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CARDAN MOTION IN ELLIPTIC GEOMETRY 

OENE BOTTEMA 

1. I n t r o d u c t i o n . Cardan motion in Euclidean geometry may be defined as 
the motion of a plane Ti with respect to a coinciding plane T such t ha t two 
points Ai, A2 of Ti move along two orthogonal lines aiy a2 of T. The properties 
of this classical motion are well-known: the pa th of a point of Ti is in general 
an ellipse with its center a t the intersection o of a,\ and a2; there are oo l points 
of Ti (their locus being the circle C\ with A\A2 = 2d as diameter) the pa ths of 
which are line segments. The moving polhode is the circle Ci, the fixed polhode 
is the circle (o; 2d). We investigate here Cardan motion-defined in the same 
way-in the elliptic plane. 

2. T h e f u n d a m e n t a l re la t ion . In r we introduce a coordinate system 
(x, y, z) such t ha t the equation of the absolute 12 reads 

(2.1) x2 + y2 + z2 = 0. 

o is chosen as (0, 0, 1) and the equations of ai , a2 are y = 0, x — 0 respectively. 
T h e distance AiA2 is equal to a. 

If a = w/2 the only possible positions of Ti are: Ai a t the point B\ = 
(1, 0, 0) and A2 anywhere on a2, or A2 atB2 = (0, 1, 0) a n d y l i anywhere on ar , 
the motion is degenerated into the rotat ions about B\ and about B2, the pa th 
of any point consists of two circles. We exclude this special case from now on 
and may suppose without loss of generality t ha t 0 < a < w/2. 

Let Ai be a t (uu 0, 1), A2 a t (0, u2, 1). A point Q on the line / = AiA2 is 
(ui, \u2, 1 + X) and the intersections Si, S2 of I and 12 are given by Xi>2 = 
( - 1 d= iW)(l + u2

2)~\ with W2 = ux
2u2

2 + ux
2 + u2

2. 
As 2ia = In (Xi, \2, 0, oo) we obtain 

(2.2) ux
2u2

2 + Hi2 + u2
2 = tan2 a 

as the fundamental relation between the coordinates of Ai, A2. I t corresponds 
to a well-known trigonometric formula for the right-angled triangle oA\A2. 
If in (2.2) we pu t u\2 = tan 2 ail — s2) we get u2

2 = s2 sin2 a / ( l — s2 sin2 a). 
Therefore if 5 = snt, the Jacobian elliptic function with modulus k = sin a, the 
relation is expressed parametrically by 

(2.3) U\ = tan a-cnt, u2 = sin a-snt/dnt, 

which proves already t h a t the Cardan motion in elliptic geometry will appear 
to be of genus one. (In Euclidean geometry the analogue of (2.2) would be 
iti2 + u2

2 = 4d2 and the motion is rational.) 
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3 . T h e p a t h of a p o i n t o n / . If Ai is on a-i, A2 on a2 and we reflect the 
plane Ti into the coordinate axes x = 0, y = 0 or z = 0 (or wha t is the same 
thing, into the points B\, B2 or o, Ai remains on ai and A2 on a2. Th i s implies 
t h a t the pa th of any point of Ti is invar iant for these reflections. Hence o, 
Biy B2 are centers of any pa th and its equat ion will be a function of x2, y2 and 
z2. We consider first the pa th of a point Q(\) on l. Ai and A2 correspond to 
X = 0 and X = oo respectively, for Si, S2 we have in view of (2.2): Xi>2 = 
( - 1 ± S tance ) . (1 + u2

2)~l. 

Hence the two midpoints Mi, M2 of AiA2, harmonically separated by Ai, A2 

and by Si, S2 as well, correspond to 

(3.1) X = T a, with a = {cos a • (1 + u2
2)}~\ 

We introduce on I a new parameter /x by 

(3.2) M = t an \a{\ - a ) / (X + a ) , 

from which it follows t h a t Mi, M2, Si , S2 , Ai, A2 correspond to /i = oo , 
0, — i, i, —tan Ja , t an \a respectively. Hence for Q(fx) we have /z = tan Mi(?, 
which implies t h a t /x does not change if / moves. 

(2.3) m a y be wri t ten as 

c o s 2 a ( l + « i 2 ) ( l + u2
2) = 1 

or (by means of (3.1)) as 

(3.3) c o s a ( l + Ui2) = a, c o s a ( l + u2
2) = a~l, 

from which it follows t h a t 

(3.4) tii2 = (a — cos a)/cos a, u2
2 = (1 — a cos a)/a cos a. 

