to C*+1(I"). Hence :

C>®(T) = ﬁ ckT) = ﬁ CH (D).
k=0

k=0

In view of the semisimplicity of C°°(T') ([1]), the unique Fréchet algebra topology 7
is also defined by the Laurent series seminorms {||-|l,, : ¥ € NU{0}}. This exhibits
C*°(T') as a Laurent series generated Fréchet algebra.

EXAMPLE 3. THE ANNULUS FRECHET ALGEBRA. The following Fréchet algebras are
defined in the introduction of this paper;

H(T(rz,m1)), 0<rz<r1<o0;

H(T[r3,71)), 0<ra<ri o0

H( T2,T1), O<r2<7'1<00;
)

H(Frz,rl , 0<rogr; <.

Each of these is a Fréchet algebra with a Laurent series generator f(z) = z, the last

being a Banach algebra. For 0 < r < 71 < oo, let A(T[rz,71]) be the uniform
Banach algebra of all continuous functions f on I'[ry, 1] which are holomorphic on
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I'(rp,r1) with the norm ||f||, = sup{lf(z)] 1z € I‘{rg,rl]}‘ Now the inverse limit

decompositions
H([(r,m)) = lim,,A(F[rg - 1]) = lim,,H(F[rg + - l])
— n n — n n

(for sufficiently large n) shows that H([(rp,71)) is a uniform Fréchet algebra with
a Laurent series generator. This compares with Lemma 3.9 stating that an infinite
dimensional Banach algebra with a Laurent series generator and having the unique
expression property can never be a uniform Banach algebra.

For a weight w on Z, let p, := sup{cu(n)l/ﬂ :n < 0} and p; := inf{w(n)"/":
n > 0}. Let A(pz,p1,w) consist of all continuous functions f on I'[p2, p1] such that
f € H(T(p2,p1)) and satisfying || f||,, := gzlf(nﬂw(n) < o0. Then A(py, p1,w) isa

n

Banach algebra with a Laurent series generator and with norm ||-|| ,. For a sequence
w = (wk), let po = inf{p2x : k € N}, p1 = sup{p1,x : k € N}, where ppx and p;
are as in Example 1. The Fréchet algebra A(p2, p1,w) is an inverse limit of Banach
algebras A(pak, p1,kswk), and has a Laurent series generator.

3. PROOF OF THE MAIN THEOREM

LEMMA 3.1. Let (A,||'|]) be a normed algebra with a Laurent series generator
x. Assume that ||| is a Laurent series norm. Then the completion (A, |||)” is a
Banach algebra with a Laurent series generator x.

PROOF: Let z be a Laurent series generator for A. Let y € A~. Choose a
sequence

ve =D Aenz”, llyell =D Peal i

neZ neZ

in A such that [jyx — y|| & 0. Now

sup [Ak.n = Aal 1271 < Y Pen = Mal 1271 = llyx — ll = 0
nez nezZ

shows that there exists a scalar sequence (An),cz such that Ag,z™ — Apz™ uniformly
over n. Then,

STl lz™ =D limk [Akn| ll2”]] € Limy Y~ [Ak,nl [l2™]] = limy [|yel] < oo
nez n€Z nez

showing that ) A,z™ € A~ and “yk - 35 Apz®
neZ neZ

— 0. Hence y = ) Apz™.
nezZ
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This completes the proof. 0

LEMMA 3.2. Let (A, ||-||) be a Banach algebra which is Laurent series generated
by . Then A has the unique expression property if and only if there exists a Laurent
series norm | -| on A equivalent to ||-|.

PRrOOF: Let |-| be a Laurent series norm on A equivalent to ||-]|. Let y € A have
expansions y = Y, Apz™ = Y p,z™ such that > |Au|]jz”|| < o0 and Y |un| |zl <
nez nez neZ nez

co. In view of the absolute convergence of these series, 0 = Y (A, — u,)z™; hence
neZ

0 =10l = 3 |A\n — inl||z™|. Since z is invertible, |z"| # 0 for all n. Thus A, = p,
neZ
for all n € Z. This shows that A has the unique expression property.
Conversely, assume that A has the unique expression property. Given any

y = Y. Aqz™ in A so that Y |As]|lz"]| < oo, the unique expression property im-
nez nezZ

plies that |y| := 3 |An||lz™|| is well defined. We show that |- | defines the desired
nez
normon A. Given y = Y. Apz™, 2= Y, pnz”™ in A,sothat y+2z =Y (Ap + pn)z™,
nez nez nez
we have
2l = 3 P+ il 120 < S Pl + 3 il ™) = ol + 12,
nez neZ nez

and yz = ) ( > /\,,_m,u,m)x", with the result,

n€Z \meZ
92 < 5 P! Ll 2™ ™) < (Z An] ux"u) (Z in] nz"u) — Wl
n€Z meEL neZ neZ

showing that |-| is an algebra norm on A satisfying ||-|| < |-|. We show that (4,]-|)

is complete. Let (yx), ¥« = Y. Ak,nz™ be a Cauchy sequence in (4, |- |). Then there
n€Z

exists y € A such that ||yx — y]| = 0. Thus
sup [Ak,n = Aal 1271 < D7 Pk = Mnl 2™l = lyx — il — 0.
nel nez

