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COT/STRUCTURES ON MOORE SPACES 
OF TYPE (G, 2) 

MARTIN ARKOWITZ AND MAREK GOLASINSKI 

ABSTRACT. We consider the set (of homotopy classes) of co-//-structures on a 
Moore space M(G,n), where G is an abelian group and n is an integer > 2. It is shown 
that for n > 2 the set has one element and for n = 2 the set is in one-one correspon
dence with Ext(G, G (8) G). We make a detailed investigation of the co-//-structures 
on M(G, 2) in the case G = Zm, the integers mod m. We give a specific indexing of 
the co-//-structures on M(Zm, 2) and of the homotopy classes of maps from M(Zm, 2) to 
M(Z„, 2) by means of certain standard homotopy elements. In terms of this indexing we 
completely determine the co-//-maps from M{Zm, 2) to M(Zn, 2) for each co-//-structure 
on M(Zm, 2) and on M(Zn, 2). This enables us to describe the action of the group of ho
motopy equivalences of M(Zm, 2) on the set of co-ff-structures of M(Zm, 2). We prove 
that the action is transitive. From this it follows that if m is odd, all co-//-structures 
on M(Zm, 2) are associative and commutative, and if m is even, all co-//-structures on 
M(Zm, 2) are associative and non-commutative. 

1. Introduction. Let G be an abelian group and n an integer > 2. A Moore space 
of type (G, n) is a 1-connected, CW-complex X such that 

\ u i = n, 

where Ht denotes the i-th reduced homology group. It is well known that Moore spaces 
exist and that any two of type (G, n) have the same homotopy type. We denote a Moore 
space of type (G, n) by M(G, n). Since the suspension 1LM{G, n — 1) of a Moore space of 
type (G, n— 1) is a Moore space of type (G, n), it follows that every Moore space Af(G, n), 
n > 3, is a co-//-group, i.e., a co-H-space with associative comultiplication. This is also 
true for M(G, 2) (see §3). Thus homotopy classes of maps of M(G, n) into an arbitrary 
space X can be given natural group structure. In this way we obtain the n-th homotopy 
group of X with coefficients in G, denoted 7rn(G; X). This illustrates an important use of 
Moore spaces, namely, to introduce coefficients into homotopy groups. Another impor
tant application of Moore spaces is in the construction of the homology decomposition 
of a space [Hi, Chapter 8] which is the dual of the Postnikov decomposition. 

In this paper we investigate the number of homotopy classes of comultiplications of 
M(G, n) and their properties. We see in §3 that for n > 3, M(G, n) has a unique comul
tiplication and that the comultiplications of M(G, 2) are in one-one correspondence with 
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the group Ext(G, G 0 G). In §5 and §6 we specialize to the case when G = Zm, the inte
gers modm, and obtain detailed information about the comultiplcations of M(Zm, 2). We 
give an explicit description of the comultiplications of M(Zm, 2), the co-//-maps from 
M(Zm,2) to M(Zn,2) and the homotopy self-equivalences of M(Zm,2), all in terms of 
certain standard homotopy elements. Our main result (Theorem 14) is a formula which 
completely characterizes the co-//-maps from M(Zm, 2) to Af(Zn, 2) with respect to each 
comultiplication of M(Zm,2) and each comultiplication of M(Zn,2). From this we de
termine the action of the group of homotopy equivalences of M(Zm,2) on the set of 
comultiplications of M(Zm, 2). We then deduce that all comultiplications of M(Zm, 2) are 
equivalent. It follows that they are all associative, and are either all commutative or are 
all non-commutative, depending on the parity of m. 

We conclude this section by giving our notation and standing assumptions. All spaces 
are connected, based spaces of the based homotopy type of based CW-complexes. All 
maps and homotopies are to preserve base point. We do not distinguish notationally be
tween a map and its homotopy class. Thus we ambiguously regard a map/: X —> Y as 
an element of [X, Y], the homotopy classes of maps from X to Y. Maps g: Y —» Y' and 
h: X' -> X induce functions g*\ [X, Y] -» [X, Y'] and h*: [X, 7] —• [X,' y] in the usual 
way. If LA is the suspension of the space A, then for every space Y, [£A, Y] has a group 
structure, which is denoted by '+', such that g*: [LA, Y] —> [LA, Y'] is a homomorphism. 
The identity map of a space or group is denoted by 1 and the constant map of spaces 
is denoted by 0. For a map / : X —-> F the induced homomorphisms of homology and 
homotopy groups are written as follows: 

UHn(X)-^Hn{Y) and fy:nn(X)-^ nn(Y). 

