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Local Fourier transform and epsilon factors

Ahmed Abbes and Takeshi Saito

ABSTRACT

Laumon introduced the local Fourier transform for f-adic Galois representations of
local fields, of equal characteristic p different from ¢, as a powerful tool for studying
the Fourier—Deligne transform of ¢-adic sheaves over the affine line. In this article, we
compute explicitly the local Fourier transform of monomial representations satisfying
a certain ramification condition, and deduce Laumon’s formula relating the e-factor to
the determinant of the local Fourier transform under the same condition.

1. Introduction

1.1 In his seminal article [Lau87], Laumon introduced the local Fourier transform for ¢-adic
Galois representations of local fields, of equal characteristic p different from ¢, providing a
powerful tool for studying the Fourier—Deligne transform of ¢-adic sheaves over the affine line. He
used it to prove that the constant of the functional equation of the L-function associated to an
f-adic representation of a function field is a product of local constants, also known as e-factors.
As a key step, he gave a cohomological interpretation of the e-factor in terms of the determinant
of the local Fourier transform. In this article, we compute explicitly the local Fourier transform
of monomial representations satisfying a certain ramification condition, and deduce Laumon’s
formula for e-factors under the same condition. Our approach, inspired by our ramification
theory [AS09], is local and geometric, while Laumon’s approach is global, combining arithmetic
and geometric arguments.

1.2 One of the main innovations of [Lau87], leading to the local Fourier transform, is Laumon’s
principle of stationary phase, which has its origins in the classical theory of asymptotic integrals
(cf. [Katz89]). We briefly recall the classical theory [Die68, IV, §4]. Given two functions
p € E*(R,R) and f € €°(R, C), we are interested in studying the asymptotic behavior at co
of the integral, depending on a real parameter ¢,

I(t) = / F(@)e™@ dg.

If the derivative of ¢ does not vanish at any point in Supp(f), then I(¢) is rapidly decreasing
at 0co. It follows that if ¢ has only finitely many critical points in Supp(f), then the asymptotic
behavior of I(t) at oo is a finite sum of contributions, one from each critical point of ¢ in Supp(f).
If, moreover, all critical points of ¢ are non-degenerate (i.e. the second derivative of ¢ does not
vanish at these points), then one can give a very explicit description of I(¢) as ¢ tends to co.
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A. ABBES AND T. SAITO

1.3 Let k be a perfect field of characteristic p, let A = Spec(k[z]) and A = Spec(k[#]) be the
affine lines over k (equipped with coordinates x and %), let £ be a prime number different from p,
and let ¢g: F), — @Z be a non-trivial additive character. We denote by P and P the projective
lines over k, completions of A and A, respectively, and by co € P and co € P the points at infinity.
For closed points z € P and Z € P, we denote by T, and T: the henselizations of P and P at z
and %, respectively, and by 7, and 7; their generic points. Let .% be a Q,-sheaf over A. The
analogue of the integral I(t) is provided by the Fourier-Deligne transform §y,(.#), which is
a complex of f-adic sheaves on A (cf. §3.2); in fact, the precise analogue of I(t) is the sheaf
AV (Fyo(F)) (where t is replaced by #). The ‘asymptotic behavior’ of this sheaf at co is encoded
in its restriction to 7, which corresponds to an f¢-adic representation of the absolute Galois
group of the function field k(7s) of T. Let U be a dense open subscheme of A such that
A — U C A(k). If .7 is the extension by 0 of a smooth Q-sheaf over U, Laumon proved that we
have a canonical decomposition

A oo F)ie~ @ F27(F ), (1.3.1)

zeP-U

where the factor &(;J’Ob)(fhz) is the local Fourier transform of Z|r, at (z,00). The latter

transformation is a functor from Q,-sheaves over 7, to Q-sheaves over 7, defined by Laumon
using vanishing cycles (cf. §3.4).

1.4 We assume in the following that p > 2. Let S be the spectrum of a henselian discrete valuation
ring, n (respectively, s) be its generic (respectively, closed) point, v: S — A and 0: S — P be
two morphisms such that o(s) =co. We put z=wv(s) and assume for simplicity (only in the
introduction) that z € A(k). We denote by f: S — T, and f: S — Tix, the morphisms induced
by v and © respectively (cf. §1.3). Assume that f and f are finite and étale at 5. Let 4 be a

Qg-sheaf of rank one over 7. Our main theorem (Theorem 3.7) says that if (¢, f, f) is a Legendre
triple, a condition that is defined below, then we have a canonical isomorphism of sheaves over 7

Sf;f’o)(f*%) ~ f. ({4 ® Ly, (be) ® %(—;ZZ) ® Q) : (1.4.1)
where the rank-one sheaf between brackets on the right-hand side is defined as follows: the pull-
backs of the coordinates = and & by f and f define two functions on 7, denoted respectively by b
and c. The sheaf .2 (bc) is the Artin-Schreier sheaf over 7 associated to the additive character
1o and the function be (cf. §3.1). The sheaf 2 (—(1/2)(dc/db)) is the Kummer sheaf over n
associated to the unique non-trivial character ko: pg(k) — Q, and the function —(1/2)(dc/db)
(cf. §3.3 and Remark 3.8). Finally, 2 is the Q,-sheaf of rank one over Spec(k) corresponding to
the quadratic Gauss sum defined by ¢y and kg (see §3.3).

We also prove variants of (1.4.1) for the local Fourier transforms 31(;:3’60) and 31(;()0’0)

(Theorem 3.9).

1.5 The notion of a Legendre triple relies on ramification theory. Let R be the completion of
the local ring of S, K be its fraction field, ¢ be a uniformizer of R, ord be the valuation
of K normalized by ord(t) =1. For any y € K, we put 3’ =dy/dt. Ramification theory of
Artin-Schreier-Witt sheaves over Spec(K) is described in terms of the Kato filtration on the
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ring Wy,+1(K) of Witt vectors of length m + 1, and the homomorphism of de Rham—-Witt
Fd: Wp1(K) — Q). We refer to §2 for a short review of this theory, and to [AS09, Kato89)
for more details.

Let a = (ag,...,an) be a non-zero element of W,,;1(K), o be the element of K defined
by the equation F™ d(a) = adt (see (2.4.2)), b, ¢ be non-zero elements of K (for which we will
take the functions provided by §1.4). We say that (a, b, c) is a strong Legendre triple if the
following relations are satisfied:

p™ord(a;) > —n =ord(ta) (VO <i<m), (1.5.1)
F™d(a) + cdb =0, (1.5.2)
2ord (b’ /b) + pord(tc’/c) < (p — 2)n. (1.5.3)

The inequalities in (1.5.1) mean that a belongs to the level n of the Kato filtration of W, 41 (K);
the equality in (1.5.1) implies that n is the Swan conductor of the sheaf of rank one over Spec(K)
defined by a. We may consider equation (1.5.2) as an analogue of the Legendre transform, used
in the method of the saddle point [Die68, IX, § 1], and the ramification condition (1.5.3) as an
analogue of the convexity condition required for this method (or, equivalently, the non-degenerate
critical points condition in the principle of stationary phase).

In general, a and b are given, and ¢ will be defined by the equations above. To allow more

flexibility, we replace (1.5.2) by the following weaker but sufficient condition:

2ord(a + ¢cb') > —n + ord(tc' /c); (1.5.4)
we say then that (a, b, ¢) is a Legendre triple (cf. §2.13).
1.6 We take again the notation and assumptions of §1.4. We say that (¢, b, ¢), or (%, f, f),
is a Legendre triple if we can write ¢ as a tensor product of two Q-sheaves of rank one over
N, Y ~% QYy, where ¥, is tamely ramified at s and %, is trivialized by a cyclic extension
of order p™*! of n (m >0) and satisfies the following conditions: there exists a € W,,11(K)
such that (a, b, ¢) is a Legendre triple and the pull-back of %, to Spec(K) is associated to a
(cf. Definition 2.16). It follows in particular that ¢ is wildly ramified.

Suppose given the pair (¢, f), we would like to compute the local Fourier transform
fé’;’do)( f+4). In order to apply (1.4.1), since the morphism f is completely determined by ¢, the
problem is to find a non-zero function ¢ over 1 such that (¢, b, ¢) is a Legendre triple. It is clear
that we can first choose a satisfying (1.5.1), and then choose c satisfying (1.5.4); but, in general,
¢ may not satisfy (1.5.3). In fact, there are pairs (¢, b) such that the sheaf tgﬁ/(j'z’do)(f*%) is not
monomial; therefore, (1.4.1) implies that there is no ¢ such that (¢4,0b,c) is a Legendre triple
for such pairs (¢, b). On the other hand, there are extreme cases for which (1.5.3) is implied by
the two other relations, and hence there exists ¢ such that (¢, b, ¢) is a Legendre triple. Indeed,
(1.5.1) and (1.5.4) imply that we have the following relation

deg(f) = sw(fe¥) + deg(f), (1.6.1)
where deg(—) is the degree and sw(—) is the Swan conductor (cf. (5.2.3)). If f is tamely

ramified, sw(f.%) =sw(¥) > 1 and sw(¥) + deg(f) is prime to p, then f is tamely ramified, and
hence (1.5.3) is satisfied. Note that under the assumptions on tameness, we have ord(tb'/b) =
ord(tc'/e) = 0.

A special case of formula (1.4.1) was conjectured by Laumon and Malgrange [Lau87, 2.6.3]
and proved by Fu [Fu07]. It corresponds to the extreme case where %, is an Artin—Schreier sheaf
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(i.e. m =0) of Swan conductor s, and f is a tamely ramified morphism of degree r, such that
1< s<p, r+ sis prime to p, and k is algebraically closed.

1.7 The main idea and the key technical tool for the proof of (1.4.1) come from our theory
of ramification [AS09]. We denote by pr; and pry the canonical projections of n xxn, by
j:mXEgn— S xS the canonical injection, and put b; = pri(b) and ca = pri(c). The proof of
(1.4.1) is made in two steps. The first and most important step is a calculus of vanishing cycles
under the Legendre conditions. The second step is a computation of the dimension of the local
Fourier transform, which holds in general without any restriction on the sheaf.

First, we study the complex of vanishing cycles of the sheaf ji(pr}(¥) @ £y, (bic2)) relatively
to the second projection S xj S — S. By adapting our method in [AS09], we prove that, under
the Legendre conditions, this complex can be explicitly described over an open subscheme
of a suitable blow-up of S x; S along a closed subscheme of the diagonal S — S xS
(cf. Proposition 4.11). Figuratively speaking, we kill the ramification by blowing-up in the
diagonal, which was the leitmotiv of [AS02, AS03, AS09]. From this, we deduce that the sheaf

f *(ngo’do)( f+«9)) over n has a direct factor isomorphic to

1d
P=90 Lyb)ox (-5 )02,
2 db
and the morphism f.(2) —>$1(;0’°b)( f+4), induced by the trace homomorphism f,f* — id, is
injective (cf. Proposition 4.3).
Second, in order to prove that the morphism f,(2) — 8’1(;0’02))( f+¥) is an isomorphism, it is
enough to show that the rank of ﬁéz’Ob)(f*g) is equal to the degree of f. By (1.6.1), the latter

relation is a special case of a general formula proved by Laumon [Lau87, 2.4.3]: namely, for any
Qy-sheaf .# over 7., we have

k(Z5N(F)) = sw(F) + k(). (1.7.1)

We give in the appendix (Proposition B.6) another proof of this equation using a formula of
Deligne-Kato that computes the dimension of the nearby cycle complex of a sheaf on a smooth
curve over a strictly henselian trait. Deligne considered the case where the sheaf has no vertical
ramification [Lau81, 5.1.1], and Kato extended the formula to the general case [Kato87a, 6.7]. We
give in the appendix (Theorem A.13) a brief review of Kato’s formula for rank-one sheaves, which
is enough for our application, by using his refined Swan conductors. The latter fits perfectly in
our ramification theory as proved in [AS09], and hence in the general philosophy of this article.

1.8 Formula (1.4.1) has strong relations with the theory of e-factors. First, it was suggested by
explicit formulas for e-factors of quasi-characters (8.7.3) (cf. also [Hen84]). Second, it implies
Laumon’s formula relating e-factors and local Fourier transforms. More precisely, if k is finite,
F is a Qg-sheaf over 79 and .% is the extension of .% by 0 to Tp, then Laumon [Lau87, 3.6.2]
proved that we have

(—1)* det(Recz._ (371), §O%N(F)) = (T, F1, da), (1.8.1)

where d is the dimension of Sgﬂ(](;&) (%), e(Ty, F, dx) is the e-factor of the sheaf % over Ty, and
Recy_ is the reciprocity isomorphism of class field theory for the completion of the function field

k(7s) of T, (cf. §9.1).
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Under the assumptions of §1.4, if (¢, f, f) is a Legendre triple and z=0, we give in
Theorem 9.2 a new proof of (1.8.1) for the sheaf .7 = f,(¥). We deduce it from (1.4.1) by using
three ingredients. The first is a classical explicit formula for e-factors involving Gauss sums
(Proposition 8.7). The second is a variation on Witt’s explicit reciprocity law due to Fontaine
(Proposition 8.11). The third ingredient is new (Proposition 8.8); it is an explicit formula for the
Langlands A-factor which appears in the induction formula for e-factors. We prove the latter by
using Deligne’s formula for the e-factor of an orthogonal representation in terms of its second
Stiefel-Whitney class [Del76, 1.5], and Serre’s formula for the second Stiefel-Whitney class of
induced representations in terms of the Hasse-Witt invariant of quadratic forms [Ser84].

1.9 This article is divided into two parts and augmented by two appendices. The first part, with
a strong geometric flavor, is devoted to the proof of (1.4.1). Section 2 develops the necessary tools
from ramification theory of Artin—Schreier—Witt sheaves. It contains in particular a computation
of Witt vectors (Proposition 2.7) that plays a crucial role in the following. In § 3, we review the
definition of the local Fourier transform and state the main theorems (Theorems 3.7 and 3.9).
Section 4 is the heart of the article. It contains the analysis of a complex of vanishing cycles
by blowing-up in the diagonal mentioned in §1.7. The proofs of the main theorems are given in
§5. The second part, with a more arithmetic flavor, is devoted to the proof of (1.8.1). It starts
by a brief review of Stiefel-Whitney classes and a formula of Serre in §6, followed by a short
complement on refined logarithmic differents in § 7. In § 8, we review the theory of e-factors and
develop the necessary ingredients for the proof of (1.8.1). Finally, the proof of this formula is
completed in §9. In Appendix A we review the Deligne-Kato formula for the dimension of the
nearby cycle complex of a sheaf of rank one on a smooth curve over a strictly henselian trait. In
Appendix B we apply this formula to compute the dimension of the local Fourier transform.

1.10 C. Sabbah proved an explicit formula for the local Fourier transform of a formal germ
of meromorphic connection of one complex variable using a blow-up technique [Sab08]. The
relation between our approaches is not clear. During the preparation of this article, we learned
from M. Strauch that he made some expectations on a local principle of stationary phase, without
giving precise formulas. He is motivated by applications to the cohomology of Lubin—Tate spaces.
We are grateful to an anonymous referee for his thorough reading of the manuscript and helpful
comments. The first author would like to acknowledge the hospitality of the Department of
Mathematical Sciences at the University of Tokyo where this work was achieved.

‘We finish this section with some notation and conventions.

1.11 In this article (except in §§ 7 and 8 and the appendix), we fix a prime number p > 2, a perfect
field k of characteristic p and an algebraic closure k of k. For q a power of p, we denote by F, the
unique subfield of k with ¢ elements. We also fix a prime number ¢ different from p, an algebraic
closure Q, of the field Qy of /-adic numbers and a non-trivial additive character 1 : F, — @Z . For

every integer m >0, we fix an injective homomorphism v, : Z/p™*1Z — Q, such that for any
a € Fp, we have 9., (p™a) = 1(a), where p™a denotes the embedding F,, — Z/p™1Z induced by
the multiplication by p™ on Z.