T h e inverse of (3.2) reads 

(3.5) X = —a(n + tan £«)/(/* - t an J a ) . 

T h e coordinates of Q on / are therefore 

(3.6) x = (xx — tan %a)ui, y = — a(xx + tan \a)ui, s = — a(/x + tan §a) 

+ (xx — tan ^a ) , 

from which it follows by means of (3.4), 

x2 = (/* — t a n ^ a ) 2 ( a — c o s a ) , ^ 2 = (/* + tan J a ) 2 ( l — c o s a ) a , 

(3.7) s2 = {a(jii + t an Ja ) — (/x — tan \a)}2 cos a. 

Hence x2, y2, z2 are quadra t ic functions of a which acts now as a parameter . 
This implies t h a t the pa th p of Q is a quar t ic curve. I t s equat ion is quadra t ic in 
x2, y2, z2 as we could expect. 

From (3.4) it follows t h a t for real positions the inequalities 

(3.8) cos a ^ a ^ sec a 

https://doi.org/10.4153/CJM-1975-006-5 Published online by Cambridge University Press

https://doi.org/10.4153/CJM-1975-006-5


CARDAN MOTION 39 

hold. Any value of a corresponds to four positions of the moving plane. T h e 
equation of the pa th p will be obtained if we eliminate a in (3.7). This may be 
done as follows. We have 

Px = x2 + y2 + z2 = 4a(/x2 + 1) sin2 | a , 

(3.9) P2 = (/* + tan fa) 2 * 2 + (/x - tan \a)2y2 = (/x2 - tan2 ±a)2 

X ( — a2 cos a + 2a — cos a ) , 

P 3 = x23^2 = (AI2 — tan2 J a ) 2 a ( — cos a + a + a cos2 a — a2 cos a). 

Hence a P 2 — Pz = (M2 — tan2 \a)2 a2 sin2 |cx and we obtain for the equation of 
the path p(p): 

(3.10) (M2 - tan 2 J a ) 2 cos2 \a(x2 + y2 + s2)2 - (/x2 + 1) 

X {(/* + tan ^ ) 2 x 2 + (M - tan %a)2y2} X (x2 + y2 + z2) 

+ 4 (M 2 + l ) 2 sin2 \a • x2y2 = 0. 

For fx = ± i wre obtain the pa ths of the points Si, S2 of /, which are seen to be 
the absolute Q counted twice. T h e pa th of Ai, with /x = — tan ^a is given by 
y2(y2 + z2) = 0 and consists therefore of ai, counted twice, and the two iso-
tripic lines through B\ (corresponding to singular 12-displacements). If the 
intersections of at and 12 are denoted by Ca, Ci2(i = 1, 2) we see from (3.10) 
t h a t the pa th is tangent to il a t these four points. 

By means of (3.6), (3.3) and (2.3) the coordinates of the points of the pa th p 
may be expressed as functions of the parameter t. We have a cos a = dn2t, and 

(3.11) x = (/x — tan ^a) sina cnt, y = — (/x + tan \a) sina • snt dnt, 

z = — (/x + tan %a) dn2t + (/x — tan ^a) cos a. 

Summing up we have: the path of an arbitrary point of the line I during the 
Cardan motion is a quartic curve of genus one, with three centers and four times 
tangent to the absolute. 

4. T h e d o u b l e p o i n t s of t h e p a t h . A quart ic curve of genus one lias two 
double points. In view of the symmetries of the path they can only be si tuated 
on a coordinate axis, and as ai, a2 are equivalent, this must be z = 0. 

T h e intersections of this line and the path , according to (3.7), correspond 
to a = (fi — tan \a) / (ix + tan %a) and this gives us for the coordinates of the 
double points Di and D2: 

(4.1) x2 : y2 = (/x — tan §a) (/x — cot \a) : (M + tan %a) (M + cot %a). 

Obviously the points Q(IJL) and Q(/x_1) have the same double points. As a has 
been supposed to be an acute angle it follows from (4.1) t ha t D\, D2 are real 
points if either/x ^ — c o t j a , — tan ^a ^ M = tan | a , or/x ^ c o t j a . 

Fur thermore Di, D2 correspond to real positions of the plane, according to 
(3.8), if 

(4.2) cos a S (M ~ tan Ja)/(/x + tan \a) ^ c o s - 1 a, 
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which is equivalent to 

(4.3) M ^ —cot \a, or JJL ^ cot %a. 

