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ON NUMBER OF INTEGERS REPRESENTABLE 
AS SUMS OF UNIT FRACTIONS 

BY 

HISASHI YOKOTA 

ABSTRACT. Let N(n) be the set of all integers that can be written in 
the form J2?=i e,//, where ef- = 0 or 1. Then \N(n)\ ^ (1/2 - e(w))log/i, 
where e(n) —> 0 as n —> oo, answering a question of P. Erdos and R. L. 
Graham. 

1. Introduction. Let N(n) be the set of all integers that can be written in the 
form YH=i ei/i> where e, = 0 or 1. It is easy to see that \N(n)\ ^ log ft + 1, where \A\ 
denotes the cardinality of the set A. We are interested in a question of the lower bound 
of |N(w)|, i.e., the maximum number of positive integers in N(n). This question was 
raised by P. Erdos and R. L. Graham [2]. It is known that \N(n)\ ^ log log n. But it 
is not known whether \N(n)\ = O(logw). In this paper, we show that \N(n)\ = clogn, 
where c ^ (1/2) — e(n), e(n) = log2 n/logn —• 0 as n —» oo. Here and in the sequel, 
we let log2 n denote log log n. 

2. Main theorems. To improve the lower bound, we need the following theorems. 
Let S be the increasing sequence of positive integers of the form p2 , where k ^ 0 
andp a prime. Let si be the /th element of S. Let {pti} be the increasing sequence of 
primes such that pto ^ st < pt]. Then we have 

THEOREM 1. If Yld^pt ^/d < a < ^2d^Pt l/d, where d's are divisors of 

n U - n î / V thenptk ^ e^-m-il\^st-3lWsty\X 

Now let t and k be chosen so that st/2 < ^Jp^k < 2st and denote log log n — log2 n. 
Then 

THEOMM2. / / (1 + l / a o g 2 p J - 2 / V © I l W « - n Î A l - < r < 2 n i ^ I I Î P ^ 
then r — ^di, where di's are distinct divisors of Y[\si Hi Pu sucn tnat di = 

111 Si U\Ptl/9ptk(\0gPtk)
2(\0g2Ptk)

3. 

Assuming Theorems 1 and 2, we show that every positive integer a is in N(n) if 
a ^ (1/2 — log2 nj log n) log n for n sufficiently large. Let a be a large integer and 
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choose t so that yfë" < st < 2\fea. Then 

1 

d 
> - < logst+ 1 < a. 

£-—/ n 
d^st 

Thus we can choose k so that 

Y i<a< Y i> 

where d| fJi /̂ 111 A,•• Then by Theorem 1, we have / ^ ^ ea+3/2. Now let Jo he the 
largest divisors of Yl\ st IIii A, so that J2d^d0 1A - a- Then we have ph ^ do < ptM. 
Let d~{do), d+(do) denote the largest divisor of r i i ^ ' I l tA / l e s s m a n do and the 
smallest divisor of Y[\ si Tli A, greater than do, respectively. Then 

Y li<Yli<«< Y \-
^ d ^ d ^ d 

d^d-(d0) d^dQ d^d+(dQ) Thus we have 

Now we write 

1 1 ^ 1 1 1 2 

PtM d0 j - * d d0 d+(d0) ph 

Then we have 

V^ 1 r 

d"d~(d0) 11̂  lift 

1 r 2 
< 1 < — PtM rr rr Ph 

11*lift 
i i 

Let q — [(2+ 1 /log2/^^) XTî si 111 A,-A]*' where [x]* denotes the greatest integer less 
than x. Then 

E l l r 1 

d q < k q 

II «Eh l l 

r* 

qX\s\{pt 
l l 

where 

11*11*. 

https://doi.org/10.4153/CMB-1990-037-0 Published online by Cambridge University Press

https://doi.org/10.4153/CMB-1990-037-0


1990] SUMS OF UNIT FRACTIONS 237 

Thus 

1 1 1 1 

Therefore by Theorem 2, r* = £ 4 , where d( ^ U\ * UkiPtl/9ptk(logptk)
2(log2ptk)

3. 
Hence 

where d* ^ 9/^(log/?^)2(log2/^)3. Thus the largest denominator in this expansion of 
a is less than 9qptk(logptk)

2(log2ptk)
3. Since q ^ (2+ l/log2Ptk ) ITI ^ ITiP*,- A < 5A* 

and ptk ^ ea+3/2, we have 

^*^45(^+ 3 /2)2 log(^ f l + 3 /2)3 

Hence a G N(n) provided ae2a+s ^ n. But this implies that a ^ (1/2 — log2njlogn). 
Thus |N 00| ^ c log n with c ^ 1/2 — e(n), where e(«) = log2 nj log AX —> 0 as n —> oo. 

.3. Lemmata. To prove Theorems 1 and 2, we need a few lemmas. 

LEMMA 1. (i) Y[\ tf, e; = 0 or I, are all distinct; 

(ii) if I ^ a < st, then a — Y\[ se/, et — 0 or 1. 

LEMMA 2. / / n î _ 1 Pi < N < ifi Pi > then Pk ^ log#(l + 2/log2A0 /or N large 
andpk ^ 2logN/log2 for N ^ 2. 

LEMMA 3. / / Y[\~x st<N < ]j\ sif then sk ^ log JV(1 - 2/ log2 N) for N large. 

LEMMA 4. Let st be a prime such that st ^ 5. Then D = {d : y ^ < d < 
2stlogst/log2, J| JJj~ s/}£/{0} contains all residues modulo st. 

LEMMA 5. If (1—2/^/si) Yl\ Si t^ r ^ 2Yl\si,t ^ 3, then there are distinct divisors 
di of Y[\ si such that r = J2di, with di > Y[\ Si/3s2 logst. 