1.12 If X is a scheme and z € X, we denote by k(z) the residue field of X at x and by
iz: Spec(k(z)) — X the canonical morphism.

1511

https://doi.org/10.1112/50010437X09004631 Published online by Cambridge University Press


https://doi.org/10.1112/S0010437X09004631

A. ABBES AND T. SAITO

1.13 For a scheme X, a ‘Q-sheaf over X’ s@nds for a ‘constructible Q,-sheaf over X’ in the
sense of [Del80, 1.1.1]. We denote by D%(X, Q) the derived category of ¢-adic sheaves defined
in [Del80, 1.1.2 and 1.1.3].

2. Calculus on Witt vectors

2.1 Let R be a complete discrete valuation ring of equal characteristic p, with residue field k,
equipped with a uniformizer ¢, K be the fraction field of R, ord be the valuation of K normalized
by ord(t) = 1. We identify R with the ring of power series k[[t]]. For any = € K, we denote by
(™ the ith iterated derivative of z relatively to t (i > 1); we put z(®) =z and 2’ = 21,

2.2 The module Q}% is free of rank one over R, and hence complete and separated. We
identify it with a submodule of QL. For a € K*, we put dlog(a) =da/a € QL. We denote
by Q}%(log) the sub-R-module of Qk generated by Q}% and the elements of the form dloga
for a € R — {0}. Then Q}(log) is a free R-module of rank one generated by dlog(t). We put
Q4 (log) = Qh(log) ®r k =k - dlog(t). We define an increasing exhaustive filtration on QL by
setting, for n € Z, fil, ), = t7"Q}(log). We have

Gr, 0k = fil, Q) /fil,_1QL ~ TR/t TIR) - d log(t).

2.3 Let m be an integer >0, W,,;1(K) be the ring of Witt vectors of length m + 1.
Following [Bry83, Kato89], we define an increasing exhaustive filtration on the group of
Witt vectors Wy,+1(K) by setting, for n € Z, fil, W,,+1(K) to be the subgroup of elements
(o, ..., Tm) such that

pm*iord(xi) >-n foral0<i<m. (2.3.1)
We put
Grp, W41 (K) = fil, Wi 41 (K) /il 1 W1 (K).
Let V: W41 (K) — Wy12(K) be the verschiebung morphism. We have

V(filyWonp1 (K)) C fil, Wi ya(K).

2.4 Let F: W.+1Q}( — W.Q}( be the Frobenius morphism of the de Rham-Witt complex of K
over k. The homomorphism

Fd: Wyt (K) — Qk (2.4.1)
is given by the formula
F™d(xo, ..., Tm) = Z xfm_i_l dz;. (2.4.2)
i=0

Therefore, for any integer n, we have

F™d(fil, W4 1(K)) C fil,, Q. (2.4.3)
We deduce a canonical homomorphism
gr,, (F™d) : Gr, Wy 1(K) — Gr,, Q. (2.4.4)
2.5 The exact sequence
0—>Z/p" N —> Wips1 ——> Wy — 0 (2.5.1)
1512
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induces a surjective homomorphism

Sma1 : Wit (K) — HYK, Z/p™ 7). (2.5.2)
We define an increasing exhaustive filtration on H!(K, Z/p™t1Z) by setting (for n € Z)

fil, HY(K, Z/p" " Z) = 811 (i, W11 (K)). (2.5.3)
We put
Cr, HY(K,Z/p™"7) = i, H (K, Z/p™ ' 7) /i, HY (K, Z/p" ' Z).

By [Kato89, 3.2] and [AS09, 10.7], for any integer n > 1, there exists a unique homomorphism

Ymn: Gr,H (K, Z/p" 1 Z) — Gr, Q) (2.5.4)
making the following diagram commutative.

—gry (Fmd)

Gr,Wi1(K) Gr, QL
grnwmﬂ)l i (2.5.5)
Gr,HY(K,Z/p™17Z)

For any y € HY(K,Z/p™*'Z), the Swan conductor of x, sw(y), is the smallest integer
n >0 such that x € fil, H}(K, Z/p™*'Z) (cf. [Bry83, corollary of Theorem 1] and [Kato89]).
Kato defined the refined Swan conductor of x, rsw(x), as the image of the class of x by the
homomorphism

Umswin) Clawin H (K, Z/p™ 1 Z) = Gryy ) Qe

2.6 Let k(6) be the field of rational functions in one variable 6 over k, Ry = k(0)[[t]] be the
ring of power series in the variable ¢ over k(#), L be the fraction field of Ry. We consider L as
an extension of K by the k-homomorphism v: K — L defined by v(t) =¢. Let r be an integer
greater than or equal to one, u: K — L be the k-homomorphism defined by w(t) =¢(1 4 ¢"0). In
[AS09, 13.4], we proved that for any integer n, the group homomorphism

u—v: W1 (K) = Wppi (L) (2.6.1)

maps fil, Wy, +1(K) to fil,—»W,+1(L), and we expressed the induced homomorphism on the
graded pieces

Gr, W1 (K) — Gry— W1 (L).
We refine this result as follows.

PROPOSITION 2.7. Let n be an integer, a = (ag, - - . , am) € fil, W41 (K), o be the element of K
such that F™ da = a dt. Then ord(ta) > —n and we have

p=1l i (-1)
u(a) —a=V™ <Z t il (trﬁ)’> mod fil,,—pr Wiy (L). (2.7.1)

7!
i=1

First, we prove some preliminary results. We define a sequence of polynomials (n > 0)

1
Qn€Z|:p:|[XO7'"7XTL7Y07"'7Yn]

1513
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by the inductive formula

Z P (Xi(1 +Y7)) Z %0 G e A (2.7.2)
=0

Observe that for a commutative ring A and elements x = (zg, ..., Zm), ¥y = (Y0, ..., Ym) and
z2=1(20,..-,2m) of Wy,11(A) such that z; = z;(1 4+ y;) for all 0 <i < m, we have
Z_ZL':(Q[)(l', y),Ql(ZE, y)?"'an(ma y)) (273)
We denote by A(Y') the shifted p-truncated logarithm, that is, the polynomial of Z,[Y]
defined by

p—1
Y’L
)= (—1)F=— (2.7.4)

=1
LEMMA 2.8.

(i) The polynomials @, belong to the ideal of Z[Xy,..., X, Yo,...,Y,] generated by
(Yo, ..., Yn).

(ii) If we attach the weight p' to the variable X; and the weight O to the variable Y;, the
polynomial @), is homogeneous of weight p".

(iii) We have the following relation in Z,)[Xo, . .., Xn, Yo, .. ., Y]
Qn_ZXp A 4+ XY, mod (p) + (Yo, ..., Ya)P. (2.8.1)

Propositions (i) and (ii) are easy. We prove proposition (iii). Since @); belongs to the ideal
(Yo, ..., Y;), we have

"Qn = Zpin”"«l V)P 1) mod (Yo, ..., V).

So the required relation follows from the following congruence, for i <n—1and 1 <j<p—1,

1 n—i . 1
— (pj > =(-1"= mod p.
p J

LEMMA 2.9.

(i) For any x € K, we have

u(z) —z=y (t"6)° mod " Ry. (2.9.1)

(ii) For any z € K*, we have

ord( - 1) >, (2.9.2)

(ii) For any x € K*, if we put y =’ /x, we have
-1
U(.’E) P tzy(z 1)
AM——-1)= t"g d t*"Ry. 2.9.
( . ) ; —(t"0)" mod "Ry, (2.9.3)
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(i) Since ord(tz’) > ord(z) for any x € K, we are reduced by the Leibniz rule to proving
(2.9.1) for z =t, for z =t~! and for € R*. The first two cases are obvious, and the last one
follows from Taylor expansion.

(ii) It follows immediately from part (i) and the fact that ord(t'z(?) > ord(z) for all i > 1

(iii) Since both sides of (2.9.3) define group homomorphisms from K* to Rp/tP" Ry, it is
enough to prove (2.9.3) for x =t and for x € R*. For x =t, both sides are equal to A(¢"¢). For
x € R*, we are reduced by truncation to the case where x is a polynomial in ¢ with a non-
vanishing constant term. Then after replacing k by an algebraic closure, we are further reduced
to the case where x =1 — ¢t with ¢ € k. In this case, both sides of (2.9.3) are equal since

1

/\<16t ) N 1 i 1<1_C;>i(tr9)i, (2.9.4)

=

(; ‘Cct>(“) — - m(25) =0

2.10 We can now prove 2.7. We set b= (bo, . . . , by, ) € L™T!, where b; = (u(a;)/a;) — 1 if a; # 0,
and b; =0 if a; =0; so we have b; € t" Ry, (see (2.9.2)). It follows from 2.8(ii) and (2.8.1) that
we have

and, for 1 <i<p—1,

m”'ord(Qi(a b)) = —n + p™'r, (2.10.1)
ord <Qm a,b) — Z a? P —u(am) + am> > —n + pr. (2.10.2)

We put ¢; = al/a; if a; #0, and ¢; =0 if a; = 0. It follows from (2.9.1) and (2.9.3) that we have

Z a? ) +ulam) — am

m—1 p—1 p—1 5 (4)
m i t tjam .
=) d" ) t7"0 I+ - (£76)7  mod "Ry,
=0 j=1 j=1 J:
p—1 —1 :
m—i s t’/‘e J
= Z tI < a? cgj Rt a,(n)> # mod *"""Ry. (2.10.3)
j=1 i=0 J:
The proposition follows since we have by definition
a= Z afmﬂci +a,. (2.10.4)

COROLLARY 2.11. We keep the notation of 2.7; moreover, let b, ¢ be non-zero elements of K,
v(b) = ord(tb'/b), v(c) = ord(tc' /c). Assume that o+ ¢b’ =0 and v(b) + v(c) < (p — 2)r. Then we
have

u(a) —a+ Vm(c(u(b) - b)) S ﬁlnfu(c)fQT(Wm-f—l(L)) (2'11'1)
and

u(a) —a+ V™(c(u(b) = b)) =V™ (;t ti(trﬁ) > mod fil,,_p)—2r—1 (Wm+1(L)). (2.11.2)
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Observe first that we have
/

o +cb® =a<, (2.11.3)
c
and, for any ¢ > 2,
/
ord(t'a1 4+ ¢ ¢) > ord <to¢tc>. (2.11.4)
c

Indeed, the equation « + ¢b’ = 0 implies immediately (2.11.3) and the following equation

o o i1 i — 1\ . .

t'L (i—1) + tzb(z) - _ v tlb(l*J) (J)

a c ijl i c
The relation ord(tz’) > ord(z) for any z € K, implies that each term of the right-hand side has
bigger valuation than t20'¢’ = —t2ac /c.

We have ord(ta) > —n (Proposition 2.7), ord(be) > —n — v(b) and ord(t?ac’/c) = —n + v(c).

Hence, we deduce from (2.7.1) and (2.9.1) that we have

u(a) —a+ V"™ (c(u(b) — b))

p—1 ;

m t e N

=V <Z ﬂ(a( D 4+ eb®)(t70) ) mod fil, ) —pr Wint1(L)- (2.11.5)
=2

The corollary follows from (2.11.5), (2.11.3), (2.11.4) and the assumptions.
We can replace the condition a + ¢t/ =0 of 2.11 by a weaker condition (2.12.2) as follows.

COROLLARY 2.12. We keep the notation of 2.7; moreover, let b, ¢ be non-zero elements of K,
v(b) = ord(tb'/b), v(c) = ord(tc’ /c). Assume that the following conditions are satisfied

ord(ta) = —n, (2.12.1)
ord(a +¢b') = —n +v(c) + 1, (2.12.2)
v(b) +v(c) <(p—2)r (2.12.3)
Then we have
u(@) — a+ V(e(u(b) — b)) € il ()2 (Wi (L)) (2.12.4)

and

u(a) —a+ V™(c(u(b) — b)) =V™ (;mf(t’ﬂf) mod fil,,_p()—2r—1 (Wm+1(L)).  (2.12.5)

Let ¢g be the element of K such that « + ¢pb’ = 0. Since a # 0, we have ¢y # 0 and
c  a+cb

1——= .
co «

We deduce that ord(1 — ¢/cp) > v(c) + r > 0; in particular, we have ord(c) = ord(cp). The relation
ord(tz’) > ord(z) for any z € K, implies that

/ / )
ord (t(c - CO)) = ord <tcc()2000) >v(c)+r, (2.12.6)
c < ch
and, hence, we have v(c) =v(cp). By (2.9.1), we have
p—1 i
b .
(¢ — co)(u(b) — b) :Z(c—co)y?(tre)l mod (¢ — co)bt” Ry.
i=1 '
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Taking into account the relations ord(¢z’') > ord(z) for any z € K,
ord(b(c — ¢p)) > ord(bcy) = —n — v(b), ord(t/(c—co)) = —n+v(c)+r
which is (2.12.2), and (2.12.3), we deduce that
ord((c — ¢o)(u(b) — b)) > —n + v(c) + 2r. (2.12.7)
The proposition follows from (2.12.3), (2.12.6), (2.12.7) and 2.11.

2.13 Let a be a non-zero element of W,,,11(K), let b, ¢ be non-zero elements of K. We denote by «

the element of K such that F"da = a dt, n = —ord(ta), v(b) = ord(tb’'/b) and v(c) = ord(tc’/c).
We say that (a, b, ¢) is a Legendre triple if the following conditions are satisfied

a € fil, W41 (K), (2.13.1)

2ord(a + ¢b') > —n + v(c), (2.13.2)

2v(b) + pr(c) < (p — 2)n. (2.13.3)

Under these conditions, n is finite (as a#0), and it is the smallest integer such that a €

fil, W41 (K). Moreover, we have n>1 and ord(tb'c) = —n. We say that (n,v(b), v(c)) is the
conductor of the triple (a, b, ¢).

Remark 2.14. Under the assumptions of §2.13, if moreover n — v(c) =2r is even, then the
conditions of §2.13 are equivalent to the conditions of 2.12.

2.15 Let S = Spec(R), n = Spec(K) be the generic point of S, let b,c € K and let 4 be a Q-
sheaf of rank one over 7 trivialized by a cyclic extension of order p™*! of  (m > 0). We denote
by x € HY(K, Z/p™+17Z) the class such that ¢! o x is the character associated to ¢ (see §1.11).
We say that (¢, b, ¢) is a Legendre triple if there exists a € Wy,41(K) such that d,,+1(a) = x (see
(2.5.2)), a, b and ¢ are non-zero, and (a, b, ¢) is a Legendre triple.

DEFINITION 2.16. Let X be a smooth connected curve over k (respectively, the spectrum of a
henselian discrete valuation ring of equal characteristic p and residue field k), let s be a closed
point of X, let U be the open subscheme X — {s} of X, z,y € I'(U, Ox), and let ¢4 be a smooth
Qy-sheaf of rank one over U. Let S be the spectrum of the completion of the local ring of X at s,
let 1 be the generic point of S, and let i: S — X be the canonical map. We say that (¥, x, y)
is a Legendre triple at s if there exist % and %, two smooth Q-sheaves of rank one over U
satisfying the following conditions:

() g = g4(; ® gw;

(ii) % is tamely ramified at s;

(iii) %, is trivialized by a cyclic extension of order p™*! of U (m > 0);
)

(iv) (A (%w), hi;(x), hi;(y)) is a Legendre triple in the sense of §2.15.