Hence for each n € Z, there exists A, € C such that A,||z™|| = limg A ,||z"|| uniformly
over n € Z. Then y = Y A,z™ and

nez
k= 91 = 3 Pn = Anl 1271 = 3 limen s = Al l2”]
nez n€z
< lim_, Z [Ak,n = Amal 2™l
nez

:.H_mmlyk_yml—)o as k — 0.
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Thus (A,|-|) is a Banach algebra. By the Open Mapping Theorem, |- | and || - || are
equivalent. This completes the proof. 0

LEMMA 3.3. Let A be a Fréchet algebra with a Laurent series generator . Let
p be a non-zero Laurent series seminorm on A. Then p is a norm.
PROOF: Given that for any y = Y Anz®, p(y) = > |Aalp(a™). If p(z™) = 0 for
nci ne€z
some m, then p(1) < p(z™)p(z~™) = 0; hence for all n € Z, p(z™) < p(1) p(z™) = 0.
Thus p is identically zero, which is not possible. Thus p(z™) # 0 for all n € Z. Now
it follows that p(y) = 0 implies y = 0. 1

The following is a Fréchet algebra analogue of Lemma 3.2, which can be proved in
the same way.

LEMMA 3.4. Let A be a Fréchet algebra having a Laurent series generator x.
Then A has the unique expression property if and only if the topology of A is generated
by a sequence of Laurent series norms.

LEMMA 3.5. Let (A,|]|) bea Banach algebra having a Laurent series generator
z. Then there exists a continuous homomorphism from a Beurling algebra ¢*(Z,w) onto
A. Further, if A has unique expression property, then A = ¢} (Z,w).

PROOF: Define w(n) = ||z"|| (n € Z). Then w(n +m) € w(n)w(m) for all n and
m in Z, and z is not nilpotent since it is invertible. Hence w is strictly positive, and
thus w is a weight on Z. The map

U 24 (Z,w) > A, \1/(2 ,\,,X") =3 Anz”

neZ neZ

gives the desired surjective homomorphism. The assertion follows. 1]

Now let A and w be as in Lemma 3.5 and let A have the unique expression

property. Then we have the spectral radius r(z) = lim, ||z*||'/" = infl |lz ||/
= inf;w(n)l/n = pp say. Let P2 = 7'(1'-1)_1. Then p2 = sup w(n)l/n_ SO
nz ng—-1

p2 =inf{|A|: A € sp(z)} <sup{|Al: A €sp(x)} = p1. Also, 0 ¢ sp(z) and sp(z) isa
compact subset of C. Hence, p; > 0. By [2, p. 118], the Gelfand space of A is identified

with [[p2, p1]; and the isomorphism £(Z,w) = A(pz, p1,w), X AnX™ = 3 Ap2"
ncZ nezZ
implies the following.

COROLLARY 3.6. Let A be as in Lemma 3.5 and have the unique expression
property. Let py, p2 and w be as above. Then A is isomorphic to A(p2,p1,w).

Next we discuss the Arens-Michael decomposition [3, pp. 88-90].
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LEMMA 3.7. Let A be a Fréchet algebra generated by = and z~!. The following
are equivalent.
(a) A is Laurent series generated having Laurent series generator x and hav-
ing the unique expression property.
(b) There exists an inverse limit sequence

m s s
Al(n—lAz(—2A3(—3A4(—i .

of Laurent series generated Banach algebras Ay with the unique ex-
pression property and having Laurent series generators x; such that
A= limkAk .

—

PRrROOF: Assume (a). By Lemma 3.4, A is also a Fréchet algebra with a Laurent
series generator whose Fréchet topology is given by an increasing sequence of Laurent
series norms (pg) k31 The quotient map ¢x : A — A/ kerpi is continuous algebra
homomorphism for each k, where ker py = {0}. Hence that A/ kerpy = A and (A4, pi)
is a normed algebra with a Laurent series generator for each k. By Lemma 3.1, the
completion (A,px)” = Ay is a Banach algebra with Laurent series generator zj for
each k. By Arens-Michael decomposition, A = l‘i_r_nkAk. This proves (b).