Hence: the double points D\, D2 of the path of <2(M) are nodes if /x2 > cot2 \a, 
cusps if ii2 = cot2 Ja, (real) isolated points if y2 ^ tan2 ^a and conjugate imagi
nary points in the remaining cases. 

The double points of the paths of Q(n) and Q(ijrl) are the same, but if they 
are real they are of different type. 

5. The equations of the Cardan motion. So far we have only considered 
the path of a point Q on I. We investigate now that of an arbitrary point R of 
Fi. To that end we introduce in I \ a coordinate system (xi, yi, Z\) with the 
vertices Mi, M2 and the point M%, the pole of / with respect to 12; MiM2Mz is 
a self-polar triangle of the absolute. 

We have /x = Xi/yi. The equation of / in the (x, y, s)-system is u2x + uxy — 
UiU2z = 0, hence Mz = (u2, ui, — U\U2), which implies that the path of Ms in 
T is given by 

(5.1) x = cos a - snt, y = cnt, dnt, z = — sin a • snt • cnt. 

Eliminating /, this path is seen to be represented by the equation 

(5.2) (x2 + y2 + z2)z2 - tan2 a • x2;y2 = 0. 

Hence the path p(M%) is a quartic curve of genus one, with nodes at B\, B2 and 
tangent to 0 at the four points Ctj(i, j = , 2). 
The path of M\(ix = oo ) follows from (3.11): 

(5.3) x = —sin a; • cnt, y = sin a • snt dnt, z = dn2t — cos a, 

and that of M 2 (M = 0) is 

(5.4) x = sin a - cnt, y = sin a • snt dnt, z = dn2t + cos a. 

We know now the paths of the vertices of the coordinate triangle M\M2Mr 
From these follows the path of an arbitrary point R(x\, yi, z±) if proportionality 
factors are chosen in a suitable way. The values of the expression x2 + y2 + z2 

at Mi, M2 and M3 (see (5.3), (5.4), (5.1)) are 4 sin2 \a • dn2t, 4 cos2 Ja • dn2t 
and dn2t respectively. Hence for normalized coordinates the equations 

cnt . cnt snt 
x = —cos fa • -— xi + sin §a • — y± + cos a • ~~~ Z\, 

dnt dnt dnt 

(5.5) y = cos \a • snt • xi + sin \a - snt • yi + cnt • Z\, 

cos a\ sin \a( cos a\ . snt cnt 
dnt — -7— ]Xi -\—; 1 dnt -\ — 13̂1 — sin a z\ 

dnt ) sin a \ dnt J dnt 
give us the relation between the plane r i (xi , yi, Zi) and the plane T(x, y, z) if 
the former has Cardan motion with respect to the latter (with t as the parameter). 
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I t is easy to verify t ha t the matr ix of the linear transformation (5.5) is indeed, 
for all values of t, an orthogonal matr ix with de terminant one; the absolute 12 
is invar iant for (5.5), which represents therefore a set of elliptic displacements. 
Fur thermore , for Ai = ( — sin Ja, cos \a, 0) we have y = 0 and for A2 = 
(sin \a, cos \a, 0) , x = 0. For Q = (xi, ^ i , 0) the formulas give us the pa th of 
a point on /, in accordance with (3.11). 

If Xi, yij Z\ are a rb i t rary (5.5) represents the pa th in V of the general point R 
of Ti. After multiplication by dnt, the coordinates are seen to be quadra t ic 
functions of snt, cnt and dnt. In their common parallelogram of periods in the 
complex plane (with sides 4i£ and MK' in the usual notat ion) they take any 
value four t imes. Hence a linear function of x, y, z has eight zeros. T h e con
clusion is: the path of an arbitrary point of the moving plane is a curve of order 
eight and genus one. 

We knew already t h a t i t is invar iant for reflections into the three coordinate 
axes. From the properties of the Jacobian functions it follows t ha t the three 
reflections correspond to the parameter transformations t' — t + 2K, t' = 
- / + 2iK' and t' = -t + 2K + 2iK'. Fur thermore (5.5) is singular either 
if dnt = 0 or if dnt (and snt and cnt) has a pole. This implies t ha t for the 
intersections of 12 and the pa th we have either x = 0 or y = 0, which means 
t h a t the pa th has a four-fold contact with the absolute a t the four points Ctj. 