3. Local Fourier transform

3.1 Lang’s isogeny L of G, , = Spec(k[u]), defined by L*(u) = uP — u, induces the Artin-Schreier
exact sequence

0—=F,—Ggx LG(M — 0. (3.1.1)
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The push-forward of this extension by the character v, ! (see §1.11) defines a Q-sheaf of
rank one, .2y, on G, ;. Following Deligne, if f: X — G, is a morphism of schemes, we put

g’l’o(f) = f*ng'

3.2 Let A = Spec(k[z]) and A = Spec(k[#]) be two affine lines over &k (equipped with coordinates
x and &) which are in duality via the pairing A x; A — G defined by (z, ) — u=2xz. We
denote by P and P the projective lines over k, completions of A and A, respectively, by co € P(k)
and co € P(k) the points at infinity, by j: A — P and j: A — P the canonical injections and by
pr and pr the canonical projections of A x; A. We have the Q,-sheaf Ly (xZ) on A xy, A; we put
Lyo(xi) = (§ X 1Ly, (22) on P x;, P. For a complex K of D%(A, Qy), the Fourier transform
of K is the complex Fy, (K) of DY(A, Q) defined by

Syo (K) = Rpr (pr* K @ £y, (x2)). (3.2.1)

In the following, we omit the subscript 1)y from the notation §y, and .2, when there is no
risk of confusion.

3.3 The Kummer covering of order two is the exact sequence

1= pa(k) = G g G — 1, (3.3.1)

where [2] is the square power map. We denote by %~ the Q-sheaf of rank one on G, ;. obtained by
push-forward of this extension by the unique non-trivial character po(k) — @Z . For a morphism
[+ X — G, we put Z(f)=f*7.

Consider the open subschemes U = A — {0} of A and U = A — {0} of A, equipped with the
isomorphisms z: U — Gy, and &: U — Gy, . Let 2 be the Qg-sheaf on Spec(k) defined by

2 =H(Ug, ¥ (7) ® Ly, (7). (3.3.2)
Then 2 has rank one and the H:(Ur, % (z) ® £y, (z)), for i # 1, vanish. Moreover, we have
canonical isomorphisms
S (2))[1] = JuX (2) © 2, (3.3.3)
FRpry (L, (222))[1] = # (7) @ 2. (3.3.4)
Indeed, the first assertion and the isomorphism (3.3.3) are proved in [Lau87, 1.4.3.1]. Consider
the morphism 7: A — A defined by 7(x) = 2. By the projection formula, we have a canonical
isomorphism
Rp( Ly (222)) =~ Rpvy (1 x 1)* Ly (02)) = Ry (7 x 1).(Q) © L ().

Since we have m,.(Qy) ~ j..#" ® Qy, the isomorphism (3.3.4) follows from (3.3.3) and [Lau87,
1.2.2.9].

3.4 Let z be a closed point of P, let Z be a closed point of P, let T and T' be the henselizations
of P and P at z and %, respectively, let 7 and 7 be the generic points of T and T, respectively,
let h: T— P and h: T — P be the canonical morphisms, and let pr and pr be the canonical
projections of T' xj, T. We denote also by  and & the pull-backs of the coordinates = and & of A
and A over 7 and 7, respectively, and (abusively) by £y, (zi) the sheaf (h x h)* 2, (&) over
T x;, T. Let .Z be a Qy-sheaf over 7, .% be its extension by zero to T. By [Lau87, 2.3.2.1 and
2.3.3.1], the complex of vanishing cycles ®(pr*(1) @ Ly, (zi)) in DY(T x4, 7, Q), relatively to
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the projection pr: T xj T — T, is supported on z x; 7 and has cohomology only in degree one.
Following Laumon, we define the local Fourier transform of 7 at (z, ), denoted by S(Z’Z)(f),
to be the Q-sheaf over z X 7 given as

FEA(F) = (iz x )" (@' (pr"(F1) @ Ly, (). (3.4.1)

In fact, §*?)(#) vanishes if (z, 2) € A x A (see [Lau87, 2.3.2.1 and 2.3.3.1]). Observe that if 2
or % is k-rational (which is the case if (2, 2) ¢ A x A), then z x;, T is connected; more precisely,
if z is k-rational, then z xy T = T and if Z is k-rational, then z X, T is a finite étale covering
of T.

3.5 We keep the notation of §3.4, moreover, let k' be a finite extension of k, u: k(z) — k' and
@: k(2) — k' be two k-homomorphisms, where k(z) and k(Z) are the residue fields of z and 2,
respectively. The pairs (z, u) and (Z, @) define rational pomts 2 € Py(K') and ' € Pp/(K'). Let T
and T” be the henselizations of P and Py at 2’ and 3/ respectlvely, let 7/ and 7' be the generic
points of T” and T, respectively, and let f: T' — T and f: T — T be the canonical morphisms.
The canonical morphism 7’ — &k’ ®; 1" induces a morphism f T' — z x;, T. For any Q,-sheaf
F' over 7', we can consider the local Fourier transform §**)(#"), of . at (2/, #'), which is a
Qy-sheaf over 7/ = 2/ xs 7.

ProposiTIiON 3.6. We keep the notation of § 3.5.
(i) For any Qg-sheaf .# over T, we have a canonical functorial isomorphism over ':
FEE(F) =5 (7). (3.6.1)

(ii) Assume that # is k-rational. Then for any Q,-sheaf #' over 7', we have a canonical functorial
isomorphism over z Xy, 7:

FEENFN) = (LT, (3.6.2)
Consider the following commutative diagram with Cartesian squares.

/ Y / 71y / 5 Pl /
T X T —T' x,. T ——=T' x;.. T ——=T

| L)

TxpT ——>T

lpvr

T

T/
Observe that v is an open and a closed immersion, and hence is étale. Let & be a Q-sheaf
over T" 3 T', 4" be its pull-back over T' x T". We consider the complexes of vanishing cycles
®(¥) in DT’ x;, 7,Q,) and ®(F’) in DYT’ x; 7', Qy), relatively to the second projections
T x, T —T and T' x4 T — T", respectively. We denote by

p:T’Xk/f/HT/ka’ (363)
the canonical morphism. By [Del77, [Th. finitude| 3.7] and [DK73, XIII, 2.1.7.2], and since 7 is

étale, we have a canonical isomorphism

P (®(D)) = d(4). (3.6.4)
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(i) We consider the sheaf 7 = pr*(J) @ ZLyo(xi) over T x, T, and its complex of vanishing
cycles ®(7) in DY(T x3, 7, Qy), relatively to the projection pr. We take for ¢ the inverse image
of A over T' x T. By [DK73, XIII, 2.1.7.2], since f is étale, we have a canonical isomorphism

(f x 1)*(®(#£)) = ®(9). (3.6.5)

Then the proposition follows from (3.6.4) and (3.6.5).
(ii) We consider the sheaf J# = pr*(f.#/) ® Ly,(zZ) over T x; T, and its complex of
vanishing cycles ®(#) in DY(T xj, 7, Qy), relatively to the projection pr. We take & = pr} (%) ®
Ly (@) over T' x, T, where we have denoted (abusively) by 2., (z#) the pull-back of the sheaf

yd,o (z&) over T' x;, T. By [DK73, XIII, 2.1.7.1] and the projection formula, since f is finite,
we have a canonical isomorphism

(f x 1)(B(9)) > (). (3.6.6)

On the other hand, the canonical morphism 77 — k' ®;, T is an isomorphism by assumption.
Therefore, p is an isomorphism, and we deduce from (3.6.4) a functorial isomorphism

D(G) = p((9))). (3.6.7)
The proposition follows from (3.6.6) and (3.6.7).

THEOREM 3.7. Let S be the spectrum of a henselian discrete valuation ring of equal
characteristic p, with perfect residue field, let s (respectively, 1) be the closed (respectively
generic) point of S, let 4 be a Q,-sheaf of rank one over 1, and let v: S — A and 9: S — P be
two non-constant morphisms (with the notation of § 3.2). We put z =v(s), Z=10(s), b and c the
functions on 1 deduced by pull-back from the coordinates = and & of A and A respectively. We
take again the notation of § 3.4 relatively to z and %, and denote by f: S—T and f: S —T
the morphisms induced by v and ¥, respectively, by q: T'— z the canonical morphism, and
by f: S — zxy T the morphism (qo f, f). We assume that (¢4, b, c) is a Legendre triple at s
(cf. 2.16), and f and f are finite and étale at ). Then = o and we have a canonical isomorphism

FI (1) S T <§4 ® Ly (be) ® %(;jg) ® Q) (3.7.1)

The following diagram summarizes the geometric picture of Theorem 3.7.

SXkS S

-~ \ Y
T x, T T \
h
l \\V (3.7.2)
S — Px,P—>P

The proof of Theorem 3.7 is given in §5. For (z, Z) = (00, 0) or (oo, 50), the result is also
valid under an extra condition (Theorem 3.9).

Remark 3.8. We keep the notation of 3.7. It is clear that QlT Ik is a free Op-module of rank

one. So the Og-module le Ik is of finite type, and hence free of rank one because its completion
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along the closed point of S is free of rank one. In particular, dc/db is a well-defined function
over 1.

THEOREM 3.9. Let S be the spectrum of a henselian discrete valuation ring of equal
characteristic p, with perfect residue field, let s (respectively, n) be the closed (respectively,
generic) point of S, let 4 be a Qy-sheaf of rank one over n, and let v: S —P and ©: S — P
be two non-constant morphisms (with the notation of § 3.2). We put z =wv(s), 2=10(s), b and ¢
the functions on n deduced by pull-back from the coordinates = and & of A and A respectively.
We take again the notation of § 3.4 relatively to z and %, and denote by f: S —T and f: S — T
the morphisms induced by v and v, respectively. We assume that the following conditions are
satisfied:

(i) (¢4,0b,c) is a Legendre triple at s (cf. 2.16);
(ii) f and f are finite and étale at n;
(iii) z = co.
Moreover, we assume that one of the following conditions is satisfied:

(iv) #=0 and all of the slopes of f.(¥) are < 1;
0

(iv') Z = o0 and all of the slopes of f.(¥) are > 1.

Then we have a canonical isomorphism

1dc

590.9) % (90 L0 0 5 (55 ) ©.2) (3.0

The proof of Theorem 3.9 is given in §5.

Remark 3.10. We keep the notation of 3.9, and put sw(f,¥) and rk(f,¥) the Swan conductor
and the rank of f,(¥¢). If conditions (i), (ii) and (iii) are satisfied, if f is tamely ramified and if
sw(f«9) #1k(f+«¥), then one of the conditions (iv) or (iv’) is satisfied (cf. (5.2.2) and [Katz88,
1.13]).

4. Nearby cycles and blow-up of the diagonal

4.1 We keep the notation of §3.2. Let X = Spec(B) be a smooth connected affine curve over
k, s € X(k), U be the open subscheme X — {s} of X, t € B be a local parameter at s which
is invertible on U. Let g: X — P and §: X — P be two non-constant k-morphisms, z = g(s),
%= g(s). We assume that g and § are generically étale and that g(U) C A and §(U) C A. The
coordinates = and & of A and A define two sections in I'(U, 0x) = By, that we denote also by x
and Z.

We take again the notation of § 3.4 relatively to the points z and 2. Let S = Spec(B®) be the
henselization of X at s, h: S — X be the canonical morphism, f: S — 7T and f: S — T be
the morphisms induced by ¢g and g, respectively. We denote (abusively) by ¢ the uniformizer of
B® image of t € B and by s the closed point of S. Let 1 be the generic point of S, 7 (respectively, 5)
be a geometric point of S above 1 (respectively, s). We denote by b and ¢ the images of x and Z,
respectively, by the canonical homomorphism B; — BP. Recall from Remark 3.8 that dc/db is a
well-defined function over 7.
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We denote by pr; and pr, the canonical projections of X x; S or X xj T.

XXkS XXkT
pry X pry
S ! T

We consider the sheaf gzbo (z2) over P xj, P, and denote also by 2, (x) its pull-back by g x &
over X x; T, and by 2y, (zc) its pull-back by g x (ho f) over X xj S. These notation are
coherent with our conventions, and do not lead to any ambiguity.

4.2 Let ¢4 be a smooth Qg-sheaf of rank one over U, 4 be the extension by 0 of 4 to X,
%, = h{;(¢). The purpose of this section is to study the complex of vanishing cycles
O(pr}(4) @ Ly, (2))
in DY(X x, 7, Q), relatively to the projection pry: X x; T'— T. By [Del77, [Th. finitude] 3.7,
(1 x f)*(®(pr(4) ® Ly, (xx))) is canonically isomorphic to the complex of vanishing cycles
D(pri () & 2, ()
in D(X x; 1, Q), relatively to the projection pry: X xp S — S.
PROPOSITION 4.3. Assume that (¢, x, &) is a Legendre triple at s (cf. 2.16).

(i) The complex ®(pri(4) ® Ly, (xc)) is supported at s Xpn and has cohomology only
in degree one, and the complex ®(pri(4) ® Ly, (x&)) is supported at s x; 7 and has
cohomology only in degree one.

(ii) The sheaf (is x 1)*(®(pr}(4) ® Ly,(xc))) over n has a direct factor canonically
isomorphic to

1d
D =%, @ Ly, (bc) ®,%/<—2dz> R 2, (4.3.1)
where the sheaves # and 2 are defined in § 3.3.
(iii) The morphism
FA(2) = (i x 1) (@ (01} () © Py (27))) (4.3.2)

induced by the trace morphism f, f* — id, is injective.

Proposition 4.3(i) is due to Laumon [Lau87, 2.3.2.1 and 2.3.3.1]. We prove the first statement
(which implies the second). By the t-exactness of the functor ® (see [BBDS82, 4.4.2] and [I1194,
4.2]), it is enough to prove that the complex ®(pr;(4) ® Ly, (zc)) is supported on s x 7. Let
ord be the valuation of B normalized by ord(t) = 1. If ord(c) > 0, the sheaf pr}(4) ® L.y, (zc)
is smooth over U xj S, and the assertion follows from [DK73, XIII, 2.1.5] . If ord(c) <0, the
assertion is a consequence of [Lau87, 1.3.1.2].

Proposition 4.3(ii)—(iii) will be proved in §§4.15 and 4.18.

4.4 Let X x}:g S be the logarithmic product of X and S over k, that is, the open subscheme of
the blow-up of X x; S along the closed point s x s, obtained by removing the strict transforms
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of the axes X xj s and s xS (see [AS09, 4.3]). The parameter t identifies X x}:g S with the
affine scheme defined by the k-algebra

B, Bw,w/(t®@1-1&t-w). (4.4.1)
We also denote by pr; and pr, the canonical projections from X x}:g S to X and S, respectively.
Then pr, is smooth, and we have a canonical isomorphism pry 1(77) ~ U X 1. The strict transform
of the graph S — X X S of h defines a closed embedding

§:8— X x88, (4.4.2)

whose ideal in the ring (4.4.1) is generated by w — 1. We put Y = pr; '(s) and e = §(s) € Y (k).
Then Y is canonically isomorphic to the multiplicative group Gy, x = Spec(k[w,w™!]) and e is
the neutral element 1.

4.5 We denote by 57 the sheaf over U X n defined by
H = A om(pry(%y), pri(¥)), (4.5.1)
and consider the complex of nearby cycles
Uy (A ® Lyo(c(x = b)))

in DY xp n, Qp), relatively to the projection pry: X xfg S — S. The following proposition is
a refinement of 4.3(i)—(ii). It will not be used in this article, and will be proved in §4.19.

PROPOSITION 4.6. Assume that (4, x, ¥) is a Legendre triple at s (cf. 2.16) and % € {0, co}.
(i) The complex V(A @ Ly, (c(x —b))) is supported on ¥ Xy, n, where 3 is a finite subgroup-
scheme of Y = Gy, 1, and has cohomology only in degree one.
(ii) The sheaf (i X 1)*(\1»'}](%” ® Ly, (c(x —b)))) over n has a direct factor canonically
isomorphic to # ((—1/2)(de/db)) ® 2, where the sheaves £ and 2 are defined in § 3.3.

Remark 4.7. Condition (2.13.3) contained in the definition of a Legendre triple is not necessary
for Proposition 4.6(i).