Conversely, assume (b). Let y € A, ¥ = (yx), yx = ), Aknzh. By Lemma

neZ
3.2, each Ay is a Laurent series generated Banach algebra with a Laurent series norm.

Thus A = {iinkAk is a Fréchet algebra whose Fréchet topology is given by Laurent
series norms (pk)gs>,. where pr(y) = 3 |k llzkllc (3, pp.86-87). By Lemma 3.3,
ne€z

i (Zrp1) = Zx implies Agp1.0 = Agn = A, (say) for all &, and n. Hence

Z /\k,n:EZ)

y= () = (nez

= Z ’\n(-'zk)n

nez

= E Anz™ where z = (x) € A,
neZ

and

> alpe@®) =Y enl 2}l < 0o VE.

nei ne€Z
This proves (a). 0

LEMMA 3.8. Let A be a Fréchet algebra with a Laurent series generator and
having the unique expression property. Then there exists an increasing sequence of

weights w = (wk), on Z such that A= £ (Z,w) = () £Y(Z,ws).
k=1
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PROOF: Let z be a Laurent series generator for A. By Lemma 3.4, there exists
an increasing sequence (px)ys, of submultiplicative seminorms on A such that (pg),3,
defines the topology of A and each pj is a Laurent series seminorm. By Lemma 3.3,
each pr is a norm. By Lemma 3.1, the completion Ay := (A, px)” is Laurent series
generated having Laurent series generator z. Since px < pg+1, there exists continuous
homomorphism 7 : Agy1 — A such that my 4 = id, the identity map on A. Thus

w w
: Al(w—1A2("—2’A3(—3‘A4(—4 e

is an inverse limit sequence; and by the general theory of Fréchet algebras, A = limy Ax.
—

By Lemma 3.5, there is a weight wy defined as wg(n) = px(z™) for all n € Z such that
A = fYZ, w); the isomorphisms ¢ : Ax = £Y(Z, wi) being ¢ = \Il,:l, (that is,

qSk(Z )\n:z;") = Y A X™), where the ¥}, are as in Lemma 3.5. We claim that = is
nez nezZ
the identity map on Agy; for each k.

Indeed, for each k and each n, wg(n) = pe(z™) < Pr4+1(2™) = wrs1(n). Thus
(wi) k>1 is an increasing sequence and we have the following diagram,

NZ, 1) —2s 042, wp)
(*) ‘[¢k+1 ¢kT

ki3
Ay ——  Ag

with ¢;' o idk o ¢x+1/a = id. We show that this diagram is commutative, that is,
¢;1 oidgopry1 = 7k on Agyi. Let y € Agyy, say y = lim, yn in pryy for some
sequence ¥, = Y. ,\_S.")xj (convergence in the topology of A). By the continuity of the
j€z
homomorphism 7y, we have mx(y) = lim,, m(yn) = lim, y,, in pr. Now by (¥),
7rk(y) =lim, yn in pg

= lim,, (¢ 0 idk o¢k+1) (¥n)

= (431:1 oidyg o¢k+1)(limyn) in Pr+1

= (g5 oidx ogr+1)(¥)

showing m; = ¢,:1 oidg opry: on Ag4i. It follows that 7 18 one-one on Ay, . Since
m, = id on A, we obtain m; = id on Agy;. Thus Ags: C Ag for all &, and

o0 o
A=lmeA = ] Ae = (] £1(Z, ).
k=1 k=1
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This completes the proof of the lemma. 1

The following lemma exhibits an important difference between uniform Banach
algebras and uniform Fréchet algebras at the level of algebras having a Laurent series
generator. Recall that for 0 < 79 < r; < 00, the annulus uniform Banach algebra
A(T[ra,71]) consists of functions f € C(I[rz,71]) analytic in I'(ry,71), with the sup-
norm on I'[ry,r1]; in the case rp = ry =r (say), A(['[r2,71]) = C(T,).

LEMMA 3.9. Let (A,||-||) be an infinite dimensional Banach algebra having a
Laurent series generator and having the unique expression property. Then A is not a
uniform algebra.