For an abelian group G and integer n > 2, there is the exact sequence of homotopy 
groups with coefficients [Hi, Chapter 5] 

0 —> Ext(G,7rn+1(X)) -±-> 7Trt(G;X) -^ Hom(G,7r„(X)) —> 0, 

where 7rn(G;X) = [M(G,n),X]. The homomorphism r\ is defined by r)(f) = /# : G = 
7r n (M(G,n))^7r n (X) . 

2. Comultiplications. A comultiplication or co-H-structure on a space X is a map 
(p:X—+XVX such that y'(/? = A, where j : X V X ^ X x X is the inclusion and A: X—^ XxX 
is the diagonal map. (Recall that this is equality of homotopy classes or homotopy of 
maps.) Equivalently, ip:X —> X V X i s a comultiplication if and only if qnp = 1 = 
q2(f: X —-)> X, where q\,qim. X V X —> X are the two projections. A space X together with 
a comultiplication y? is called a co-H-space. If (X7, (/?') and (X, <̂ ) are co-//-spaces and 
h: X' -^ X is a map, we say that /z: (Xr, (̂ r) —> (X, (/?) is a co-H-map if tph = (hV h)tpf. 

Now let (X, (/?) be a co-H-space. Then (/? is commutative if T<p = <p: X —> X V X, 
where T: X V X —̂  X V X is the map which interchanges coordinates. We say that ip is 
associative if(ip\/l)<p = (IV (p)ip:X—> XVXVX. If (/? is associative, we call (X, <p) an 
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associative co-H-space or a co-H-group (see [H-M-R, Theorem 2.3]). If (X, (/?) is a co-

//-group, then the comultiplication p induces group structure on [X, Y] for all spaces Y 

such that g* : [X, Y] —-> [X, F'] is a homomorphism. The primary example of a co-//-group 

is the suspension of a space; the suspension of a map is then a co-//-map. 

LEMMA 1. If(X, p) is an associative co-H-space, andj*: [X, FV Y] —• [X, y x Y] is 

the homomorphism induced by the inclusion j : Y V Y —• Y x y, /7z£rc j/jere /s a function 

p: [X, y x y] —> [X, y V y] swc/z thatj*p = 1. Furthermore, if[X, YW Y] is abelian, p is 

a homomorphism. 

PROOF. We use the following notation: p\,p?. Y x Y —> Y for the two projections, 

jiji- y —> Y x y for the two inclusions and i\,iï- Y —> y V y for the two inclusions. 

Clearly 0: [X, Y x Y] -> [X, y] x [X, y] defined by 0(a) = (/?i*(a),/?2*(a)) = (p\oc,p2a) 

is an isomorphism. The inverse 9 of Misgiven by 6(13,1) = j\*((3)+J2*(l) for (3,1 E [X, y]. 

Now define //(/?, 7) G [X, y v y ] by //(/?,7) = iu((3)+i2*(l). Note that /x: [X, Y] x [X, y] —• 

[X, y V y] is a homomorphism if [X, y V y] is abelian, but not necessarily otherwise. We 

set p = p6 and need to showj*p = 1. For this is suffices to prove j*n — 6, which is 

easily verified. • 

For an associative co-//-space (X, ip), let C(X) Ç [X,X V X] be the set of comulti-

plications of X. We use the following notation below: If A is any space and (U, V) is a 

pair of spaces (V Ç £/), then TT\ (A; U, V) denotes the homotopy classes of maps of pairs 

(CA,A) —-> (U, V), where CA is the cone on A. 

PROPOSITION 2. If(X, p) is an associative co-H-space, then C(X) is in one-one cor

respondence with the group ir\ (X; X x X, X V X). 

PROOF. Consider the exact sequence of the inclusion 7 [Hi, Theorem 4.1] 

[ZX,XVX] - ^ [ Z X , X x X | — > 7 r i ( X ; X x X , X V X ) ^ [ X , X V X ] - ^ [X,X x X]. 