4.8 We assume in the remainder of this section that (¢, x, &) is a Legendre triple at s. Let R be
the completion of B®, K be the fraction field of R. We identify R with the ring of power series
E[[t]]. We denote also by b and ¢ the images of b and ¢ in K. By Definition 2.16, there exist %
and %, two smooth Q-sheaves of rank one over U and a € W,,,41(K) (m > 0), satisfying the
following conditions:

(i) ¥ ~% @ YG;
(ii

(iii

%, is tamely ramified at s;

)
)
) %, is trivialized by a cyclic extension of order p™*! of U;

(iv) if we put x = dnt1(a) € HY(K, Z/p™T1Z), then 4, o y is the character of the pull-back of
Yy to Spec(K) (see §1.11);

(v) (a,b,c) is a Legendre triple. Let (n, v(b), v(c)) be its conductor (see §2.13).
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We consider the sheaves S and 7%, over U X n defined by

A = A om(pry(hyy (4)), pri(#4)), (4.8.1)
H = A om(pry(hi;(F)), pri(%w)), (4.8.2)

so we have J ~ J @ I, (4.5.1). We take again the notation of §2, and define o € K by the
equation F™ d(a) = av dt. So we have a € fil, W, 41(K), ord(ta)) = —n, 2ord(a + ¢b') = —n + v(c)
and 2v(b) + pr(c) < (p — 2)n. In particular, we have n — v(c) > 1. We denote by ~ the non-zero
element of k defined by

1 tl—l/(c) /
=3 <t"+1acc> mod tR. (4.8.3)

PROPOSITION 4.9. The sheaf & over U X n extends to a smooth sheaf over X x}:g S whose
pull-back by § over S is constant.

We denote by ko the generic point of Y (see §4.4), by Ry, the completion of the local
ring of X x}cog S at ko (which is a discrete valuation ring), by Lo the fraction field of Ry,
by It (respectively, IZO) the tame inertia group of K (respectively, Lg). The restriction of J4
to Spec(Lyg) is tamely ramified. Since the projections pr; and pry of X xfg S are smooth, they
induce the same isomorphism IEU = It.. We deduce that the representation of Izo defined by
the sheaf J# is trivial, and hence the restriction of % to Spec(Lg) is unramified. The first
assertion follows by the Zariski-Nagata purity theorem [SGA2, X 3.4]. The second assertion is
a consequence of the first and the fact that the restriction of 4 to d(n) is trivial.

4.10 Let r be an integer greater than or equal to one, let S, be the closed subscheme of S
defined by t", let (X x}fg S)(r be the blow-up of X x}:g S along §(S,), and let (X x}:g S) ) be
the dilatation of X x}:g S along § of thickening 7, that is, the open subscheme of (X x}:g Sy
obtained by removing the strict transform of Y or, equivalently, the maximal open subscheme
of (X x)8 S)pr) where the exceptional divisor is defined by pr3(t") (see [AS09, 3.1]). We denote

by ©, the exceptional divisor on (X x}:g S)(ry> by
Syt S — (X %% 8)( (4.10.1)

the unique lifting of § (that is, the strict transform of §), and abusively by pr; and pr, the
projections from (X x}fg S)(ry to X and S, respectively. Then pry is smooth; the commutative
diagram

r (X X}:g S)(r) ~—U XEn

)
pry L (4.10.2)
L

has Cartesian squares; and ©,. is canonically isomorphic to the vector bundle V(Qﬁ( Jk (log s) ®x
Us, (Sy)) over S, (see [AS09, 4.6]).
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X X Xk S (X XLOg S)[r]
S
s
c
It follows from (4.4.1) that (X x}:g S)(r) is the affine scheme of ring
BepBo,1+1@t"-0)"1/t@1-1xt(1+1xt"-0)), (4.10.3)

O, ®r k is the affine line A = Spec(k[f]) over k (with coordinate ), and d, is defined by the
equation 0. Let k be the generic point of ©,, let R; be the completion of the local ring of
(X x}fg S)(ry at & (which is a discrete valuation ring), let L be the fraction field of Ry, and let

u: K — L (4.10.4)
vi K —1L (4.10.5)

be the homomorphisms induced respectively by pr; and pry,. We consider L as an extension of K
by v. By (4.10.3), we can identify Ry, with the ring k(6)[[¢]]. Then the k-homomorphisms u and
v are defined by u(t) =¢(1 +t"0) and v(t) =t.

PROPOSITION 4.11. Assume that n — v(c) = 2r is even. Let I';) be the closed subscheme of the
U xj 1 inverse image by the morphism § xj 1 of the section n — A xj n defined by ¢ (which is
also the closed subscheme of U xj, n defined by the equation & — c¢), let Iy be the schematic

closure of T, in (X x )% S)(r)- Then:
1) the scheme l'(,y Is quasi-finite over 5, an r 1s the finite part of 1'(y;
i) the sch Ly i i-fini S, and §(,(S) is the fini 1
(i) the sheaf A & ZLy,(c(x —b)) over U xjn extends to a smooth sheaf over (X xfg S)r)

whose restriction to ©, ®g k= A is canonically isomorphic to the sheaf £, (v6?).

(i) Recall first that any quasi-finite separated scheme Z over S can de decomposed canonically
into a sum Zf I1 Z9, where Z/ is finite over S (called the finite part of Z) and the special fiber
of Z9 is empty. It follows from (2.9.1) and the inequality v(c) < r(p — 1) that we have

_ tlfu(c) /
1‘52(0)55 - ©6 mod tRy. (4.11.1)

We deduce that the function t~"*(9)(i/c —1) on U x; 71 extends to a regular function on
a neighborhood of k in (X x}:g S) () Since (X x}fg S)(ry 18 a smooth curve over S with an
integral special fiber, t~"(¢)(i/c — 1) extends to a regular function on (X xfg S)(r)- The latter
belongs to the ideal of T';); so it defines a closed subscheme F’(T) of (X x}:g S)(r) containing
(). Moreover, it follows from (4.11.1) that the special fiber of F’(r) is the origin of ©, ®r k =
Spec(k[0]). Therefore, the three closed subschemes §(,.)(S) C I'(,.y C F’(T) of (X x}:g S)(r) have the
same special fiber, which implies the proposition.
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(ii) It follows from 4.9 that J# extends to a smooth sheaf on (X x}:g S) () whose restriction
to ©, ®pg k is constant. The pull-back of J%, ® £y, (c(x — b)) to Spec(L) corresponds to the Witt
vector

u(a) —a+ V™ (c(u(b) = b)) € Wi (L).
By 2.12, the latter belongs to W,,,11(Rz), and its residue class modulo t is equal to V™(y0?) €
Wint1(k(6)). Therefore, the pull-back of J&, @ Zy,(c(x —b)) to Spec(L) is canonically
isomorphic to %, (v6?). We deduce by the Zariski-Nagata purity theorem [SGA2, X 3.4] that
My @ Ly (c(x — b)) extends to a smooth sheaf on (X x}Cog S)(r) whose restriction to ©, ®r k = A
is canonically isomorphic to %y, (v6?).

Remark 4.12. We keep the notation and assumptions of 4.11. Recall that we have the following
commutative diagram.
S—X

T R P
We consider 1 as a scheme over A by the composed morphism §o %= ho f. Then the closed
subscheme T, of U X}, 7 is canonically isomorphic to U xz 7. The morphism § (see (4.4.2))
induces a closed embedding n — U X}, 1, which determines a connected component of U x 3 7.
Proposition 4.11(i) says that only this connected component extends to a closed subscheme of
(X x},fg S)(r) which is finite and flat over S, namely 6(r)(S); the other connected components

of U x 5 n are closed in (X x ¢ S)(r)-
LEMMA 4.13. Let # and 2 be the sheaves defined in § 3.3, let v be the element of k defined
in (4.8.3), let 2., be the Q,-sheaf over Spec(k) defined by
2. = Ho(Ay, £, (16%)). (4.13.1)
(i) The sheaf 2. has rank one, the H.(Ag, Ly, (7v6?)), for i # 1, vanish, and the canonical
morphism
Htlz (AE7 $¢0 (702)) - HI(AE’ glbo (702))
is an isomorphism.

(ii) If n—v(c)=2r is even, the sheaf # (—(1/2)(dc/db))® 2 over n is unramified and
isomorphic to the geometrically constant sheaf 2.

(iii) Ifn —v(c) =2r + 1 is odd, the sheaf # (—(1/2)(dc/db)) ® 2 over n is tamely ramified, and
its restriction to the quadratic extension n=n|t]/(t* — t) is unramified and isomorphic to
the geometrically constant sheaf 2. .

Observe first that it is enough to prove the lemma after replacing n by Spec(K).

(i) Since the sheaf %, (v6?) is smooth on A and its Swan conductor at oo is 2, the assertion
follows from the Grothendieck-Ogg—Shafarevich formula and [Del77, [Sommes trig.] 1.19 and
1.19.1].

(ii) Condition 2ord(« + ¢b’) > —n + v(c) implies that

1—
% <tn+1atl/(c)cl> = —%(t2+2rblcl) mod t1+r+u(c)R;
C
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so —(c//(20'))y ! is a square in K. Therefore, the sheaf # (—¢’/(2b')) over Spec(K) is unramified
and isomorphic to the geometrically constant sheaf .# (). The last assertion follows from (3.3.4).

(iii) Condition 2ord(a + ¢b') > —n + v(c) implies that

1—
;<tn+1at V(C)Cl) = _%(t3+27’b’6/) mod 2Tt R,
C

so —(tc'/(20'))y~ ! is a square in K. The proposition follows as in part (ii).

4.14 Let o be a k-automorphism of S. We put 6(9): § — X x}:g S the strict transform of the
graph of i o g. The automorphism 1 x o of X x; S lifts uniquely to X x}cog S and the following

diagram is commutative.

§5(@)

lo
S X x %S
UL llxa
J log
S X %, =8

Hence, 1 x ¢ induces an isomorphism between the dilatations of X xlkog S along § and § (@) with
the same thickening.

Let o be a k-automorphism of X such that o(z) = z. We denote also by o the k-automorphism

of S induced by o. The automorphism o x 1 of X x; § lifts uniquely to X x}:g S and the
following diagram is commutative.

§ 2> x xleg
5(0) i”l
X X}:g S
Hence, o x 1 induces an isomorphism between the dilatations of X xfg S along 6 and (%) with
the same thickening.
4.15 We can now prove Proposition 4.3(ii). Observe first that we have
(i X 1) ((Pr(H) © Ly, (we))) = (is x 1) ((pri () & Ly, (wc))).
Let JZ be the extension by 0 of 2 (4.5.1) to X x 1,
M =T R Ly, (c(x—b)).

We identify . with pr3(¥4,) @ ZLy,(—bc)) @ pri(4) @ Ly, (xc), where 4, is the dual Q-sheaf
of 4, over n. By [11194, 4.7] (applied with ¥ = S), we have a canonical isomorphism

Uy (M) = pr3 (9, ® Ly, (—be)) ® Up(pri(9) @ Ly, (xc)) (4.15.1)

in D2(X x5 n, Q). So we are reduced to proving that the sheaf (i x 1)*(W, () over n has a
direct factor isomorphic to £ (—(1/2)(db/dc)) @ 2.

Assume first that n — v(c) = 2r is even. It follows from 4.11(ii) and [DK73, 2.1.7.1] that we
have canonical morphisms of representations of 7 (n, 7)

HY(AL, 25, (16%)) 5 W) () s > H' (AL, 2y, (162)), (4.15.2)
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where the source of u and the target of v are considered as unramified representations of m (7, 77).
Moreover, v o u is the canonical morphism; so it is an isomorphism by 4.13(i). Hence, the required
assertion follows by 4.13(ii).

Assume next that n — v(c) is odd. We put B = BJt]/t?> — t, X = Spec(B), s € X (k) the unique
point of X above s, and denote by an underline the objects deduced from objects over X by the
base change X — X. So § is the spectrum of the henselization of the local ring of X at s and 7 is
the generic point of S. Let p: n — n be the canonical morphism, G be the Galois group of n over
n, that we identify with the group of X-automorphisms of X. We consider the pull-back .# of
M over X x 1, and the complex of nearby cycles ¥, () in D%(X xj 1, Qy), relatively to the
second projection X xj S — S. It follows from [DK73, XIII, 2.1.7.1], [Del77, [Th. finitude] 3.7]
and the Hochschild—Serre spectral sequence applied to the following diagram

XXpS—— XX §—=X x; 8

~a

S———=S§
that we have an isomorphism
(i % 1) (U () = (pul(is % 1) (0, ())))O¥C, (4.15.3)
where the group G' x G acts on ¥, () via its action on X x, S.
We put K = K[t]/(t* —t). The?image of (a,b,c) in W,,11(K) x K x K is a Legendre triple
of conductor (2n,2v(b),2v(c)) (see §2.13). Hence, we can apply 4.11 over (X x}:g S) () with

r=n—v(c). We deduce, as in the even case, that we have canonical morphisms of sheaves
over 7

%«};ﬁ)®Qﬁngnq@N%»$1%};ﬁ>®Q (4.15.4)

such that v ow is the identity. We let G x G act on the sheaf % (—(1/2)(db/dc)) ® 2 over n
through the action of the second factor GG on 7. It follows from §4.14, (4.10.3) and 4.11(ii) that
u and v are (G x G)-equivariant. The required assertion follows by using (4.15.3).

4.16 Let S be the integral closure of S in 7, 5 be its closed point. We denote by X x}fg S the

base change of X X}:g S by the morphism S — S, which is also the logarithmic product of X
and S over k (see [AS09, 4.3]), by h: S — X the morphism induced by h: S — X and by

5:5 =X x%8 (4.16.1)

the base change of § (see (4.4.2)), which is also the strict transform of the graph of A. For any

k-automorphism o of S, we denote by 3(0 S =X ><}€Og S the strict transform of the graph of

hoo. Let r be an integer >1, S, be the closed subscheme of S defined by ¢". We denote by s
the ideal of 5 (S;) in X x}cog S, by (X x}fg g)ff}) the blow-up of X x}fg S along _#,, and by
(X x}gog ?)gf)) the dilatation of X x}fg S along 5

of (X x}fg S) E:]) where the exceptional divisor is generated by prj(t").

of thickening r, that is, the open subscheme

We consider 7 as an étale covering of 7 by f. Observe that for any o € m;(, 7), the morphism

5 depends only on the class of o in w1 (n, 7)\m1 (7, 7) (the quotient of 71 (7,7) by the subgroup

71(n,7) acting by translation on the left). Moreover, the natural action of 71(7,7) on X X S
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lifts to X x}:g S, and for any o, o’ € 71 (7, 7), we have a commutative diagram.

—(c'o

g X x}fg S

L l (4.16.2)
(")

g o

los —
X x 28

In particular, 1x o induces an isomorphism from (X x g)[(flg) to (X x)8 g)ﬁ), that

transforms (X x}cog E)EZ)U) into (X X}Cog E)EZ))-

LEMMA 4.17. Let r be an integer greater than or equal to one and let X be the blow-up of
X xlkogg along the ideal ¥ =]],c. (, I\ (77) Lo (the quotient of m(7,7) by the subgroup
m1(n, M) acting by translation on the left).

(i) The action of i (7,7) on X xS lifts uniquely to X. For every o € m(7, ), there exists

a unique morphism ¢, : X — (X x}:g g)E:]) over X X}:g g

(ii) For every o € mi(7,7), s induces an isomorphism above (X xfg g)g:)) We put X5 =

o (X X 8)7).

(iii) For every o, 0’ € m1(7,7), we have 0(X(,10)) = X(o1)-
(iv) The scheme X5 is connected.

(v) Assume that n — v(c) = 2r. Then for every o, 0’ € 71 (7, 7) such that o’ € w1 (n, 7)o, we have
%(U) N %(U/) NXs=10.