PROOF: By Lemma 3.5, there exists a weight w on Z such that A % ¢}(Z,w); and

for any f = sz\nx" in A having Y |Aa]llz"] < oo, H‘I"l(f)Hw = > plwn).
neg nel neZ

Without loss of generality, we can assume that w(n) > 1 for all n € Z. Indeed, let
z € C, p2 < |z| € p1; and let W(n) = w(n)/|2|"(n € Z). Then @ is a weight on
Z, w(n) 2 1 for all n € Z, and the map f € £(Z,w) = zf € £Y(Z,w), (2f)(n) =
2" f(n) (n € Z), establishes an isometric algebra isomorphism between ¢!(Z,w) and
¢Y(Z,w). Thus we assume that w(n) > 1 for all n € Z. Hence, p, < 1 € p;. Notice
that the Gelfand space A(A) = T'[ps, p1] and A = A(p2, p1,w). We identify isomorphic
Banach algebras. _

Now suppose that A is a uniform Banach algebra. Then A is complete in the
spectral radius norm r4(f) := sup{[f(z)| fz € I‘[pg,pl}} = |f| say for f € A. Since
| -| is a uniform norm satisfying |f*| = |f|*(f € A, n € Z) and is equivalent to || - ||, it
follows that for any f = > A,z™ in A, i [Anlpd + § IAn]ol < oo.

nez n=—oo n=0

Case L. Let p; < p1. Then by the above, A = H(I'[p2,p1]). On the other hand, by
the completeness of (A, |-|), A = A(I[pr, p1]). This yields a contradiction. Indeed, by
a classical result [4, p. 264], there exists a function f continuous on the closed unit disc
D ={z € C:|z] <1} which is analytic in the interior of D and the m'" partial sum
of whose Taylor series satisfies ||, (f)||, 2 [$m(f)(1)| = O(log m), |||, being the
supremum norm on D. Thus the Taylor series of f fails to be absolutely convergent on
['. Then the function g(z) = f(z/p1) isin A(T[p2, p1]) but fails to be in H(T'[p,, m}).

Case 1I. Let p» = 1 = p;. In this case A & W(T,w), the weighted Wiener algebra.
Since A(A) =T, |f| = sup{[ f@)|:ze r}. Then the completeness of (A, ] |)
contradicts the classical fact that there exists a continuous function on I’ whose Fourier

series fails to be absolutely convergent. This completes the proof of the lemma. 0

3.10 Proor oF THE MAIN THEOREM. Let A be a Fréchet algebra with a Laurent
series generator x and having the unique expression property. Then by Lemma 3.4, the
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topology on A is generated by a sequence (pi) of Laurent series seminorms. By Lemma
3.3, each p; is in fact a Laurent series norm. We may assume that p; <p2 <p3 <....

o0
By Lemma 3.8, A = (1(Z,w) = [ £Y(Z,ws), where wi(n) = pr(z™) (n € Z) for each
k=1

k € N. Then

(1) A4) = ,QA(A") HAWZ Jwk)) = U Tlp2 k., p1.4]
and

(2) spa (z) = kU spa4, (z) = LJISle(z,uk) (z) =,QF[P2,k:pl.k]-

Now define ps = inf{p2x : kK € N} and p1 =sup{p1x: k € N}. Then 0 < p2 < p1 £ ©
Sinc the generator z is invertible, it is not true that p» = p; = 0. Similarly it is not
true that p; = p; = oo. Hence we have either 0 < p; < p1 € 00 or 0 < p2 = p; < 0.
(a) Suppose that sp, {z) is open. Then by definitions of p; and p; and equations
(1) and (2) above, we have A(A) = I'(p2,p1) = spy(z). Now define the Gelfand

transform F : A — H(T(p2,p1)) as F(y) = @, where for y = 3 Az™ € A, we
neZ

have §(2) = Y Au2® (2 € T(p2,p1)). 1t is clear that the map F is one to one
nez

and continuous. To prove that it is onto, let f € H([(p2,p1)) with f(2) = 3 Anz"
nez

(z € T(p2, p1)) - Then the series is uniformly and absolutely convergent on each compact
subset of I'(p2,p1). Fix k € N. Then pa < pax < p1,5 < p1- So choose py < 1y
< p2k € p1k <71 < p1. Then }: [AnlrE + Y |Anlr? < 00. Choose ng € N such that

n20

1/n

e < wk(n) when n € —ng and wg(n)’" < r; when n 2 ng. This implies

Z |/\n|wk(n)+ Z [Anlwk(n) < Z i’\nirg'*' Z i)‘nl"'? < o0,

ng-ng n2ng ng<—ng n>ng

hence E [AnJwe(n) < oo, and so Y A X" € £Y(Z,wx) & Ai. This is true for each
neZ

ke N. Thus y= 3 Mz" € Aand F(y) =y = f. So F is onto. This proves that
nez

A= H(T(p2, p1)) . In this case, it is now clear that 0 < p» if and only if the zero is in
the interior of C\sp,4 (z); and that p; < oo if and only if sp, (z) is bounded.
(b) Assume that the interior of sp,4 (z) is empty. Then it follows from equation

o0

(2) that |J T[p2,k, p1,x] is a circle (say T'p). Then we have pz . = p1.x = p2 = p1 = p.
k=1