By Lemma 1, bothyVs are onto and so we have a short exact sequence of groups 

1 — > 7 T 1 ( X ; X x X , X V X ) ^ [ X , X V X ] - ^ [ X , X x X ] —> 1. 

If À G [X,X x X] is the diagonal, then C(X) = j*l(A). Butj~l(A) is in one-one corre

spondence with Kery* = Image d fia TT{ (X; X x X,X V X). • 

REMARK 3 (cf. [A-L, LEMMA 2.1]). If F is the homotopy fibre of/: X V X - * X x X, 

then in the above proof one can replace the relative group TT\ (X; X x X, X V X) with [X, F] 

and conclude that C(X) is in one-one correspondence with [X, F]. 

3. Comultiplications of Moore spaces. As mentioned in §1, every Moore space 

M(G,n), n > 3, is a suspension. We now show this for M(G, 2). We write G = F/R, 

where F is a free-abelian group. Let {xi}ieI be a set of free generators of F and {)>;}/&/ a 

set of free generators of R. We consider 

S)=ysl
i and Slj = \/Sj9 

ta jeJ 
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where Sj = Sj = S1, the circle. We define a map/: Sj —> S] by defining f\Sj, which 
is an element of 7Ti(Sj), the free (non-abelian) group generated by the set {xi}ieI. This 
element is taken to be a lifting of the element yj E F to 7r\(SJ) under the canonical 
epimorphism ir\(Sl) —> F. Now let L(G) be the mapping cone of/, L(G) = 5) U/ CS). 
Clearly H.(L{G)) = 0 for / ^ 1 and / ^ (L(G)) = G. Thus 1L(G) is a Moore space of 
type (G, 2). By uniqueness, M(G, 2) = ZL(G). 

Thus all Moore spaces M(G, ri), ft > 2, are co-//-groups. 

PROPOSITION 4. (7) F/ze se£ of comultiplications C[M(G92)j is in one-one corre
spondence with the group Ext(G, G 0 G). 

one element, the suspension comultiplication. 

PROOF. By Proposition 2 with X = M(G,n\ C(X) and 7 T I ( X ; X X X J V I ) are in 
one-one correspondence, and the latter group is just the relative homotopy group with 
coefficients 7rn+i(G;X x X,X V X) (see [Hi, pp. 26-27]). Thus there is a short exact 
universal coefficient sequence 

0 —> Ext(G, 7Tn+2(X x X, X V X)) —> 7Tn+l(G; X x X, X V X) 

- ^ Hom(G, TT„+I (X x X, X V X)) — • 0. 

But#,(X x X,X VX) = 0 for i < In and H2n(X x X,X VX) - Hn(X)®Hn(X) = G®G. 
Hence, by the Hurewicz theorem, 7T/(XX X, XVX) = 0 for / < In and 7r2„(Xx X, XVX) = 
G®G. Since « + 1 < 2w, the above sequence yields 

7 r n + 1 (G ;XxX,XVX)-Ex t (G ,^ + 2 (XxX,XVX)) - { ^ x t ( G G 0 G ) " > ^ • 

We illustrate Proposition 4 by determining the size of C{M(G, 2)) for certain groups 
G. If the group Ext(G, G<S>G) has order k, we shall say that M(G, 2) has k comultiplica
tions. 

EXAMPLES 5. (i) If G is free-abelian, then Ext(G, G ® G) = 0. 
(ii) If G is a divisible group, then G 0 G is divisible, and so Ext(G, G 0 G) = 0. 
(iii) Let F be a set of primes and Z(P) = {f G Q | /? does not divide /?, for every 

/? G F}. Then Z(p> 0 Z(p> = Z(P) and so Ext(Z(p), T{P) 0 Z(p}) = Ext(Z(P), Z(P)). But Z(p} 

is F-local and so Ext(Z(/>), Z(p>) = Ext(Z, Z(p)). However the latter group is zero. 
Thus for each of the groups in G in (i)-(iii), M(G, 2) has one comultiplication. 
(iv) Let G = Zm, the integers modm. Then Ext(Zm, Zm 0 Zm) = Ext(Zm, Zm) = Zm. 