Proofs of Lemmas 1 and 3 can be found in [4]. A proof of Lemma 2 is in [1]. 
Proofs of Lemmas 4 and 5 are in [5]. 

4. Proof of Theorems. We start with the proof of Theorem 1. Let d's be divisors 
t T-r£ of 131 si Eli Pu- Then we have 

Ei/" = Ë7-{^r(>4 + - + sr ) + - + ^( ' + î + - + i ; ) } 

lKÇ.(^)H+--+£)-
d^pt 

/ = ! \<p<st 
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where map is the largest integer such that mapp
ap ^ ph and pap || Yl[ Sj, yielding 

pap+i ;> St foy L e m m a i Thus 

P'k 1 f \ \ 
Y^ l/d>J2~- *(st) - (\ogptk - logs, + 1). l / d > 

Since 7T(JC) =ï x(l + 3/2 logJC)/ logx for JC > 1 by [3], we have 

V l/d>logptk f 1 - - — -r ) + 1 . 
Z ^ / S ^ y j 2(l0g St)

2 J 
d^Prk 

Thus if pfjt > ^(«-i)(i-i/iog^-3/2iog2^r'5 T h e n ^ ^ > fl H e n c e ^ ^ 

PROOF OF THEOREM 2. Let D,; = {d : 1 ^ d ^ 3(log/?f7)
2 log2 /fy, d | I7i ^ } - Let sq 

be an element in S such that ^ > 3(log2 Ptk)
2- Then ^ ^ 6(log2 ptk)

2 < st. Define 
for . /= 1,2,...,*, 

IIITTU 
^ • d 

Note that if d* E D*, then 

r j - \ t 7-1 

* i ^ j * ^ J ! 
?>sq(\ogptj)

2\og2ptj
 J *q 

We claim that 

{Y,djeJ:tJ = ° or 1, J/ G D/} = {0,1,2, 3 , . . . lPîj - l}(modp,.). 

Let a be a residue modulo ptj. Let k be such that f l i" 1 si < /fy < EIÎ si- Then by 
Lemma 2, s^ < logp^l + 2/log2 ptj). Now consider 

a_ = i = / y + r* 

A, n * Ph n * 
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where r* is chosen so that ÇL - l/y/s^Y^Si ^ r* < 2 ] ^ / . T h e n b v Lemma 5, 
r* = Yldi, where d, are distinct divisors of Y[\si a n d /̂ = I l î Si/3sl\ogsk. Thus 

a n5 -r* 
k 

J. 5 j 

1 

k 

1 n 
n 
Us, 

3s2 log sk 

Hs[ J2 i) (modPtj)-
1 \ 1=1 

Since (Hi siiPtk) = 1, # 111 ^ m n s through all residues modulo /?,y except 0 as a 
runs through all residues except 0. Thus 

le /3s2\ogsk \ * 1 

n * ( z ? ) ^ < = o o r i , « i n * > 
contains all residues modulo ptj. Since ( ITl+i ^ITi_ 1 Pt, /sqjptj) = 1, we have 
{ Zdjej : cy = Oor l,dJeD}} = {0,1,2, 3 , . . . ,pt. - 1 } (iiiod/>,.). Thus r = £<4*e* 
(mod/?,,) and 

? £ -1 

l l 

IT 
l 

-G-l 

sq 

k-l 

* n p>. 
i 

£ - 1 

* n p« 
i 

•[log(3(logp,4)
2log2 

- [3 l0g2/?,,]. 

Pu) + •1] 

J<7 

Let n = (r — J2dlek)/ptkJ an integer. Then 
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and 
t k-\ 

n <r/ptk <^Yl^Y[pt 
1 1 

Repeat the same argument k — I times and note that 

Ptk 1 
J2~= lo^2Ptk +Bi + l/(log2ptk) - (\og2ptï +B2- \/(2\og2ptl)) 
P<i P 

^ log 2 + 3 / log2
 Ptk by [3] 

and sq ^ 3(log2 Ptk)
2- Then we have 

\ (10g2P,t) y/Si Sq *-l p I " 

^ 1 + L + i _ _ _L _ * \ ry 

V (log2At) A A (loë2P,t)J Y 

Also r*< 2 n'i •*,- • Thus 

(.-^)n,sa<2n,. 

Si 

1 

Note that 

r =Ptkr\+Yldkek 

= Ph (Ptk-J2 + J2 dk~\ek-\) + X) <**** 
* k 

1 2 

and n> Pt-A]-\ a r e a ^ distinct for y = 2 , 3 , . . . , k. Note also that 

it 
i i 

n^;> ;+ 1 3/>0.5(7(logpfy)2log2/7,; 

1 1 

9ptk(logptk)
2(\og2ptk)

3 
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for j = 1,2,... ,k — 1. Thus to show r = ]P<i,;, where di are distinct divisors of 
Til si F i r 1 Pu a n d ^ = Eft ^ F i r 1 Pti/9ptk(\ogptk)

2(\og2Ptk)
3, it suffices to show rk = 

XX'> where J- are distinct divisors of J^i si a n d d\ ^ fli Si/9ptk(logptk)
2(log2Ptk)

3' 
Since 

by Lemma 5, we have rk — Y2 /̂> where d- are distinct divisors of ]J\ 57 and 
d- ^ J^i 5 ' /3^2 l°g^- Also ^ / 2 < y/pTk- Thus we have J- > Yl\ Si/3s2\ogst > 
Y[xsl/9ptk(\ogptk)

2(\og2ptkf for P large. 

REMARK. Erdos and Graham [2] also asked size of the smallest integer not in N(n). 
From the above result, it is at least logAz(l/2 — e(n)), where e(n) —* 0 as n —-> oo. 
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