(i) Since the action of (7, 7) on X x,*¢ S preserves the ideal ¢, it lifts to an action on X.

Since the ideal ¢ 0% is invertible, each ideal #,0% is invertible [Bou85, ch. II, § 5.6, théo. 4].

Hence, for every o € 71 (7, 77), the canonical morphism X — X x}fg S lifts uniquely to a morphism

log o (o
Yo X — (X %8 S)ET})'
(ii) By the universal property of blow-ups, it is enough to prove that for any o, o’ € 71 (7, 7),

the inverse image of the ideal _#, over (X x},fg ?)E:)) is invertible. We denote by C' the ring of

the affine scheme X x}cog S and (abusively) by ¢ the function pr3(¢) € C. The embedding § (4.4.2)
is defined by the equation w — 1 of the ring (4.4.1). Let W be the image of w — 1 in C'. For every
o € (F,7), we put W) = (1 x ¢)*(W) € C. It follows from (4.16.2) that the closed embedding
5 is defined by the equation W (). Hence, we have Fo = (W@ 7). For every o, o’ € m1(7, 7)),
we have by (4.4.1)

a*(t)
O./* (t)

By construction of (X x}cog E)EZ)), t is not a zero divisor and W(?) is a multiple of " there.

W) = W@ +1)—1.

Therefore, the inverse image of (W), ") over (X x},cog g)gf)) is an invertible ideal, equal to the
inverse image of the invertible ideal (¢", (o*(t))/(0"*(t)) — 1) of O%.
(iii) This follows from (4.16.2).

iv) Let m: X — X x1°°G be the canonical morphism. Since 7 is proper and surjective, and
(iv) K p prop ] :
since the special fiber of X x}:g S is isomorphic to G5 (see §4.4), it is enough to prove that all
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fibers of 7 are connected, or equivalently that the canonical morphism &' — m (0% ) is an

loga
X oS

L Jozg)-algebra. Since X x}:g S = Spec(#)
k
is affine, we are reduced to showing that # =T'(X, 0% ) is isomorphic to 7. On the one hand,

isomorphism. We know that 7.(0x ) is a coherent (0

&/ is a normal domain because X x}fg S is smooth over S. On the other hand, £ is a domain
with the same fraction field as &7 because 7 is a blow-up. Since & is finite over &7, we conclude
that  ~ o/

(v) We provide two proofs. The first uses rigid geometry. We keep the notation of part (iv).
Recall that X is an annulus. Each open X4 of X defines a closed subdisk D, of X"®. The action

of m1(7,7) on X induces an action on X" For every o,0’ € m1(7,7), we have 0(Dyiy) = Dy
By 4.11(i), if o € m1(n,7), then D, is not contained in Djq (cf. Remark 4.12). Hence, for
0,0 € m1(7,7) such that ¢’ € m(n, 7)o, the disks D, and D, are disjoint, which implies the
proposition.

The second proof is as follows. For every o € 71 (7, 7), we know, by parts (ii), (iii) and §4.10,
that X(,) N X5 is an affine line over 5. Let 0,0’ € mi(7,7) be such that o' &mi(n,7)o. If
X(5) N X(5r) N X5 is not empty, it is dense open in both X ;) N X5 and X(,/) N X5. So the projective
completions of these two affine lines are equal; we denote it by P. We claim that the strict
transform of g(g/)(g) in X is not contained in X(,), while it is clearly contained in X(4).
Indeed, we are reduced by part (iii) and (4.16.2) to the case where o =id and o' & 71 (n, 7);
then the claim follows from part (ii) and 4.11(i) (cf. Remark 4.12). We conclude that X(,) N X5
and X,y N X5 are different. Then P = (X(,) N X5) U (X(51) N X5); in particular, P is open in Xs.
Since P is projective over s, it is also closed in X5. Therefore P is a connected component of
X5. Hence, X5 is not connected as it contains also the strict transform of the special fiber Y x5
of X xfg S (see §4.4). We get a contradiction with part (iv).

4.18 We can now prove Proposition 4.3(iii). Assume first that n —v(c) =2r is even. We
constructed in §4.15 canonical morphisms of representations of 71 (7, 7)

D7 = (@1 (pri(4) @ Ly (20))) 5.9 = Py

such that v o u is the identity. As a Q-vector space, Py corresponds to the contribution of the
nearby cycle complex of pri(4) ® Ly, (zc) over the dilatation (X x}:g S)(r)- We consider the
sheaf pri(4) ® Ly,(zc) over X x 7, equipped with the action of m(#,7) by transport of
structure, and the blow-up X of X x}fgg defined in 4.17. Then %5 corresponds also to the
contribution of the nearby cycle complex of pr}(4) ® £y, (xc) over the open subscheme X(ia)
of X (cf. 4.17(ii)). By 4.17(iii), for every o € m(7,7), o ou is the contribution of the nearby
cycle complex of pr}(4) @ Ly, (zc) over X(o)- If o & m1(n, 1), then we have X(,) N X gy N X5 =10
by 4.17(v), and hence v o o o uw = 0, which implies the required assertion.

Assume next that n — v(c¢) is odd, and consider as in §4.15 the base change X — X obtained
by taking a square root of t. We keep the same notation; moreover, we denote by ¢ the pull-back
of 4 to U and by ¥, the extension by zero of &4 to X. We consider the complex of vanishing
cycles ®(pri(4,) @ Ly, (x#)) in DUX x, 7, Qp), relatively to the projection pry: X x;x T — T.
It follows from the even case that the morphism of sheaves over 7

Felpu(p"2)) = (i 1 1) @ (1] () ® 2Ly, (2:7))

induced by the trace morphism f,p.p*f* — id, is injective. Moreover, by the definition of 2 in
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this case (see §4.15), we have a commutative diagram

p(p* D) —= [*((is xx 1)@ (011 (4)) ® Ly, (2)))

| |

2 F*((is xx 1) (pr}(%) @ Ly, (2)))

where the vertical arrows are induced by the adjunction map id — p.p* and [DK73, XIII, 2.1.7.1].
The required assertion follows since 2 — p,(p*2) is injective.

4.19 We can now prove proposition 4.6, which will not be used in the remainder of this article.

(i) By the t-exactness of the functor ¥ (see [BBD82, 4.4.2] and [I1194, 4.2]), it is enough to
prove the first statement, which amounts to proving that W, (prj(¥) ® Zy,(cx)) is supported
on a finite subgroup of Y ®; k = ij. We may assume k algebraically closed. By 4.9, we may
reduce to the case where ¥ =%,. Since ¢ is trivialized by a cyclic extension of degree p™*!
of U, we may further reduce to the case where ¥ is a locally constant sheaf of A-modules of
rank one over U, and A is a finite field of characteristic £. We fix injective homomorphisms
;1 Z)pZ — AX (i > 0) such that for any z € Fp, we have 1,(p'z) = 1)y(z). For every point
y € Y(k), we denote by H the henselization of X x}:g S at y, that we consider as an S-scheme
by the morphism induced by pry. We put

py) = es(H, Hy, pri(¥) @ Ly (xc) | Hy) (4.19.1)
the invariant defined in (A.12.2). Since the pull-back of pri(¥¢) ® Ly, (xzc) to Hy is not constant,

we have
V) (pri(9) © & (x¢))y =0. (4.19.2)
Then by A.13, it is enough to prove that the support of the function p(y) is a finite subgroup of
Y =G
Let kg be the generic point of Y (see §4.4), Ry, be the completion of the local ring of X xfg S
at ko (which is a discrete valuation ring), Lo be the fraction field of Ry,
u: K — Ly,
v: K — L
be the homomorphisms induced respectively by pr; and pry. We consider Ly as an extension
of K by v. By (4.4.1), we can identify Ry, with the ring k(w)[[¢]]. Then the k-homomorphisms
u and v are defined by u(t)=tw and v(t)=t. We have u(c)/c=w"4®) mod tRr, and
u(b) /b = werY) mod tRy,. Since ord(t"T1eb’) =0 (see §2.13) and ord(c) # 0 by assumption,
then t"*1(c — u(c))u(b) is a unit of Ry,. We denote by P the reduction of t"*!(c — u(e))u(d')
in k(w), and by X the reduction of #"t1¢b’ in k. Then we have P = \(1 — w®d(€))qord®) Tt is
enough to prove that for any y € Y (k), we have

p(y) = —ordy(P). (4.19.3)

The pull-back of pri(¥) ®G§f@0(cx) to Spec(Lg) corresponds to the Witt vector u(a)+
V™ (cu(b)) € Wint1(Lo). Since ord(be) = —n —v(b) and ord(a+ cb') > —n, we have u(a)+
Vm(cu(b)) S ﬁ1n+,/(b)wm+1(L0) and

F™d(u(a) + V™ (cu(d))) = (¢ — u(c))d(u(b)) + u(b)de mod t_”HQ}%LO (log). (4.19.4)
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Let (5,7, s) be a finite covering of (S, n, s) such that (H, Hy, pri(¥) ® Ly (cx)|Hy)g is
stable (Proposition A.9), R’ be the completion of the local ring of S’, K’ be the fraction field
of R, /Lg =R, ®r R', L{, be the fraction field of R /- After replacing (S, 7/, s') by a finite
covering (Proposition A.9(i)), we may assume that 1’ is inseparable over 1 and the image of
dt by the canonical morphism Q}? k™ 9717, s, vanishes. Since we have d(u(d)) =u()(w dt + t dw)
and dec=c dt in QlLO, then the following relation holds in 916

(¢ —u(c)) d(u(b)) + u(b) de = t(c — u(c))u(t') dw. (4.19.5)

It follows that the Swan conductor of the pull-back of pr}(¥) ® .2 (cx) to Spec(Ly) is [K' : K]n,
and its refined Swan is the residue class of t(c — u(c))u(V') dw in t7"Q}, (log) ®p k, which is
L/

0

equal to ™" P dw. Equation (4.19.3) is thus proved.
(ii) The proof is similar to that of Proposition 4.3(ii), given in §4.15.

5. Proofs of Theorems 3.7 and 3.9

5.1 We observe first that, by 3.6(ii), we may reduce Theorems 3.7 and 3.9 to the case where the
residue field of S at s is k (in particular, we have f = f in Theorem 3.7). Hence, in this section,
we denote by S the spectrum of a henselian discrete valuation ring of equal characteristic p,
with residue field k, by s (respectively, n) the closed (respectively, generic) point of S, by ¥4 a
Qy-sheaf of rank one over 7, and by v: S — P and ©: S — P two non-constant morphisms (with
the notation of §3.2). We put z=wv(s), Z=10(s), b and ¢ the functions on n deduced by pull-
back from the coordinates = and & of A and A respectively. We take again the notation of § 3.4
relatively to z and %, and denote by f: S — T and f: S — T the morphisms induced by v and
0, respectively. We assume that (¢, b, ¢) is a Legendre triple at s (Definition 2.16), and f and f
are finite and étale at 7.

We denote by R the completion of the ring of S, by K the fraction field of R, and also by b
and ¢ the images of b and ¢ in K. By Definition 2.16, there exist 4 and %, two Q,-sheaves of
rank one over 7, satisfying the following conditions:

(i) ¥ ~% @ Gu;
(il) % is tamely ramified;
(iii) %, is trivialized by a cyclic extension of order p™*! of 5 (m > 0);

(iv) the pull-back of (%, b, ¢) over Spec(K) is a Legendre triple in the sense of §2.15.

PRrOPOSITION 5.2. We keep the assumptions of § 5.1, and assume moreover that one of the
following conditions is satisfied:

(i) z€A;
(ii) (2, 2) = (00, 0) and all of the slopes of f.(¥) are < 1;
(iii) (2, 2) = (00, c0) and all of the slopes of f.(¥) are > 1.
Then the rank of %) (f,9) is equal to the degree of f, and in case (i), we have % = .

Let ¢ be a uniformizer, ord be the valuation of K normalized by ord(t) = 1. We put b’ = db/dt.
Since (¢, b, ¢) is a Legendre triple, we have by §§2.5 and 2.13,

—ord(c) = sw(¥) + ord(tV' /b) + ord(b). (5.2.1)
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If z € A(k), then we have Z = co since sw(¥) > 1. In this case, we may replace b by b — z(2) in
the equation above. In general, we deduce by [Ser68, VI, §2] that we have
B _sw(fi9) +1k(fY) if z € A(k),
ord(c) = {sw(f*g) —rk(fi¥) if 2 =o00. (5:2.2)
Hence, we have
] sw(fe¥) +1k(f.9) if (2,2) € A x 0,
deg(f) = { sw(£.9) — tk(£.9) i (2, %) = (o0, ), (5.23)
tk(f¥) —sw(f¥) if (2, %) = (00, 0).
The proposition follows from (5.2.3) and [Lau87, 2.4.3|, for which we give a new proof in
Proposition B.6.

5.3 We identify S with the henselization of the affine line Al = Spec(k[u]) at the origin 0,
and put Gy, = Spec(k[u,u!]) and fi: S — A} the canonical morphism. By Kummer theory,
¢, is the pull-back of a smooth Q-sheaf of rank one, .# over Gk, tamely ramified at 0
and oo (see [Lau87, 2.2.2.1]). On the other hand, there exists a connected affine elementary
étale neighborhood (X, s) — (A}, 0) satisfying the following properties. Let B =T(X, Ox), U be
the open X — {s} of X, i: S — X be the unique morphism lifting . Then:

(a) %, is the pull-back of a smooth Q,-sheaf of rank one, G, over U , trivialized by a cyclic

extension of order p™*! of U (by using Artin-Schreier-Witt theory);

(b) there exist b, ¢ € ['(U, Ox) such that h”f](g) =b and hy;(c) =

(c) there exists t € B, which is a parameter at s and invertible on U.

We denote by %, the pull-back of .# to U, by G = %@%W, by g: X — P and §: X — P the
k-morphisms such that g3 (z) = b and g3 (&) =c.

S
; lh lh (5.3.1)

By construction, (Cf, Z, ¢) is a Legendre triple at s, and we can apply 4.3.

5.4 With the notation of 4.1 and 4.2, we have a canonical isomorphism over 7

(is % 1) (@' (pr](9) © Ly, (22))) = F59 (£.9). (5.4.1)

It is a consequence of the functorial properties of the complex of nearby cycles and the fact that
h: S — X is universally locally acyclic and f: S — T is finite. Then Propositions 4.3 and 5.2
imply Theorems 3.7 and 3.9.

6. Review of Stiefel-Whitney classes

6.1 In this section, K denotes a field of characteristic #2, K a separable closure and G the
Galois group of K over K. We denote by 1x the trivial representation of G. By Kummer
theory, H' (K, Z/27) is identified with the group K*/K*2. For a € K*/K*? (or in K*), we
denote by {a} the associated element of H!(K, Z/2Z), and by k.: Gx — {£1} its image by
the isomorphism H!(K, Z/27Z) = Hom(G, {1}) (which is also the character induced by the

1533

https://doi.org/10.1112/50010437X09004631 Published online by Cambridge University Press


https://doi.org/10.1112/S0010437X09004631

A. ABBES AND T. SAITO

quadratic extension K (y/a) of K). For a,b€ K*/K*2 we denote by {a, b} the cup-product
{a} U {b} in H*(K, Z/27).

6.2 For a non-degenerate quadratic form 2 = 2(Xy,...,X,) of rank n over K, we denote by
wm(2) e H™(K, Z/27) (m > 0) its mth Stiefel-Whitney class and by

w(2)=1+w(2)+-- € H (K, Z/2Z) = [[H"(K, Z/2Z)

its total Stiefel-Whitney class [Ser84, 1.2]. Recall that, if 2~a;X?+ -+ a, X2, where

a; € K*, then we have w(2) = [[,(1 + {a;}). If d € K*/K*? is the discriminant of 2, we have
w1 (2) = {d}.