Therefore M(Zm, 2) has m comultiplications. 
(v) Let G = Zm © Tn. Then G 0 G = Zm 0 Zn 0 l_d 0 Zj, where d is the greatest 

common divisor (m, n). Therefore 

Ext(G, G®G) = Ext(Zm, Zm 0 Zn 0 Zd 0 Zrf) 0 Ext(Zn, Zm 0 Z„ 0 Td 0 Z^) 
6 

- z f f l © z n e 0 4 
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Thus M(lm ® Zn, 2) has rand6 comultiplications. For example, if P is the real projective 
plane, then M(l2 0 Z2,2) = I P V IP . Thus I P V I P has 28 comultiplications. 

(vi) Let G = ZeZm.Itnowfollowsasin(v)thatExt(G,G(g)G) = Zm®ZmeZm0Zm . 
Therefore Af (G, 2) has m4 comultiplications. 

(vii) Let G = 0 g j G/, where G, = Zm for every z. Then G^G—G. Hence 

Ext(G, G (8) G) = Ext ( 0 G/, G 

oo 

= IlExt(Zw,G) by[H-S,p.97] 

oo 

= n G/mG. 
i=l 

ButmG - 0 and soExt(G, G®G) = I~I(© Zm). More precisely, Ext(G, G®G) = n~i #/> 
where Bj = © ^ Gt = ©^ 1 Zm, for each/ Note that nj^i #/ n a s t h e cardinality of the 
continuum. Therefore M(G, 2) has a continuum of (homotopically distinct) comultipli
cations. 

For the remainder of this paper we focus our attention on the Moore spaces M(Zm, 2). 

4. Homotopy elements of finite order. In this section we consider the order of 
certain homotopy elements with reference to the Moore space M(ZW, 2). These results 
are needed in the next section, but may be of independent interest. 

We shall adopt the following notation for the remainder of the paper: M for M(Zm, 2), 
TV for M(Z„,2), iui2-M —• M V M and LI9L2: S2 —• S2 V S2 for the inclusions, ^ , ^ 2 : 
MM M —-> M for the projections and </>: S3 —* S2 for the Hopf map. We also use i\, i'2: N —• 
NV N and q[, q'2: N VN —^ N for the inclusions and projections. We let <i be the greatest 
common divisor of m and n,d= (m, «), and 6 the greatest common divisor of m, 2n and 
n2, 6 = (m, (2n, n2)). If r is an integer, then r: IA —-> IA is the element r • 1 in the group 
[IA, IA]. For spheres, r: Sn —> S72 is just the map of degree r. Observe that the mapping 
cone of m: S2 —> S2 is M = Af(Zm, 2) = S2 Um e3. Thus there is an inclusion /: S2 —• M 
and a projection q:M —+ S3. The maps / and g are suspensions. We also let /' denote the 
inclusion S2 —^ N and qr the projection N —* S3. 

We consider the composition /'</>g 

PROPOSITION 6. Tfce element i'<j>q e[M,N] = Tr2(lm;N) has order 8. 

PROOF. Consider the homomorphism of universal coefficient sequences induced 
by/' 

0 - ^ Ext(Zm,7r3(S
2)) - ^ ^2(Zm;52) - ^ Hom(Zm,*2(S2)) —-» 0 

JExKZ,,,,;) | ,: I 

0 — Ext(Zm,7r3(AO) - ^ ^2(Zm;A0 — Hom(Zm,w2(A0) —* 0. 
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We first show that /* carries an element of order m in 7r2(Zm;S2) into an element of 
orders in 7T2(Zm;A0. Now Hom(Zm,7r2(>S2)) = Hom(Zm,Z) = 0 andExt(Zm,7r3(S

2)) = 
Ext(Zm, Z) = Zm. Furthermore, 7r3(A0 = Z(2n^2) (

s e e e-E- [Si, Lemma 1]). Then 

Ext(Zw,7r3(W)) = Ext(Zm,Z(2n>n2)) = Z*. 

