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Abstract

In this paper we prove several growth theorems for second-order difference equations.

1. Introduction

In this paper we study second-order nonlinear difference equations of the form

) + gn, neN, (1.1)

where xn is the desired solution, and cn, dn and gn are given real sequences.
In Section 2 we give and cite several auxiliary results which we shall apply in the

sections which follow.
In Section 3 we study the second-order linear difference equation

cnxn+x - bnxn + cn_ixn_i = 0 , n e N, (1.2)

where xn is the desired solution, and bn and cn are given real sequences. We investigate
the asymptotic behaviour of the solutions of that equation under some conditions. We
were motivated by [12] and [18].

This equation models, for example, the amplitude of oscillation of the weights on
a discretely weighted vibrating string [2, p. 15-17].

A presentation of the results on similar problems for second-order differential
equations can be found in [4].

In Section 4 we study the asymptotic behaviour of the second-order nonlinear
difference equation (1.1).
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2. Auxiliary results

For an investigation into the asymptotic behaviour of the solution xn, we need a few
auxiliary lemmas. The first one is a discrete variant of the Bellman-Gronwall lemma.
The continuous case of this lemma can be found in [3,4] and [10]. Applications and
further generalisations of this lemma can be found, for example, in [7,11-13,16-
18,20].

LEMMA 2.1 ([16, p. 112]). Ifxn, bn, cn > 0, and

c,x,, n eN ,

then
n-\

xn < an + bnY^ atCte^''*' b'c', n e N .

COROLLARY 2.2. Ifxn, cn > 0, c is a positive constant, and
n - l

xn < c + y j c,x,, neN,

rnen
xn < cexp

PROOF. By Lemma 2.1 we have

(!rCl)' neN'

n - l

jcn < c + c ^ c,e^='+1 **, n e N .
1=1

Apply ing the wel l -known inequali ty x < e' — l , x > 0 , we obtain

f l + 53(eC|-l)«5^«cM

(

as desired.

The following lemma was proved in [20].
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[3] Asymptotic behaviour of second-order difference equations 159

LEMMA 2.3. Ifxn, cn > 0, c is a positive constant, p e [0, 1) and

n—\

xn < c + ^ c.vcf, n € N,

then

„_,
i/Ci-/»)

^

The following lemma is a variant of the discrete version of Bihari's inequality [5].
This lemma generalises a discrete inequality in [11], see also [16, p. 114].

LEMMA 2.4. Assume that xn, an, bn and cn are positive sequences, and that an and
bn satisfy the conditions

and
n - l

xn < an + bn J^ c,g(x,), neN, (2.2)

where the real function g(x) is continuous, nondecreasing and g(x) > x, for x > 0.
Then

I anbn ^ \
xn < G"1 \G(ax) + M In -2-^ + ) bi+xc, ] , nel,n0, (2.3)

where G(u) = f"(ds/g(s)) and

no = G(ax) + Mln^- + J2bi+xct € G(R+) .
i=i

PROOF. Let Rn = bnJ2"J cig(x,), sn = J2U ctg(x,) and vn = Rn + an. We can
write (2.2) in the following form: xn < an + Rn, n e N. From that we get

0 < vn+x ~vn = fen+i(5n_! + cng{xn)) - bnsn_x + an+x - an

= (bn+x - bn)sn-x + bn+xcng(xn) + an+x - an

= ^n + bn+xcng(xn) + an+x - an. (2.4)

By the mean value theorem we have

un+i) - G(vn) = (vn+x - vn)/g(£n), (2-5)
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for some £„ 6 (vn, vn+x). From (2.4) and (2.5) we obtain

- G{vn) = —— ( -—•—- Rn + bn+icng(xn) + an+1 - an )

bn+t - bn an+1 - an

< r 1" bn+\cn H r~l~< (2-6)
bn g(an)

since g(an) < ^(un) < #(£„).
Summing (2.6) from 1 to n — 1, we obtain

n—1 , , n - 1 n—\

G(wB) < G(ax) +

From the conditions of the theorem we get

M £ ^±-^i + g bi+lCi + M

Since every positive nondecreasing sequence yn satisfies the following inequality:

we obtain

G(yn) < G(a,) + M In

and so (2.3) follows.

LEMMA 2.5 ([14, p. 281]). Let vn > 0 and assume that the series
1^^7 v" converge. Then

Um ^ = c =• lim § £ ^

3. The linear equation case

We are now in a position to formulate and to prove the main results in the case of a
linear equation. In what follows we exclude the trivial solution from consideration.