6.3 Let V be a finite-dimensional complex vector space, equipped with a non-degenerate
quadratic form 2, p: Gx — O(V, 2) be a continuous orthogonal representation of G (i.e.
the kernel of p is open). Deligne [Del76, 1.3 and 5.1] associated to (V,p) Stiefel-Whitney
classes w,, (V)€ H™(K,Z/2Z) (m >0). The class wi(V) is identified via the isomorphism
HY(K,Z/2Z) = Hom(Gg, {#1}) with the character det(V): Gx — {£1}. The total Stiefel-
Whitney class

w(V)=1+w (V) +--- € H(K,Z/27Z)

satisfies the following properties.

(i) If V is an orthogonal direct sum of two subrepresentations V' and V", then w(V)=
w(Vw(V").
(ii) If W is a totally isotropic invariant subspace of V, the quadratic form 2 on V induces a

quadratic form on W+ /W, and a duality between W and V/W+, and hence a quadratic
form on W @ V/W+; then we have

w(V)=w(W & V/WHwWL/Ww) = (1 + {—1H)dE=Wemwt/w). (6.3.1)

6.4 Let L be a finite separable extension of K contained in K and let G, be the Galois group of
K over L. The discriminant of L over K, dj, Kk EK*/K X2 is by definition the discriminant of the
quadratic form TrL/K(xQ), for x € L. For a € L*, the quadratic form TrL/K(aac2), for x € L, has
discriminant dy g Ny k(), where Ny /i (a) is the norm of a. We denote by w(L, TrL/K(omQ))
its total Stiefel-Whitney class.

For a complex character x of G2° (or of G1), we denote by N /K (x) the composition of x
with the transfer G'}l}:’ — GaLb. For any finite-dimensional complex representation V of G, we
have

det(IndSx V) = x§™ ") Ny e (det V). (6.4.1)

dr/x
This follows from [Del73, 1.2] and the fact that det(Indgf 1) = Kqy e (see [Ser84, 1.4]).
PROPOSITION 6.5. Let L = K(t) be a finite separable extension of K contained in K, of degreen,
generated by an element t € L, let G, be the Galois group of K over L, and let f(X) € K[X] be
the minimal polynomial of t. We put D = f'(t) € L™ and kp the associated quadratic character
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(see §6.1). Then we have
dyi = (~1)GIN (D) € K7 /K72, (6.5.1)

w(IndGX ki p) = <Z>{—1, —1} + {dy k., 2}- (6.5.2)

Recall [Ser68, III, Lemma 2] that we have

0 ifo<i<n—2,

Trr (D7) = {1 i1 (6.5.3)

Therefore, the discriminant of the quadratic form Trp k(D™ 'z?) over K is (—1)(3) € K*/K*2,
which implies (6.5.1). By [Ser84, §4, Theorem 1’ and §1, 1.5], we have

wg(Indgan) = ws(L, TrL/K(Dfle)) +1{dr/K, 2} (6.5.4)

Let m be the largest integer such that 2m < n. We denote by W the sub-K-vector space of
L generated by 1,t,...,t" 1 and by W' the orthogonal subspace relatively to the quadratic
form Trp (D~ *a?). By (6.5.3), W is totally isotropic; we have W /W = Kt™ if n = 2m + 1,
and W = W+ otherwise. We deduce by (6.3.1) and (6.5.3) that we have

w(L, Trp e(D™'a2?)) = (1+ {-1})™. (6.5.5)

Equation (6.5.2) follows from (6.5.4), (6.5.5) and the fact that ('y) = ('}) mod 2.

7. Refined logarithmic different

This short section is independent of the rest of the article, and does not use conventions 1.11.

7.1 Let K be a complete discrete valuation field, with residue field k£, L be a finite separable
extension of K. We denote by O (respectively, &7) the valuation ring of K (respectively, L),
by mg (respectively, my) the maximal ideal of O (respectively, 1), and by kr the residue
field of . Recall that the different Zr,/x of L over K is the ideal of &7, such that the inverse

@E;K is the maximal fractional ideal a of L satisfying the condition Try,/x(a) C 0. Following

Kato [Kato87h, 2.1], we define the logarithmic different of L over K, denoted by @BgK, to be
the fractional ideal of L given as

D =W mL DL i (7.1.1)

In fact, the ideal (@lLO/‘C’TK)_1 is the maximal fraction ideal a of L such that Try (mpa) C mg,

and also the minimal fraction ideal a of L such that Try j(a) D Ok. We say that a generator &
of the &r-module @115)/%( is a refined logarithmic different of L over K if, for any a € 0, we have
TYL/K((S_lCL) = TI'kL/k(a) mod mg. (712)

Observe that ¢ is unique in L*/1 4+ mp.
7.2 Let M be a finite separable extension of L, dy /k (respectively, d5;/1) be a refined logarith-

mic different of L over K (respectively, of M over L). Then Oy = Onyr0r/k is a refined
logarithmic different of M over K.
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7.3 Assume that L is totally ramified over K of degree n. Let t be a uniformizer of L,
f(X) € Ok[X] be the minimal polynomial of ¢. Then it follows from (6.5.3) and [Ser68, III,
§6] that 6 =t!="f/(t) is a refined logarithmic different of L over K.

7.4 Assume that k is perfect, K has characteristic p and L is totally ramified over K. Let x
(respectively, t) be a uniformizer of K (respectively, L). Then § = dlog(x)/dlog(t) is a refined
logarithmic different of L over K. Observe first that the class of d log(x)/d log(t) in L™ /1 + mp,
does not depend on the choice of z. Let f(X) € Ok[X] be the minimal polynomial of ¢ and let n be
the degree of L over K. Since L is totally ramified over K, f is an Eisenstein polynomial, and we
may assume that = — f(0). Therefore, we have dz/dt € f'(t)(1 +my) and to=t € t!1="(1 + my),
and the assertion follows from §7.3.

8. Local epsilon factors

8.1 In this section, K denotes a complete discrete valuation field (of equal or unequal
characteristics), with finite residue field k of order ¢ = p/, K a separable closure of K, W the
Weil group of K over K and I the inertia subgroup of Wy . We denote by Ok the valuation ring
of K, by mg the maximal ideal of Ok, by ord the valuation of K normalized by ord(K*) = Z,
by 07 the integral closure of Ok in K and by k the residue field of O%. In the following, a
representation of Wy stands for a pair (V, p), where V' is a finite-dimensional Q,-vector space
and p is a continuous homomorphism Wy — GL(V) (i.e. an open subgroup of I acts trivially).
The quotient group Wy /I is canonically isomorphic to Z, generated by Frob, the geometric
Frobenius of k (i.e. the inverse of the automorphism z + ¢ of k). Class field theory provides an
isomorphism
Recy: K* S Wb, (8.1.1)
that we normalize by mapping uniformizers of K to liftings of Frob (see [Del73, 2.3]). We use
Recg to identify the isomorphism classes of representations of dimension one of Wi with quasi-
characters (that is, continuous homomorphisms) K* — @EX . If the characteristic of K is #2, we
denote the Hilbert symbol over K by

()g: K*/K*% x K*/K*% = {£1}. (8.1.2)

8.2 We fix a non-trivial additive character ¢: K — @EX , and the Haar measure dx on the additive
group of K such that fﬁK dx =1. We define the conductor of 1, denoted by ord(¢), to be the

biggest integer n such that ¢|m," = 1. Let x be a quasi-character of K*. The conductor of ¥,
denoted by a(x), is 0 if x is unramified, and the smallest integer m such that x(1 +m7%) =1 if
X is ramified. The Swan conductor of x, denoted by sw(x), is 0 if x is unramified, and a(y) — 1
if x is ramified.

8.3 Deligne and Langlands attached to every representation V' of Wy a local e-factor e(V, ) €
@Z , characterized by the following conditions.

(i) For any exact sequence of representations 0 — V' —V — V" — 0, we have

e(V, ) =e(V',)e(V", ). (8.3.1)

In particular, £(V, 1) depends only on the class of V' in the Grothendieck group of represent-
ations of Wi, and we can define €(V, ¢) when V' is a virtual representation of Wi
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(ii) For every finite extension L of K contained in K, there exists a constant

ML/K, ) € Q) (8.3.2)
such that, for any representation Vi, of Wy, and Vi the induced representation of Wi, we
have

e(Vie, ) = ML/ K, ) VP e(Vy, ¢ 0 Try ). (8.3.3)

(iii) If V has dimension one, corresponding to a quasi-character x: K* — @EX , then (V) is
the constant €(, ¥) of the local functional equation of Tate [Del73, §3]. Recall that if x
is unramified and ord(y) =0, then (x, ¥) = 1; and if x is ramified, then

o) = [ 37 @ta) do. (334)

We omitted the Haar measure dz from the notation (V, v, dx), as it has been fixed in §8.2.
Following Deligne [Del73, §5], we put, for a representation V' of Wy,

e0(V, 1) = det(—Frob, V)e(V, ¥). (8.3.5)
The function ¢q clearly satisfies properties (i) and (ii) with the same constant (8.3.2).
Remarks 8.4.
(i) For any a € K*, we have
e(V,y(az)) = det(V)(a) - ¢4 (v, 9); (8.4.1)
and similarly for gg.

(ii) If L is a finite, separable and unramified extension of K contained in K and ord(¢) = 0,
then A(L/K, 1) = 1. This follows from [Del73, 5.5.3] and the fact that ord(z o Trp, /) = 0.

8.5 We fix a non-trivial additive character ¢y : k — @Z . For a character y: k* — @Z , we denote
by 7(x, ¥x) the Gauss sum

TG ) == > X @) k(e (8.5.1)

rekX
We have 7(1, ¢5) = 1. If the characteristic p of k is odd, we denote by rg: k* — {£1} the unique
character of order two, and by G, the quadratic Gauss sum associated to v, defined by

Gy, =Y n(a?). (8.5.2)
z€k
Then we have 7(ko, 1) = —Gy,, and, by [Del77, [Sommes trig.], 4.4],
q=ro(-1)G, . (8.5.3)

8.6 We call a 9,-gauge of 1) an element 6 € K* such that, for any a € O, with residue class a
in k, we have

V(67 a) = Y (). (8.6.1)
Such an element [ exists, is unique in K* /1 + mg, and we have ord(3) = ord(¢)) + 1.

PROPOSITION 8.7. Let x be a quasi-character of K*, € K* be a iy-gauge of ¢, m be a
uniformizer of K.
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(i) Assume that y is at most tamely ramified (that is, a(x) < 1), and let x;: k* — Q, be the
character defined by x. Then we have

eo(x, ¥) = —x(B) ¢ Y7 (xp, ¥i). (8.7.1)

(ii) Assume p # 2 and that y is wildly ramified (that is, a(x) = 2). We put n =sw(x) and let r
be the smallest integer such that 2r >n; so we have n=2r or n=2r — 1. Let ¢ be an
element of K* such that, for any = € m},, we have

72
X(l +x+ 2> = 1)(cx). (8.7.2)
Then ord(Bc) = —n and c is unique in K* /1 +m} "t We have

T 1 if n is odd,

ol ) = @m0 (Do (L RN 1)

(i) Assume that x is unramified. By (8.4.1), we may assume that [ is a uniformizer of K and
ord(y) = 0. Then we have €(x, 1) = 1, and both sides of (8.7.1) are equal to —x(03).

Assume that x is tamely ramified. By (8.4.1), we may assume that §=1 and ord(y)) = —1.
Then it follows from (8.3.4) that we have e(x, ¥) = go(xX, V) = —q¢ 7 (xk, Vr)-

(ii) Since 3r > a(x), for any z, y € m}., we have
2 2 2
+
X(1+x+$2>x<1+y+y2> zx<1+x+y+(x2y)>,

which implies easily the existence and the uniqueness of ¢; the valuation of c¢ is clear.

Let m be the smallest integer such that 2m >n =sw(y);som=rifn=2r — l,andm=r +1
if n =2r. In both cases, we have n + 1 =m + r. For any x € m}?, we have x(1 + z) =¢(cz). We
compute the integral

ol ) =00 0) = [ X7 @)to) da

by splitting it according to the classes K* /1 +m}}. Only the classes contained in ¢(1 + mj},)
remain:

o) = [ @) de= g O ) [ e i

me
For any x € m/., we have
2 2
-1 1 x x
X (14 x)Y(cx)=x (1+x)x<l +x+ 2) zx<1+ 2) :¢<2>.
We deduce that

ot ) =@ [ (%) de (8.7.4)

If n=2r—1 is odd, then ord(c) + 2r = —ord(¢)) and fm% Y((cx®)/2) dor=q"; so (8.7.3)
follows by (8.5.3).
Assume that n = 2r is even, so ord(c) 4+ 2r = —ord(3). By (8.6.1), we have

2 Boa?
/r w('”;) dr=q7" Y W(ﬂcf )zq”ka(%c, ™)k

reEmMp /m i

So (8.7.3) follows by (8.5.3) and the relation (—1, 7)x = ko(—1).
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PROPOSITION 8.8. Assume p # 2 and ord(y)) =0. Let € K* be a {y-gauge of 1 (see §8.6),
let L be a finite, separable, totally ramified extension of K of degree n, let 7w, be a uniformizer of
L, let 91,/ be the different of L over K, let § be a refined logarithmic different of L over K (see
§7.1), and let m = ordy(ZyK), where ordy, is the valuation of L normalized by ordy(rr) = 1.
Then we have

AL/ 9 = w165 {| ifm s even,

v (=286, 1), if m is odd. (8.8.1)

Let f(X) € Ok[X] be the minimal polynomial of 7z, D = f'(w) (which is a generator of
P1/K), kp: W — {£1} be the character defined by the class of D in L*/L*? (see §6.1),

Vi = Ind%ﬁ‘f@[), =1 oTry . We have

6(VK)’¢})
5(K'D51/]L).
It is clear that Vi is an orthogonal representation of Wx. By (6.4.1) and (6.5.1), the

ML/K, ) = (8.8.2)

determinant of Vi is the unramified character /a(_Ql). Therefore, by [Ser71, Theorem 1], the Artin
conductor a(Vg) of Vi is even. Let r be the smallest integer such that 2r > m = ord (D). Since
a(Vi) =m + a(kp), we have a(Vk) = 2r; moreover, kp is unramified if and only if m = 2r is
even.

We identify H?(K, Z/27) with {41} by the isomorphism invg, and the Hilbert symbol ( , )
with the pairing { , } induced by the cup-product (see §6.1). By [Del76, 1.5], since det(Vk) is
unramified and ord(y) =0, we have

e(Vik, ¥) =w2(Vk)q', (8.8.3)

where wa(Vk) € {£1} is the second Stiefel-Whitney class of Vi (see §6.3). Since (-1, —1)g =
(—1,2)k =1, we deduce from 6.5 that we have

1 if m is even,

(2,mL)r if m is odd. (8.8.4)

waVie) = (dy . 2 = (D, 2); = {

To prove (8.8.4), we expressed the Hilbert symbol in terms of the tame symbol. By (8.5.3), we
have

P e — (M) Gy, ifm=2r
q = /{0( 1) ka = /{0( 1) 2 X {G:Zl:_l ifm=2r — 1. (885)

We put ¢ (z) = (D"1x). Then we have ordy(¢}) =0 and Br; ™ is a ¥y-gauge of ¥ .
Indeed, since Dﬂi_” is a refined logarithmic different of L over K (see §7.3), for any a € Oy,
with residue class @ in 0, /7, 0},, we have by (7.1.2)

VLB a) = (B Trp (D' a)) = i (@).
Since kp(D) = (D, D), = (D, —1), = ko(—1)"™, we have by (8.4.1)
e(kp, 1) = kp(D)q"e(kp, ¥7) = Gire(kp, ¥L)- (8.8.6)

If m =2r is even, then kp is unramified and we have £(kp,1}) =1, which implies (8.8.1) in
this case. Assume that m = 2r — 1 is odd, so kp is tamely ramified; in particular, the character
k* — {£1} defined by kp is non-trivial, and hence is equal to k¢. By 8.7(i), we have

e(kp, 1) = eo(kp, V1) = —kp(Bry ") 7 (Ko, ¥r) = kp(BrL )Gy, - (8.8.7)
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Since ﬁwi‘" is a uniformizer of L, we have ordp, (Dﬁﬂk_") = 2r and

kp(Bry ™) = (D, Bry ™)L = (—=DpBx; ", Br; ") = (—BDr; ", w1,

where @y, is any uniformizer of L. Moreover, a refined logarithmic different of L over K being
unique in L* /1 + 7,0y, we have (D7} "™, @)L, = (6, @), which proves (8.8.1) in this case.