Thus the above diagram becomes 

Zm = Ext(Zm,^3(S2)) - ^ ^(Zm ;S2) 

|Ext(Zm,/;) K 

Z5 = Ext(Zm,^3(A0) - ^ ^2(Zm;A0 

with A an isomorphism and À' a monomorphism. From the exact homotopy sequence of 
the pair (N,S2), i'#: 7r3(S

2) —* ̂ (AO is onto. But Ext(Zm,G) is naturally isomorphic to 
G/mG for all G, and so the following diagram is commutative 

Zm - Ext(Zm, TT3(S
2)) w ^3(S

2)/m7r3(S
2) = Zw 

JExt(zw,/;) |t-

Z, = Ext(Zm, TT3(A0) « ^{N)/m^(N) = Z*, 

where ^ is induced by /#. Since /# is onto, î  is onto. Hence Ext(Zm, i'#)\ Zm —• Ẑ  is onto. 
Therefore /*: n2(Zm;S2) —> ix2(~lm\N) = [Af,N] carries an element of order m onto an 
element of order 8. Thus to complete the proof it suffices to prove that <j>q G 7r2(Zm; S2) — 
[M, S2] has order m. 

Consider the exact sequence 

[S\S2] - ^ [S\S2] - ^ [M,52] - ^ [S2,S2], 

where m*:7r3(S
2) = Z —•» TT3(5

2) = Z is multiplication by m. Suppose 0 = k{(j>q) — 
q*(k(t>) for some positive integer k. Then £</> = m*(a) = ma for some a G 7r3(S

2). But 
a = Icf) for some integer /. Therefore k(j> = ra/(/>, and so m divides k. This proves that </>g 
has order m, and hence if(j>q had order 5. • 

Next consider the Whitehead product [i[if, if
2i

f] G n3(N V AO of /', /', i'2i' G 7r2(̂ V V N). 
We will show that [i[i', i2i']q G [M,NW N] has order d. To do this we first prove 

LEMMA 7. The element [i[i\ if
2i

f] G 7r3(A" V AO has order n. 

PROOF. Let us consider the pairs (S2 x S2,S2 V S2) and (N x N,N V N). Then 
//;(S2 x S2,S2 V S2) = 0 for / < 4 and //4(52 x S2,S2 V S2) - H2(S

2) 0 //2(52) = Z. 
Similarly Ht(N xN9NVN) = 0 fori <4 and H4(N xN,NVN) = H2(N)®H2(N) = Zn. 
Let %': (S2 x S2, S2 V S2) —> (N x N, N V AO be the map of pairs obtained from /' x /'. 
Since i'^H2{S2) —> H2(N) is onto, î[:H4(S

2 x S2,S2 V S2) -> H4(N x N,N V N) is 
onto. By the Hurewicz Theorem, TT4(S

2 X S2, S2 V S2) = Z, 7r4(N X N, N V AO = Z„ and 
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if TT4(S
2 x S2,S2V S2)-^7Ï4(N xN,NVN) is onto. Now the map i of pairs yields a 

commutative diagram 

7T4(S
2 X S2, S2 V S2) - ^ 7r3(S

2 V S2) 

l l # J(*'v/')# 
n4(NxN,NVN) - ^ 7T3(NWN). 

We have that 3 and 3' are monomorphisms (see Proposition 2) and that i# is onto. It 
follows from the definition [Hi, p. 110] that the Whitehead product [ti, t2] G ̂ ( S 2 V S2) 
of the inclusions L{,L2e TT2(S

2 V S2) equals 3/3, where /3 G TT4(S
2 X S2, S2 V S2) = Z is a 

generator. Thus i#(/3) is a generator of TT4(N x N,N\/ N) — Tn and so d'i?#((3) has order 
n. But 

3 % 0 8 ) = ( I , V I , ) # U 1 ^ 2 ] 

PROPOSITION 8. 77*e element [i[if, i2i']q e [M,NV N] = 7r2(Zm; N V AO AÛW order 

J. 
PROOF. We have the following commutative diagram with exact rows 

ir4(NxN,NVN) - ^ TT4(NXN,NVN) - C 7r3(Zm;N x N,N V AO 

l a ' l a ' I 3 

7r3(7VVA0 —• TT3(NVN) - U 7r2(Zm;A^VA0, 

where m* is multiplication by m and 3' and 3 are boundary monomorphisms in the exact 
sequences of the pair (N x N,NWN). Clearly j#[i\i\ i'2i

f] = 0, and so [i[i\ i'2i'] = 3'7 for 
some 7 G TT4(N X N,NWN). NOW suppose 0 = k[i[if,if