Observe that the difference equation xn+i — 2xn + xn_\ = 0 has a general solution
in the form xn = an + b for some a, b e R. In the following theorem we give
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one sufficient condition, such that the difference equation (1.2) has solutions which
approach those of xn+1 — 2xn + xn_i = 0. An equivalent result was proved in [6,
p. 377]. We present here a different proof which follows the lines of the proof given
in [4] in the continuous case. The proof essentially appears in [9, Theorem 7.17] but
contains a gap. Hence we present here a correct proof.

THEOREM 3.1. Consider (1.2) where J ^ i ( | l - c,| + |2 - fc,|) < +00. 77ien tfie
general solution is asymptotic to an + b as n —> 00, where a or b may be zero, but
not both simultaneously.

PROOF. Without loss of generality we may suppose cn > 0, n e N U {0}. Let us
write (1.2) in the following form:

A(cn_iAjcn_0 =dnxn. (3.1)

It is clear that dn = bn — cn — <:„_]. Let yn = xn+i — xn. Then from (3.1) we have

cnyn - cn_,yn_i = dnxn, n e N. (3.2)

Summing (3.2) from 1 to n — 1, we obtain

1 / , x^. \ „,.
xn ~~ xn-\ = I c0y0 + / aixi I • K.3-J)

c»-i \ £1; /
Now, summing (3.3) from 1 to n, we get

A 1 A 1 " ' x

JCn = *0 + Co^o ^
,=1 C ' - ' ,=1 - — \;=1

By the condition of the theorem, cn -> 1 as n -> 00. Therefore

A 1
n->oo

and the sequences ( | l /cn | ) and ( | ( l /n ) Yl"i=\ l / c i - i | ) a r e bounded, for example, by
M > 0 .
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It

n

follows that

~ 5- 1" |cbl
n

= — + kol
n

< kol + |col 1

< (kol + |col

< (kol + Icol

= Mi < oo,

n

M

X\ — XQ\M + M

\xx -* 0 |M)exp

\xt -A:0 |M)exp

Stevo Stevid

tPdillXjl

• ^_\(n ~ 01*1 l*i 1
1=1

n - l . .
* \ i |.Xj |

/ I 1 di ^~^~

1 = 1

/ " " ' \

( Af J ] i|rf,| I
\ i=i /

/ °°
(M|l-co| + 3M^]/(|1 - c,\ + \b,

[6]

\

-2 | )J
(3.4)

where in the third inequality we applied Corollary 2.2.
From (3.4) we obtain

n—1 n— 1 +oo

' I * ' < °°- (3-5)

By (3.3), we can conclude that there exists linin^ooixn — xn_i) = a. If this limit is not
zero, we have xn ~ an as n —> oo. In particular, xn ^ 0 for sufficiently large n. To
ensure that l im^oo^, , — xn_x) is not zero, we may chooseX\ and x0 such that

+00

1=1

Further, we shall use the fact that

/ n- l i - l \ / n- l .

Zn=Xn[c+YU-^-\=Xn\C ^

is another solution, linearly independent of xn; see, for example, [15, p. 160]. There-
fore

=x»[Y,—
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is another solution, linearly independent of xn. It is well-defined since xn ^ 0 for
sufficiently large n and xn ~ an as n -*• oo. By Lemma 2.5, we obtain

.. *n .. ( E t " mC,X,Xl+l)) l/(CnXnXn+l) 1
km zn = hm — hm " '- = a hm = - .

n->oo n->oo n n-i-oo 1/w n-+oo \/(n(n + I)) a

Thus the solution azn is asymptotic to 1 as n -> oo, and therefore every solution of
our difference equation is asymptotic to an + b as n —> oo.

If yn is an arbitrary solution of (1.2) and if limn_,.+(X)yn is finite, then yn — czn,
n e N for some c e R. Thus if limn^+K, vn = 0 we obtain c = 0, that is, yn is a trivial
solution. In the other cases limn_,.+oo yn — oo and so a ^ 0.

Before formulating the following result we would like to point out that recently
W. Trench investigated principal and nonprincipal solutions of the nonoscillatory
equation (3.1) in [19].

Let us investigate what happens in the case of J2t™ 'Vil = +°°- The simplest
case is when dn = 1/n", a e (0, 2] and cn = 1 for all n e N.