8.9 Assume that K is of equal characteristic p. Recall that we fixed a non-trivial additive
character ¥ : k — @Z . We denote by res: Q}{ — k the residue homomorphism and by ord: Q}( —
{0} — Z the valuation defined by ord(x dy) = ord(z), if z,y € K* and ord(y) = 1. For a non-zero
element w of Q}(, we denote by ¢,: K — @Z the non-trivial additive character defined, for any
a€ K, by

Yy (a) = Pg(res(aw)). (8.9.1)
Let z be a uniformizer of K, 3 be the element of K< such that w = Bz ~! dz. Then 3 is a ¢-gauge
of ¥, and we have ord(¢),,) = ord(w) = ord(3) — 1.

COROLLARY 8.10. Assume that K is of equal characteristic p # 2. Let L be a finite, separable,
totally ramified extension of K of degree n, let x be a uniformizer of K, let t be a uniformizer
of L, and let dy i € K*/K*? be the discriminant of L over K (see §6.4). We put o’ = du/dt
and m = ordy,(x'), where ordy, is the valuation of L normalized by ordy(t) = 1. Then we have

dpi = (1) GINy et /), (8.10.1)
() aem 1 if m is even,
ML/ ) = ro(=DUS DGR X 00 i is odd. (8.10.2)

Let f(X) € Ok[X] be the minimal polynomial of ¢. Since t!™"f(t) and tz’/x are refined
logarithmic differents of L over K (see §7.1), the quotient f'(t)(t"a'/z)~! belongs to 1+ t0y,.
Hence, (8.10.1) follows from (6.5.1). On the other hand, z is a i,-gauge of ¥4, and we have
ord (14, ) = 0. Then (8.10.2) follows from 8.8.

PROPOSITION 8.11. Assume that K is of equal characteristic p. Let x: K* H@Z be a wildly
ramified quasi-character of Swan conductor n =sw(x) > 1, ¢ € K*, w be a non-zero element of
Qe m: Z)p™ 72 — @Z (m > 0) be injective homomorphisms. We assume that the following
conditions are satisfied.

(i) There exist a character Xy : K* — Z/p™*'Z (m > 0) and a tamely ramified quasi-character
xt: KX — @Z such that x = x¢- (¥} oxw). We denote by € HYK,Z/p™'Z) the
cohomology class corresponding to xv by the reciprocity isomorphism (8.1.1).

(ii) There exists a € fil, Wy,,11(K) such that §,+1(a) =7y (see (2.5.2)) and

20rd(F™ da + cw) > —n, (8.11.1)

where F"d is the homomorphism defined in (2.4.1).

iii) We have ¥ =g o Try g, and ¥, (p"a) =o(a) for any a € F,, where p™a denotes the
/Fp p
embedding I, — Z./p"™ 7 induced by the multiplication by p™ on Z.

Let 1, : K — Q, be the additive character defined in (8.9.1) and let r be the smallest integer
such that 2r > n. Then, for any x € m%,, we have

X<1+x+x;> =Py (cx). (8.11.2)
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We deduce the proposition from Witt’s explicit reciprocity law according to Fontaine [Fon90,
2.4.3]. Let W =W(k), Wyp1 =Wp11(k), let Og be the p-adic completion of the ring W((t))
of Laurent power series over W in the variable ¢ (which is an absolutely unramified, complete,
discrete valuation ring), and let & be the fraction field of &¢. We identify the residue field of
O¢ with K by mapping the residue class of ¢ to a uniformizer of K. We denote by ﬁ}j(g w the
module of continuous differential forms of s over W and by res;: ﬁlﬁg W W the residue

homomorphism (cf. [Fon90, 2.2]). For z € W,,11(K) and u € K*, we denote by [z, u),, the
element of Z/p™ 17 C W, 1(K) defined by

(2, W)m = gu(§) — &,

where ¢ is an element of W, 1 (K) such that F(§) — £ = z, F is the Frobenius homomorphism, and
gu € G2 is the image of u by the reciprocity isomorphism (8.1.1). If we put Opm=0g/p" O,
we have a homomorphism

W Werl(K) - ﬁé",m

m—

defined for an element z = (20, 21, . - -, 2m) of Wini1(K), by win(2) =3 g<jem P (Z;)P ?. where
Zj is any lifting of zj in Og ,,. Then, if z € Wy, 11 (K) and if @ is a unit of O ,, lifting an element u
of K*, we have

[2, ) = —Trp (resy, (W, (2)d log w)), (8.11.3)
where Tr,, (respectively, res,,) is the reduction modulo p™*! of the trace homomorphism of
W over Z, (respectively, res;). Note that the minus sign in (8.11.3) does not appear in [Fon90,
2.4.3] because the reciprocity map used there is the inverse of (8.1.1) (the reciprocity map used
by Fontaine sends uniformizers to arithmetic Frobenius).

Multiplication by p™ on Qlﬁg W induces a homomorphism

1 _ Al Ol
that we abusively denote by a multiplication by p™. For any z € W,,,11(K), we have

dwp,(z) = p"F™ d(2). (8.11.4)

We can now prove the proposition. Since r > 1, we may assume x;=1. We put a=
(ag, ..., am) € Wpt1(K) and v; = ord(a;). Let a; be a lifting of a; in t"iWy,11][[t]] (0<i<m),
z € my, and let T be a lifting of = in t"W,41[[t]]. It follows from the choice of the a; and the
fact that 3r > n + 1, that we have wy,(a) € t "W, 11[[t]], and res,,(wp,(a)z dz) =0 for i > 2.
Therefore, we have

[a, 4o+ ””;)m . <resm <wm(a)1_|_§3:—é~2/2) d%))

= —Try, (resy, (wm(a) dT))
= Trp (resy (T d(wm(a))))
= p" Ty p, (resi (¢F™ d(a))),

1541

https://doi.org/10.1112/50010437X09004631 Published online by Cambridge University Press


https://doi.org/10.1112/S0010437X09004631

A. ABBES AND T. SAITO

where, on the right-hand side, p™ denotes the embedding Z/pZ — Z/p™ 17 induced by the
multiplication by p™ on Z. We conclude by (8.11.1) that for any x € m},, we have

2 2
X<1+x+x2> :wml<[a,1+x+$2>m>

= Yo(—Try/r, (resi (zF™d(a)))
= o(Try/p, (ves (zew)))
= Yu(cx).

9. Laumon’s formula for local epsilon factors

9.1 Let T be the spectrum of a henselian discrete valuation field of equal characteristic p, with
finite residue field k of order ¢ = pf, 7 (respectively, 7) be the generic point (respectively, a
geometric generic point) of T', G = w1 (7, 7). We denote by K the completion of the function field
k(7) of T and by

Recr: KX — G*P (9.1.1)
the reciprocity homomorphism, normalized as in (8.1.1).

Recall that we fixed a non-trivial additive character ¢ : IF), —i@? (see §1.11). Let ¢y: k — @Z
be the additive character ¢ o Try p,. For a complex C' of D’(T, Q) and a non-zero meromorphic
differential form w on 7" (that is, w € Ql&:(ﬂ —{0}), Laumon attached a local e-factor e(7', C, w) €

Q, (see [Lau87, 3.1.5.4]). For any Q,-sheaf .Z over 7, we have (with the notation of §8.3)

(T, juF,w) = e(Fr, o), (9.1.2)
&(T, 17, w) = eo(Fr, ), (9.1.3)
where j: 7 — T is the canonical injection, v, is the additive character defined in (8.9.1).

In the situation of § 3.4, we use the notation above for T and 7. We equip with a V the
objects relative to T'.

THEOREM 9.2 [Lau87, 3.6.2]. The assumptions are those of 3.7; moreover, we assume that k is
finite, z =0 and Z = 0. We denote by % the extension by 0 of 4 to S, and by d the dimension
of FO%)(£,(4)) over Q,. Then we have

(—1)¢ det(Recp (2 Y), 3O(£.())) = e(T, (%), da). (9.2.1)

Let &’ be the residue field of S at . First, we reduce the theorem to the case Wher(? K =k.
We denote by 0’ € Py (k') and &’ € Pr/(k') the points induced by 0 € P(k) and oo € P(k), by
v': S — Py and ©': S — Py the morphisms induced by v and @, by T and T” the henselizations
of Py and Py at 0/ and oo respectively, by f/: S — T" and f': S — T the morphisms induced

by v’ and #' (or by f and f) and by w: 7" — T the canonical morphism. We have 77 =T @y, k'
and 7" =T ®y k'. By 3.6(ii), we have

w(F D (FLUD))) = O (£.(9)). (9.2.2)

Let d' be the dimension of %) (f/(%)) over Q,. Since 1" is a finite étale covering of T' of
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degree d/d’, we deduce by [Del73, 1.2] that we have

det(Recy(2), 3 (.(4)))
= det(Recy (7 7"), wa(1))” - det(Reeq, (771), §*(f(9)))

= (-1 det(Recs, (#71), §O(fL(9))). (9.2.3)
Since T" is a finite étale covering of T', we have, by 8.4(ii) and 8.9,
e(T', fi(4), dz) = (T, f.(4), dx). (9.2.4)

Equations (9.2.3) and (9.2.4) show that we may assume k&’ = k. We denote by L the completion
of the function field k(n) of S, by &, its valuation ring, by ¢t a uniformizer of k(n), and by ordy,
the valuation of L normalized by ordy(t) = 1. For any y € L, we put ¢y = dy/dt; if y € k(n), then
y' is well defined in k(n) (see 3.8). We consider L as a finite, separable, totally ramified extension
of both K and K, the completions of the function fields of 7" and T, respectively. Since z is a
uniformizer of K and 7! is a uniformizer of K, we have [L: K] = ordy(b), [L : K] = —ordy(c),
and tb'/b (respectively, —tc'/c) is a refined logarithmic different of L over K (respectively, of
L over K) (see §7.4). We put m = ordy (¥'), i = —ord(c), and denote by dy,/ the discriminant
of L over K (see §6.4).

We denote by x: L™ — @Z the quasi-character defined by the sheaf & over n, by (, )z, the

Hilbert symbol over L, by ko: k* — {£1} the unique character of order two, by ¢y: k — @;
the additive character 1o o Try/p,, and by Gy, the quadratic Gauss sum associated to vy (see
(8.5.2)). Observe that we have the following equality of additive characters of L

Yap = b © Trp i (9.2.5)
On the one hand, by 3.7, we have a canonical isomorphism of sheaves over 7
FOSfu()) 2 9 @ Ly (be) @ H (=30 © 2).
We deduce by (6.4.1) that we have
det(—Recp(2), §0)(f.(9)))
= (—1)"(&, dp i) ¢ det(Recs(c), G @ Ly, (be) © H (=50 ) @ 2). (9.2.6)

Moreover, we have

(@ dp )i = (& (~DEINL g (11 o) g

= ro(=1) &) (¢, 1)1, (9.2.7)

det(Recs(c), 9) = x(c), (9.2.8)
det(Recg(c), Ly, (bc)) =1y " <—Trk/]Fp <resL (bcdcc) >)

= (Yn(resz(cdb))) ™" = (Yap(c) ™, (9.2.9)

det(Recs(c), £ (—1V'c)) = (¢, =20/, (9.2.10)

det(Recg(c), 2) = (—l)iG;z. (9.2.11)

Equation (9.2.10) is obvious from the definitions, equation (9.2.7) follows from (8.10.1), equation
(9.2.11) follows from [Lau87, 1.4.3.2(ii)], and equation (9.2.9) is a consequence of [Ser68, XIV,
§ 5, Proposition 15]: the power —1 above v is due to the convention in § 3.1, and the minus sign
before Try g, is due to the convention in the definition of the reciprocity law (8.1.1). We deduce
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that we have

det(~Recy (@), 505 (£.(#))) = ro(-D (@) @an(e) ' Gyfle, —26)p. (0.2.12)
On the other hand, we have
(T, fu(4), dz) = ML/ K, $ar)e(S, %, db) = ML/ K, taz)e0(x, Yap)- (9.2.13)

By assumption, (¢, b, ¢) is a Legendre triple (cf. 2.16). So x is wildly ramified. We put n = sw(x)
and 7 the smallest integer such that 2r > n. By 8.11, for any y € t" 0, we have

2
X(l +y+ y2) = Yap(cy).
For any y € O, with residue class 7 in k, we have by (7.1.2)

Yap (V) 1y) = taw (@™ Trp e (10 /0) "1 y)) = Ui (7).
We deduce from 8.7(ii) that we have 1 +m — i =ord(tb'c) = —n and

_ 1 i (3 a-n-1 1 if n is odd
e0(X: Yab) = X~ ()¥ap(c)g' ro(—1)\ 2 /G ) X{(Qb’c,t)L i even (9.2.14)
By (8.10.2), we have
_ (") -m 1 if m is even,
ML/K, az) = ko(=1)' 2 /G ;™ X (@, 1), if m is odd (9.2.15)

To conclude the proof, it remains to check that the product of the right-hand sides
of equations (9.2.12), (9.2.14) and (9.2.15) is equal to 1. Since we have ¢ = m(—l)Gik (see (8.5.3)),

1+ m =1 —n and hence (mH) = (1) + (3") — in, we are reduced to checking that

2 2
1 if m is even and n is odd,
i) (. ogip (c,t)r if m is odd and n is even,
L=ro(=1) (e, =260)1, (20'¢c, t);, if m and n are even, (9.2.16)
(20, t),  if m and n are odd.
Since we have rko(—1) = (—1,t) = (¢, t), we are further reduced to checking that
(¢, =2b);,  if m is even and n is odd,
(¢, =2V't), if m is odd and n is even,
1 (—2b',tc)p, if m and n are even, (9.2.17)

(=2tV',tc)r, if m and n are odd.

In each case, the valuations of both terms of the Hilbert symbol are even, which proves the
required result.

Appendix A. Semi-continuity of the Swan conductor

A.1 In this appendix, (S, 7, s) denotes an excellent henselian trait, of equal characteristic p > 0,
with algebraically closed residue field k, that is, S = Spec(V) is the spectrum of an excellent
henselian discrete valuation ring, of equal characteristic p > 0, 7 and s are the generic and the
closed points of S. We denote by K the fraction field of V. We fix a geometric generic point 7
of S, and a finite field A of characteristic # p. A finite covering of (S, 7, s) stands for a trait
(S’, 1, s') equipped with a finite covering S’ — S.
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A.2 Let R be a complete discrete valuation ring, let L be the fraction field of R, let m be the
maximal ideal of R, let L’ be a finite separable extension of L, and let R’ be the integral closure
of Rin L'. We say that L’ is a stable extension of L if mR’ is the maximal ideal of R'.