T h e general pa th is of order eight bu t t ha t for a point on / and for ikf3 is only 
four. This exceptional behavior could have been expected. Indeed, to a given 
position of / correspond two positions of Ti, one following from the other by 
reflection into / (or into M$). This implies t ha t during the complete motion 
any point on / and the point Mz pass twice through any point of their pa th , 
which is therefore a quart ic curve counted twice. In other words: the points 
(xi, 3>i, Zi) and (xi, y\, —z\) describe the same path . This , again, may be 
verified by means of the properties of snt, cnt and dnt: the first point is a t the 
moment t a t the same point of T as the second a t the moment t' = t + 2K + 
2iK'. 

6. T h e inverse m o t i o n . T h e motion of r with respect to Ti follows from 
(5.5) if we interchange the roles of (x, y, z) and (xi, yi, Zi). As the inverse of an 
orthogonal matr ix is identical with its transpose the expressions for Xi, yi, z\ 
in terms of x, y, z are found by reflecting the matr ix in (5.5) into the principal 
diagonal. T h e conclusion is: a point of T describes in Y\ a curve which is in 
general of order eight and genus one; it is symmetric with respect to z\ = 0. 
Fur the rmore : the four points (x, y, z), ( — x, y, z), (x, —y, z) and x, y, —z) 
describe the same pa th in IY In part icular: the path of a point on x = 0, or 
y = 0, or on z = 0 is in general a quartic curve of genus one. Still more special 
are the pa ths of the vertices o, Bi, B2, t h a t of o = (0, 0, 1), being given by 

(6.1) Xi = co$^a(dn2t — cos a), yi = sin \a{dnH + cos a), 

Z\ = —sin2 a • snt cnt 
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is the conic 

(6.2) Xi2 cos2 | a — yi2 sin2 \a + Z\2 cos a = 0, 

passing through Ai, A2 and with centers a t Mi , Af2, .M3. This could be expected: 
the pa th is the locus of the ver tex of a r ight angle the sides of which pass 
through two fixed points, a well-known configuration in elliptic geometry . 
T h e path of B\ = (1 , 0, 0) is the line sin \a • X\ + cos \a-yi = 0, t h a t of B2 — 
(0, 1, 0) is the line sin \a • Xi — cos \a • y\ = 0; both pass through M% and their 
angle is a\ they are the polar lines of A2 and Ai with respect to 0. There is the 
following analogy between our Cardan motion and its inverse: a t the former 
two points with distance a move along two lines with angle 7r/2, a t the la t ter 
two points with distance w/2 move along lines with angle a. 

7. T h e p o l h o d e s . T h e ins tantaneous center of rotat ion is the intersection of 
the perpendicular a t Ai on a,\ and t h a t a t A2 on a2. I t s coordinates in T are 
(id, U2, 1). T h e fixed polhode is therefore (in view of (2.2)) . 

(7.1) x2y2 + (x2 + y2)z2 - tan 2 a • s4 = 0 

or by making use of (2.3), 

(7.2) x = t an a • cut dnt, y = sin a • snt, z = dnt. 

The fixed polhode of the Cardan motion is a quartic curve of genus one-, it has 
(isolated) double points a t BY and B2. 

T h e parametr ic representat ion of the moving polhode follows from (7.2) if 
we transform the coordinates by means of the t ranspose of the matr ix of (5.5). 
W e obtain after some algebra 

(7.3) Xi = cos J a ( c o s a — dn2t),yi = s i n | a ( c o s a : + dn2t), 

Z\ = sin2a cos a • snt cnt, 
or after eliminating /, 

(7.4) cos a(xi2 cos2 %a — y\2 sin2 \a) + Z\2 = 0. 

Hence the moving polhode is a conic passing through A\, A2. 
We could have determined the polhodes also by differentiating (5.5) with 

respect to t, making use of the derivat ives of the elliptic functions. T h e n (7.3) 
followrs from the conditions x = y = z = 0. 

8. F ina l r e m a r k s . Cardan motion in hyperbolic geometry m a y be t rea ted 
in a similar way. If 12 == x2 + y2 — z2 = 0 and AiA2 = d, the fundamental 
relation (2.2) changes into 

(8.1) —Ui2u2
2 + Ui2 + ^2

2 = tanh 2 d, 

or, if we introduce Jacobian functions with modulus k = t anh d, 

(8.2) tii = k snt, u2 = k cnt I dnt. 
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Kinematics in the elliptic plane, as considered above, has of course much 
similarity with (Euclidean) spherical kinematics. If a three dimensional space 
moves about a fixed point o in such a way that two lines through o (with angle 
a) move in two orthogonal fixed planes we have a complete analogue with the 
Cardan motion treated in this paper. 

Charlotte de Bourbonstraat 2, 
Delft, Holland 
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