THEOREM 3.2. Consider the equation

xn+l -2xn+ *n_i = dnxn, (3.6)

vv/iere dt = c/z", f 6 N, c 6 R, a 6 (0, 2]. Then for every solution of (3.6) the
asymptotic formula

(1) xn = <?'(/I
|c|+1),/ora = 2)

(2) xn = 0(neMn /(2-a)), for a € (0, 2)

PROOF. Let yn = *n + 1 — xn. As in Theorem 3.1 we have

"-' 1
xn ~ xn_x = yn_i =yo + c^2 -^xi- (3-7)

i=i

Now, summing (3.7) from 1 to n, and by a simple calculation we obtain

tn = x0 + n(xi - x0) + c ̂ ( n - i) —x(. (3.8)
1

It follows that

n - l .

\xn\ < \xo\ + n\xt - xo\ + n\c\ ̂  —
1 = 1
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and further

Stevo Stevic

\XO\
c > —

fl-1

1=1

Applying the discrete Bellman-Gronwall lemma, we obtain

\xn\ -
< (\xo\ + \xi —xo\)exp

n
We have

H±
i

r dt

r, for « € (1,2],

for a e (0, 1].

Thus we have

n-1

i = l

<

1=1

1 +
2-o

n2"" - 1

2-a

for a € (1, 2),

, for a € (0, 1].

From all of the above, the result follows.

EXAMPLE 1. Consider the difference equation

2
*n+i -2xn+ *n_i = — *n, n > 1.

n2

This equation is derived from (3.6) by putting c = 2. Its solution is xn — n2.

EXAMPLE 2. Consider the difference equation

6
xn+i -2xn+ *n_i = — xB, n > 1.

This equation is derived from (3.6) by putting c = 6. Its solution is xn = n3.

[8]
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QUESTION 1. These two examples motivate us to conjecture that in Theorem 3.2

Xn = e («<
holds. Is it really so and for what c e R does this formula hold?

These examples show that for a fixed a the growth of the solution of (3.6) really
depends on the parameter c.

THEOREM 3.3. There exists a sequence dn such that limn^.+00 dn = 0, Ylt™ 'l^il =
+oo and for some solutions of (3.6), nk •< \xn\ holds for every k 6 N.

PROOF. Consider the equation

xn+x -2xn+ xn_i = —xn, a e (0, 2).
na

We know that
n-l j

xn=x0 + n(xi - x0) + ^(n - i)—xt. (3.9)

Let x0 = 0 and xx = 1. It is easy to see that in that case xn > 0 for every n e N . Thus

we have xn > n, for n e N. Applying this in (3.9) we obtain

n—\ , n - l i n—1

Since
1 r~ ' dt

1=1

we have that there is a c\ > 0 such that

jc, > n + c , n 3 - ° > c , n 3 - , (3.10)

for all n e N. Hence n? -< \xn\, for £ < 3 — a. Applying (3.10) in (3.9) we obtain

n—1 « n—1 . n—1 .

*„ > n + c, ^(n - 0-/3-" = « + nc, £ — - c, ^
1=1 1=1 i = l

from which it follows that there is a c2 > 0 such that ;tn > n + c2n
5~2a, for all n € N.

Repeating the previous procedure and by induction we obtain that for every k eN,
there is a constant ck > 0 such that

xn > n + ckn
2k+l-k° > ckn<2-a)k+\

for every n e N. From this and since a 6 (0, 2) the result follows.
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4. The nonlinear equation case

In this section we shall study the asymptotic behaviour of the second-order nonlinear
difference equation (1.1).

THEOREM 4.1. Consider (1.1) where

(a) cn > S > 0, n > /z0;
(b) gn is an arbitrary real sequence;
(c) dn is a real sequence such that Ylt™ 'l^'l "̂  +°° ;
(d) / is a real function such that \f (x)\ < L\x\",x e R,forsome L > Oandsome

a e [0, 1].

Then the following asymptotic formula holds:

/ n-l

xn = 6 I n + n 2_^{n - i)\gt\ J as n -> +oo.