2i
f]q = q*(k[i[i'9i'2i']) for some 

positive integer k. Then 

dq*(kH) = q*(k[i[ï9ï2ï]) 

= 0 

and therefore q*(JCf) = 0. Thus for some a G ir4(N x N,NV N),kH = ma. Hence 

-ICf = - M = 0 
d a 

since 7r4(N xN,NWN) = Zn. But then ^ [ / ' / , /£/'] = 3'(§*7) = 0 and d divides k by 
Lemma 7. Therefore [i[i\ i'2i'\q has order J. • 

5. Maps of Af(Zm, 2). In this section we use the results of §4 to give a specific in
dexing of the elements of [M(Zm,2),M(Zn,2)] = 7T2(Zm;M(Z„,2)) and the elements, 
C(M(Zm, 2)). We also index the elements of the group of self homotopy equivalences 
of M(Zm, 2). This will enable us in §6 to discuss and obtain concrete results on the set of 
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co-//-maps, the action of the group of self homotopy equivalences on the set of comul-

tiplications, etc. 

For the computations of this section and the next, we collect several known results 

which we shall often use. But first we state a proposition which is an immediate conse

quence of a result of Baues. The commutator (a , /3) of two group elements in an additively 

written group is —a — (3 + a + [3. 

PROPOSITION 9. If X is any space and a, f3 G 7T2(Zm; X), then the commutator 

m(m- 1) . 
(a,/3) = [ai,/3i]q9 

where i: S2 —> M(Zm, 2) is the inclusion and q: M (Zm, 2) —> S3 is the projection. 

See [Ba, Proposition D.22, p. 164]. 

Recall that a group of nilpotency < 3 is one in which all commutators of length > 3 

are trivial. 

PROPOSITION 10. (i) (a+f5)<j> = a</>+/3</>+[a,/3], where a,(3 e ir2(X) and<\> G TT3(S
2) 

is the Hopfmap. 

(ii) r</> = </>r2. 

(Hi) If a G jr2(Zm;X) and j3 G ^(X), then the commutator (a , (3q) = 0. 

(iv) For any space X, 7T2(Zm;X) is a group of nilpotency < 3. Moreover, for m odd, 

7T2(Zm; X) is abelian. 

(v) If IT is a group of nilpotency < 3, then the commutator of elements of IT is biadditive 

and 
k(k — 1Ï 

k(a + f3) = ka + kf3- K \a, /3) 

for any positive integer k and a, /3 G TT. 

Parts (i) and (ii) are standard and well known results. Parts (iii) and (iv) follow from 

Proposition 9. More generally, for any abelian group G, 7r2(G; X) is of nilpotency < 3 by 

[Wh, p. 464]. Part (v) consists of familiar facts from group theory. 

Let M = M(Zm ,2) and N = Af(Z„,2) with d = (m,n) and 8 = (m,(2rc,rc2)). We 

consider the group [M, TV] = 7T2(Zm; N). By Proposition 6, i'<j>q G 7T2(Zm; AO has order S, 

and so generates a cyclic subgroup H Ç 7T2(Zm;N) of order 6. We then have the sequence 

0 —>H — • ^2(Zm ; AO - ^ Hom(Zm, Zn) —> 0 

where H = Z$, Hom(Zm, Tn) = Td and 77(a) = a*: H2(M) —+ H2(N). We claim that this 

sequence is exact. This is seen by comparing it to the exact coefficient sequence (§1) 

0 —> Ext(Zm,ir3(N)) — • ir2(Zm-N) ^ U Hom(Zm,Z„) —> 0, 

and showing that H — Z$ = Ext(Zm , 7r3(A0). 

Next we consider the group Hom(Zm, Zn) = Zd. We write t to generically denote a 

generator of a finite cyclic group. Then if <j>: Zm —• Zn is a function, (j)t = SL for some 
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integer s, 0 < s < n. Clearly <j> G Hom(Zm, Tn) if and only if s = 0, *, 2*, . . . , (d - 1)*. 
We write the homomorphismgiven by </>(/,) — ^as</> = [|. The elements of Hom(Zm,Z„) 
are then r^, 0 < r < d. 