So for each k, we have A(Ax) = A((Z,wi)) = {2 € C: |z] = p} = T,. Alsoit
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is clear that we have £1(Z,wx) = {f € C(T,) : f € W([,,wi)} = {f € C(Ty) :

Zlﬁ,(n)lwk(n) < oo} = W(p,wi). Hence A = ﬁ NZ,wy) = ﬁ W(T,,wk)
nezZ k=1 k=1

= W(l',,w), where w = (wyg).
Further, assume that the condition (*) is satisfied. Then condition (i) of (*) implies

that p = 1. For for each k, p1x = p2x = 1. Thus y = Y} A,z™ € A if and only if
neZ

g = f for some f € C(T) satisfying > ]f(n)|wk(n) < oo (for all k € N). Condition
nez

(ii) of (*) implies that for some m € Z, (px(z™)) k>1 is unbounded. By passing to a

subsequence, if necessary, we assume that pg(¢™) — 00 as k — oo. Thus, the (myg) of

condition (i) of (*) satisfies my — oo as k — co. Without loss of generality, assume

that my = k. Thus, by using condition (i) of (*), y € A if and only if § = f for some

f € C(T) and Ez|f(n)l(a + |n|)"7 < oo (for all k € N). In view of Example 2, this
ne

happens if and only if f € C°(T").

(c) Suppose that for each £ € N, pp(z") = pr(z)” (n >0) and pi(z™)
= pe(z™!)"" (n < 0). Then for each k € N, we have wi(n) = wi(1)” (n > 0) and
wi(n) = wi(=1)"" (n < 0), where pox = pr(z™) " = we(-1)7", p1x = pe(a)
= wr(1). So the Gelfand space A(A) is topologically homeomorphic to any one of
the following annuli: I'(p2, p1), T (p2,p1], T [p2,p1) or T'[pa, p1]. Suppose that A(A)
= T (pa, p1]. Then it is clear that p; < co. In order to prove that A 2 H(T (p2, p1]),
it is enough to prove that for each f € H (I‘ (pz,pl]), there exists y € A such that

§=7f. Sofix fe H(T (pz,pl]). Then we have f(z) = Y A\2™ (2 € ' (p2, m])
neZ

such that ¢.(f) = 3 |As]m™ + Y. |Anlp? < oo (for all p2 < 7). Fix k € N. Then
n<0

n20

p2 < p2x € pre S p1. This implies that Y [Anlp3, + 30 [Anlp}, < oo, that is,
n<o0 n20 '

3 Pnjwk(n) < co. Thus Y A X™ € £4(Z,wy), that is, y = Y A\nz™ € Ax. This is
neZ neZ nez
true for each k € N. Hence y € A and § = f. The other cases are similar.

Further, suppose that sp, (z) is compact. Then we have pz > 0, p; < co and
sp4 (z) = T'[p2,p1). This implies that there exists m € N such that p; = ps,, and
p1 = prm- Define w(n) = wn(1)” (n>0) and w(n) = wn(-1)"" (n <0), where
p2 = wm(=1)"", p1 = wm(1). Then it is clear that A = H(I'[pa, p1]) = £(Z,w) which
is a Banach algebra.

(d) Assume that A is a uniform Fréchet algebra. Since A has a Laurent series
generator, it can not be a uniform Banach algebra by Lemma 3.9. So the sequence
(Pk)k» is infinite. Since p (v?) = pe(v)® (y € A), it is easy to see that (Pr)g3, sat-
isfies the hypothesis of (c) above. Since none of the Fréchet algebras H (T[r,71]),
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H(T[r,71)), H(T (r2,m1)) is a uniform Fréchet algebra, A is homeomorphically iso-
morphic to H(I(rz,71)). 1]

REMARK 3.11. The following sequences w = (wk),, exhibits the different cases con-
sidered in the statement of the main Theorem.
(1) wi(n) = (k+1)"(n € Z); £2(Z,w) = H(T(0,00)).
(2) wk(n) =1(n >0) and wi(n) = (k+1)""(n < 0); 1(Z,w) 2 H(T(0,1]).
(8) wk(n)=(k+1)"(n>0) and wi(n) = 1(n < 0); £(Z,w) = H(T[1,0)).
4) w(n) = (1+ [n))*(n € Z); £(Z,w) = C>(T).
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