A.3 Let R be a complete discrete valuation ring which is a k-algebra, let F' be the residue field
of R, let L be the fraction field of R, and let m be the maximal ideal of R. We assume that I
is an extension of finite type of k. Then the R-module of absolute 1-differential forms Q}% is
complete, separated, and hence free of finite rank over R. We denote by Q}{(log) the sub-R-
module of Q} generated by Q}, and d log(z) where z is a uniformizer of R (cf. [AS09, 5.4]). We
put QL (log) = Qk(log) ®r F. We have a canonical exact sequence

0—= QL ——=0L(log) —=>F ——0. (A.3.1)

Let .# be a A-sheaf of rank one over Spec(L). Kato [Kato89] associates to .# a Swan conductor
and a refined Swan conductor, that can also be defined using our ramification theory [AS09]. The
Swan conductor n =sw(.%#) is an integer >0, that vanishes if and only if .Z is tamely ramified.
The refined Swan conductor rsw(.#) is an element of the F-vector space

QL (log) ®p (m™"/m~"*1). (A.3.2)

If .7 is trivialized by a stable extension of L, then we have [Kato89, remark after 6.8]

(res ® 1)(rsw(F)) =0 €m™"/m "L, (A.3.3)

A.4 We denote by s the following category. Objects of €5 are normal affine S-schemes H for
which there exist an S-curve X (that is, a flat S-scheme of finite type and relative dimension
one) and a closed point x of X§, such that X is smooth over S outside z, and H is S-isomorphic
to the henselization of X at z. Let H, H' be two objects of ¥s. A morphism f: H — H of €5
is a finite morphism of S-schemes which is étale at the generic point of H'.

A.5 Let H be an object of s, (S',n/,s") be a finite covering of (S, n, s). Then H xg S’ is an
object of € (see [Kato87a, 5.4]).

A.6 Let H be an object of €s. We denote by H® the set of height 1 points of H, H; = H, N H®
and H = H; N H°. Then:

(i) H, is geometrically regular over 7, of dimension one, and for any p € Hp, the residue field
k(p) of H at p is a finite extension of K;

(ii) H, is a reduced henselian local scheme, of dimension one.

Indeed, let X be an S-curve and let x be a closed point of X such that X is smooth over S
outside x, and H is S-isomorphic to the henselization of X at x. The set of geometric points of
H is canonically isomorphic to the set of geometric points of X which are generizations of x;
moreover, the strict henselizations of X and H at associated geometric points are isomorphic
[SGA4, VIII 7.3]. We deduce that H, is regular of dimension one and, hence, geometrically
regular over n by A.5. The second assertion of part (i) is a consequence of [EGA4, 8.2.9 and its
corollaries|. The scheme Hj is the henselization of X at x, which implies part (ii).
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We denote by H s the normalization of Hg, which is a finite disjoint union of strictly local
traits (indexed by HS). We put

5(H) = dimy, (65 /On,). (A6.1)

A.7 We denote by Fg the following category. Objects of g are triples (H, U, %), where H is an
object of €, U is a non-empty open subscheme of H,, and .% is a locally constant constructible
étale sheaf of A-modules over U. Let (H, U, %), (H',U’, #') be two objects of Fs. A morphism
(H', U, #')— (H,U, F) of §g is a pair (f, g) made of a morphism f: H' — H of €5 such that
f(U') C U, and a morphism g: .#' — f};.#, where fy: U' — U is the restriction of f.

Let (S',1/,s") be a finite covering of (S, 7, s). By A.5, the base change S’ — S induces a
natural functor §g — §g/, that we denote by

(Hv U, ﬁ)H(Ha U’ 2)5’- (A71)

A.8 Anobject (H, U, F) of §g is said to be stable if there exists a finite étale connected covering
U’ of U satisfying the following conditions.
(i) The pull-back of .# to U’ is constant.
(ii) The normalization H' of H in U’ belongs to €s, and the residue fields of H’' at all points
of H, — U are finite separable extensions of K.
ProposITION A.9 [Kato87a, 6.3]. Let (H,U, .#) be an object of §g.
(i) Let (S',1n',s") be a finite covering of (S,n, s). If (H,U, F) is a stable object of §g, then
(H,U, %#)g is a stable object of Fgr.

(ii) There exists (S’, 1/, s') a finite covering of (S, n, s), such that (H, U, .7 )g is a stable object
Of%sl.

Proposition (i) follows from A.5 and proposition (ii) follows from [Epp73].

A.10 Let (H,U, .#) be a stable object of Fg such that .# has rank one over U. For p € H®, we
denote by R, the completion of the local ring of H at p (which is a discrete valuation ring), and
by k(p) its residue field. Following [DK73, XVI], [Lau81] and [Kato87a, 6.4], we define the total
dimension of ¥ at a point p, denoted by dimtoty, (%), to be the integer given as follows. For
p € Hy), we put

dimtoty, (F) = [k(p) : K](swp (F) + 1), (A.10.1)
where swy, (%) is the Swan conductor of the pull-back to .# over Spec(Ry) xpu U.

For p € H?, we denote by H s,p the integral closure of Hy in x(p) (which is a strictly local trait)
and by ordg the associated valuation of x(p), normalized by ordsy (k(p)*) = Z. We denote also
by ordp : Q}{(p) — {0} — Z the valuation defined by ord,, (adf) = ordsy (o), if o, 5 € k(p)* and
ordgy () = 1. We distinguish two cases.

() Assume that .# extends to a locally constant constructible sheaf of A-modules Z over an
open subscheme U of H that contains p. We denote by swy, (%) the Swan conductor of

the pull-back of Z to ITIS’p X | U. We put
dimtoty, (F) =swgy (F) + 1. (A.10.2)
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(ii) Assume that .# is ramified at p. We denote by n =swy (%) and rswy (%) the Swan and
the refined Swan conductors of the pull-back of .7 to Spec(Ry) xg U (see A.3). Let 7 be a
uniformizer of V. Since (H, U, .#) is stable, we have res(rswy (%) ® [1"]) =0 (see (A.3.3)).
Hence, we can identify rswy, (%) @ [n"] with the image of an element w € Qi(p » which does

not depend on the choice of 7 up to a multiplication by an element of £*. We put

dimtoty, (F) = —ords p (w). (A.10.3)
We put
og(H,U,Z)= Y dimtot, (F), (A.10.4)
peH,-U
0o(H, U, F) =Y dimtot, (F). (A.10.5)
pEH?

LEMMA A.11 [Kato87a, 6.5]. Let (H, U, %) be a stable object of §g such that .7 has rank one
over U and let (S',1n/, s') be a finite covering of (S,n, s). We put (H',U', #')=(H,U, F)g'.

(i) For any p’ € H)? with image p in Hg, we have dimtot, (%) = dimtot,(.%").

(ii) For any p € H, — U, we have

dimtot, (F) =) _ dimtot,(.F), (A.11.1)
p/

where p’ runs over the points of H' above p.

A.12 Let (H,U,.Z) be an object of Fg such that .# has rank one over U. By A.9(ii), there
exists a finite covering (S, 7', s’) of (S, n, s) such that (H, U, .7 )g is a stable object of Fg. We
put

on(H, U, 7) = oy((H,U, F)g), (A.12.1)
os(H, U, F) = oo (H, U, F)g). (A.12.2)

By A.11, these numbers do not depend on the choice of (S, 7/, s').

THEOREM A.13 (Deligne, Kato). Let (H, U, .#) be an object of §g such that .# has rank one
over U, let x be the closed point of H, and let u: U — H, be the canonical injection. Then we
have

dim(V0 (w.F)) — dim(VL(wF)) = os(H, U, F) — p,(H, U, F) — 26(H). (A.13.1)

If .# is unramified at every point of HY, Deligne [Lau8l, 5.1.1] proved the theorem for
sheaves of any rank. In the general case, Kato [Kato87a, 6.7] proved the theorem for sheaves
of any rank, with another definition of the invariant ¢s(H, U, ). One of the present authors,
Saito [Sai87|, gave another proof for sheaves of any rank, with yet another definition of the
invariant @4(H, U, % ). The latter corresponds to a second formula announced by Kato [Kato87b,
4.5]. If .Z has rank one, the invariant ¢(H, U, .#) in Kato’s latter formula coincides with our
definition [Kato89, remark after 6.8].

Note that formula (A.13.1) also holds in the case where S has unequal characteristic.
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Appendix B. Dimension of the local Fourier transform

B.1 We fix an algebraically closed field k of characteristic p > 0, a finite field A of characteristic
# p and a non-trivial additive character ¢y: F, — A*. We denote by .2, the Artin—Schreier
locally constant sheaf of A-modules of rank one over G, associated to 1. Apart from this
change of convention, we keep the same notation as in § 3. In particular, we consider the sheaves
Lo (xi) and Ly, (zZ) over A xy A and P x; P, respectively. For a scheme W over A xj A
(respectively, P x; P), we denote also by £y, (xZ) (respectively, £y, (xZ)) the pull-back of
Ly, (xi) (respectively, Ly, (zi)) to W.

B.2 Let X be a smooth connected curve over k, f: X — P be a k-morphism, étale over a dense
open subscheme of X, Y = f~1(A), s € X(k), z= f(s), and 2 € P(k). We denote by T and H
the henselizations of P and X xj P at Z and (s, %), respectively, by 7 the generic point of T and
(abusively) by # the closed point of T. We consider H as a T-scheme by the morphism H — T
induced by the canonical projection X xj; P — P. We denote by U the inverse image of Y x; A
in H: = H x4 7, and let

p(s, 2) = ps(H, U, Ly, (x)), (B.2.1)

where @; is the invariant defined in (A.12.2).

LEMMA B.3. Under the assumptions of B.2, we have

o [—ords(f*dx) if(z,2) € P x 0,
pls.2) = {1 if (2, 2) = (00, 0),

where ords(f* dx) is the order of the non-zero meromorphic differential form f* dx over X.

(B.3.1)

The case where (z, #) = (o0, 0) follows directly from the definition. Assume that z = co. We
put y =z~ and consider the base change T} — T given by T'[y1]/ () —y). We denote by p the
generic point of the special fiber of the canonical projection X x; 11 — T4, by R the completion
of the local ring of X x; T} at p, by K the fraction field of R, and by b the image of z in R
(which is a unit). Since f*dx # 0, b is not a pth power in R. By [AS09, § 10], the Swan conductor

of £y, (x&) at p is p, and its refined Swan conductor is the class of the differential form
db® [y, *] € Q(log) ®r (y1R) ™/ (y B) 7.

Moreover, £y, (x&) is trivialized by a stable extension of K, namely the extension L of K defined
by the equation ¥ — ¢t = b/y!. Indeed, the integral closure of R in L is generated over R by t; = yit
which satisfies the equation ¥ — 3 '¢; = b. The lemma follows.

B.4 We keep the assumptions of B.2. Moreover, let Yy be a dense open subscheme of X contained
in Y, let j: Yo — X be the canonical injection, and let ¢ be a locally constant sheaf of A-
modules of rank one over Yy. We denote by pry: X x; T — X the first projection, and consider
the complex of nearby cycles

U(pri(iY) @ Ly, (x))
in DY(X, A), relatively to the second projection pry: X x; T — T. We fix an algebraic closure of

k(7) and denote by 6 the associated geometric point of 7. We consider the sheaf % @ 2, (% fo)
over Xg =X Xy 0 (cf. §3.1 for the notation).

ProrosiTiON B.5. We keep the assumptions of B.2 and B.4.
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(i) If s€e Y — Yy and 2 = co, then we have
dim(WL(pr(F) © Ly, (@) = sws(F) + 1 + ord, (f* da).
(ii) If (2, 2) = (00, x0), then we have
A (UL (1} (F) & Doy (7)) = Waro (G © Lo (f0)) + 1 + ord(f* da).
(iii) If (2, 2) = (o0, 0), then we have
dim (W3 (pri (i) @ Ly, (22))) = sWsxo(Gp © Ly, (1 fp)) — sws(¥F).
This follows from A.13 and B.3.

PROPOSITION B.6 [Lau87, 2.4.3]. Let z € P(k), 2 € P(k), let T and T be the henselizations of P
and P at z and %, respectively, and let T and 7 be the generic points of T and T', respectively. Let
F be a constructible sheaf of A-modules over T, of rank rk(.%) and Swan conductor sw(.% ), and
let ©(.%) be the set of slopes of .%#. Then the rank of the local Fourier transform of .7 at (z, Z)
(see § 3.4) is given by

sw(Z) +rk(F) if(z,2) € A x 0,
) sw(F) —rk(F) if (z,2) = (0c0,) and O(.F) C |1, 0|,
k(39 (Z) =0 if (2, 2) = (0o, S0) and ©(.F) C [0, 1], (B.6.1)
tk(F) —sw(F) if (2, 2) = (o0, (:)) and ©(.Z) C [0, 1],
0 if (z,2) = (00, 0) and O(F) C [1, co.

By Brauer induction, we may reduce to the case where .7 = f,(¥), f: S— T is a finite
morphism, étale above 7, S is the spectrum of a henselian discrete valuation ring, with generic
point 7, and ¢ is a constructible sheaf of A-modules of rank one over 7). There exist a connected
smooth curve X over k, a k-morphism f: X — P, a point s € X (k), a dense open subscheme Yj
of X, and a locally constant constructible sheaf of A-modules of rank one, ¢, over Yy, such that
S is isomorphic to the henselization of X at s, z = f(s), f is induced by f, f(Yp) C A, and ¢ is
isomorphic to the pull-back of & to 1. We take again the notation of B.2 and B.4 (applied to f
and ¢). It follows from [DK73, XIII, 2.1.7.1 and 2.1.7.2] that we have a canonical isomorphism

FEAT) = U (pr] (59) © Z(x)). (B.6.2)
Let R be the completion of the local ring of S, let K be its fraction field, let ¢ be a uniformizer

of R, let b be the image of x in K, and let ord be the valuation of K normalized by ord(t) = 1.
For v € K, we put v/ =dv/dt € K. If (2, %) € A x o, then by B.5 and [Ser68, VI, § 2|, we have

k(9 (F)) = sw(¥) + 1 + ord (V)

/

th

= SW(g) + Ord <b—x(z)> —+ Ord(b — .’L‘(Z))

= sw(F) + rk(F). (B.6.3)
We fix an algebraic closure of k(7) and let  be the associated geometric point of 7', and Tygy be
the henselization of T xj 6 at z x; 0. We denote by a subscript {6} the objects deduced from
objects over T' by the base change Tys, — T'. Similarly as for (B.6.3), we have
W(Sj0y @ Floy (Lo (@) + 1+ ord(¥)
= sw(19y @ [{py (Lo ())) + ord(th(b™")") + ord(b)
= sw(F gy ® Ly, (21)) — tk(F), (B.6.4)

(30 (7)
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rk(§0(2)) = sw(Goy ® gy (Lo (2))) — sw(¥)
= sw(F (g ® Ly, (1)) — sw(F). (B.6.5)

Let k be a geometric generic point of Tygy, I = m1(7, k), I{gy = m1 (T}, K), 1@ and IEZ% (a € Qxo)
be the classical logarithmic ramification filtrations of I and Iy, respectively ([Ser68, IV];
cf. [AS02, AS03] for the notation). For every a € Qx, the canonical surjective homomorphism
Itpy — I identifies I* with the image of Ife}. We consider the slope decomposition of the
representation %, of I

Fe= P Fun.
AEO(F)
By [Lau87, 2.1.2.7], to conclude the proof of the proposition, it is enough to show that

(1)
(Fret @ Ly (7)) =0, (B.6.6)
Recall that 1M /104 is an F,-vector space. By [AS09, 14.3 and 14.4], we have an isomorphism

Homyz (I'V/10F) F,) ~ k, (B.6.7)

and similarly for Iﬁ% /Iéé;r) (in [AS09], we trivialize the line N_; by z~!). Since we fixed a

non-trivial character v¢o: F, — A*, the action of I(l)/I(H') on #,1 determines a finite set

of characters () /I 1+ - F,, and hence a finite set of points ¥ C k. Similarly, the action of
Iﬁi/]&},?) on Zy,(xZ), determines the point & € k(6) (cf. [AS09, 9.13]). Since Z ¢ 3, equation
(B.6.6) follows.
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