PROOF. Let yn = cn(xn+\ — xn). Then from (1.1) we have

yn - yn-\ = dj (xn) + gn, ne N. (4.1)

As in Theorem 3.1 we can obtain

coyo
1=1 - ' - ' i=l - ' - ' \y=l

By conditions (a), (d) and some simple calculations, we obtain

n - l n - l

\xn\ < |x01 +«koll*i -xo\M + M

n - l n - l

< |jco| + n\co\ I*, - ^0|M + M ^ ( n - i)|g,| + nML J^ \d,\ \x,\a,

where M is an upper bound for the sequence (| \/cn |).
Let An = YH=l(n ~ i)\gi\- By the well-known inequality \x\a < 1 + |JC|, x e R,

a € [0, 1], we have

n - l

\xn\ + 1 < c(l + n + An) + cn / J |</,-|(|JC,-| + 1),

for some c > 1.
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By Lemma 2.1 and condition (c), we obtain

n—1

l*»l + 1 < c(l + n + An) + c2n

n-\

n + An) + C,/J 5^(1 + i + A,)|d,|. (4-2)

where ci = cV^K"1*1.
From (4.2) we obtain

I I _ l _ 1 1 — 1

} <(M + \) + Ya + i)\d\ (4.3)n + nAn jf

since A, is nondecreasing. From (4.3), the result follows.

REMARK 1. If a > 1, then the theorem does not hold.

EXAMPLE 3. Consider the difference equation

2
xn+i - 2xn + *n_i = -£X°, n > 1, a > 1.

This equation satisfies all conditions of Theorem 4.1 except a € [0, 1]. For this
equation xn = n2 is a solution, but xn is not 6{n). Also limn^oo^n+i — xn) is not
finite.

EXAMPLE 4. Consider the difference equation

6
JCB+1 - 2xn +xn_x = —5̂ —J-JC", n > 1, a > 1.

For this equation xn = n3 is a solution, but *„ is not &(n).

THEOREM 4.2. Consider (l.l) where

(a) cn > 8 > 0, n > n0;
(b) gn is a real sequence such that Ylt™ \St\ < + ° ° ;
(c) dn is a real sequence such that Xl/^T '"l^il < +°°,for some a e [0, 1);
(d) / w a real function such that \f (x)\ < L\x\",x € R, for some L > 0.

Then for every solution xn of (1.1), xn = 0(n) as n —> + oo and the following limit
is finite:

lim cn_i(xn - * „ _ , ) .
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PROOF. AS in the proof of Theorem 4.1 we have

n - l n - l

\xn\ < |xo| + n\co\ |*, - xo\M + M£(n - i)\g,\ + nML J^ \d,\ \x,\"

/ n-l \ n-l

for some c > 0. Since ]TfaT |g,l < +oo, we have

1=1 i=i

For a e [0, 1), by Lemma 2.3 we get

j ] J +oo,

thus the first part of the theorem follows.
From the above we know that there exists M > 0 such that \xn\ < Mn, for every

n 6 N. Summing (4.1) from n + 1 to n +p, we obtain

Hence

yn+p -

\yn+P -

•yn =

<

n+p

E ft
i=n+l

Eift
i=n+l
n+p

n+p

+ E drf
i=n+l

\ ^
1 ~̂~ 7 \&i

i=n+l
n+p

i=n+l i=n+l

By the conditions of the theorem and Cauchy's criteria we obtain the result.

REMARK 2. Theorem 4.2 is a generalisation of the main result in [8]. The result also
holds in the case a = 1 (see, for example, [1, Problem 6.24.40]). Using Corollary 2.2
instead of Lemma 2.3 in the above proof we can prove the theorem in this case.

REMARK 3. Example 3 shows that we cannot allow that £ ^ 7 i"KI = +°° , for
some a e [0, 1). Indeed, in that case dn = 2/n7" and £ i7 ' " l 4 l = E t T 2 / ' " =
+oo, if a € [0,1). On the other hand xn = n2 is a solution such that xn
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THEOREM 4.3. Consider (1.1), where gn=0 and cn = lfor all n e N, / is a real
even nondecreasing function for x > 0, f (x) > \x\forx € Rand f °°ds/f(s) =
+00. Then for every solution xn of{\) we have

G(2c) + 41nn+ £](; +1)141)) as n -* +oo,

w/iere c = max{l , |*o|, |JC0 — JCI |} and G(u) = /e" ds/f (s), s e (0, 1).

P R O O F . A S in Theorem 4.1 we have

n - l

1=1

n—1

:\dt\f{\x,\

By Lemma 2.4, we get

G(2c) + 2In ! ^ ± i 2 + ̂ ( l- + i)|d.| j , for „ 6 N>

since J_oo ds/f (s) = f+°° ds/f (s) = +oo, from which the result follows.
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