Now we turn to the group 7T2(Zm; N) = [M,N]. Clearly the following diagram com
mutes m 

S2 -^+ S2 

IT II 
s2 -^ s2 

and so we obtain a map À: M — S2 Um e3 —• N = S2 Un e
3 such that \*:H2(M) = Zm —> 

H2(N) = Tn is | G Hom(Zm, Zn). Clearly À is a suspension and the following diagram 
commutes 

Id i- -Id 

S2 - ^ N X S3. 

Furthermore, (rA)* = r | , 0 < r < t/. 
Thus we have 

PROPOSITION 11. Let M = M(Im,2\ N = M(Lnj2), d = (m,n) and 6 = 
(m, (2«, n2)j. 77ien every element x G 7T2(Zm; Â ) = [M,N] ca/i Z?e uniquely written 

x = r A + k(if4>q), 

where r and k are integers such that 0 < r < d and 0 < k < S. 

We frequently write the element x as xr^. 
Now we specialize to the case M = N = M(Zm, 2) and consider the set of self maps 

[M, M] = 7T2(Zm; M). Note that here A is the identity map of M so that rX — r: M —-> M 
and that i<t>q has order m. Then any x G ^i{ïm\M) = [M,M] can be uniquely written 

x — xr,k — r + k(i<f>q\ 

where 0 < r, /c < m. Now let y be another element in 7T2(Zm;M) written y — xsj = 
s + l(i(f>q), 0 < 5, / < m. We investigate the compositionxy G ^i(Lm\ M): 

xy = (r + &(7(/>g))(s + /(/</>#)) 

= s(r + k(i<j>qj) + /(r + k(i<j>q))(i<t>q) 

= sr + sk(i4>q) + /(r + k(i(j)q))i((j)q), by Proposition 10(iii) 

= rs + ks(i(f)q) + l(ri(f)q), since / is a suspension and g/ = 0 

= rs + ks(i(f>q) + li<\>x2q, by Proposition 10(ii) 

= rs + (fo + / r 2 ) / ^ . 

Now let î^M) = <£(M(Zm,2)) Ç [M,M] denote the group of homotopy classes 
of homotopy equivalences of M. The group operation, written multiplicatively, is com
position and the neutral element of the group is the identity map of M. The following 
proposition is then an immediate consequence of the previous calculation. 
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PROPOSITION 12. Every x G £(M) can be uniquely written as 

x — *r,k — r + k(i<j)q), 

where 0 < r, k < m and (r, ni) — 1. If y G *£(M) WJÏ/Ï y = s + l(i<j>q), 0 < s, l < m and 

(s, m) = 1, /7Z£/Î 

xy = rs + (ks + Ir^Xtyq). 

Next we examine the set of comultiplications C(M) of M = M(Zm, 2). 

PROPOSITION 13. Zsvery comultiplication of M = Af(Zm, 2) c<2ft Z?e uniquely written 

as 

(fk = i\ + «2 + &[*V, *2*]<7> 

where 0 < k < m. 

PROOF. The elements </?* £ [A ,̂ M V M] are comultiplications because 

?i<£* = q\h +q\i2 + k[q\i\i,q\i2i]q 

= 1 + 0 + *:[/, 0] 

= 1 

and similarly q2^Pk = 1 • Since [i\i, i2i]q has order m by Proposition 8, the ^ are m distinct 

comultiplications of M. But the Proposition 4, M has exactly m comultiplications. • 

6. Co-//-Maps and comultiplications of M(Zm, 2). The main result of this section 

is Theorem 14 which deals with co-//-maps between Moore spaces. We explicitly de

termine the co-//-maps M(Zm ,2) —•» M(Zn,2) with respect to any comultiplication of 

M(Zm, 2) and any comultiplication of M(Zn, 2). As a consequence we specify the action 

of the group of homotopy self-equivalences of M(Zm, 2) on the set of comultiplications of 

M(Zm, 2) and show that all comultiplications lie in a single orbit. From this we determine 

associativity and commutativity of the comultiplications of M(Zm, 2). 

Let M = M(Zm, 2) and N = M(Zn, 2). Propositions 11 and 13 provide an indexing for 

the elements of [M,N], C(M) and C{N). Let (/?, G C(M) and ^ G C(A0 be given by 

<Pi = i\ + ii + /[*V, *2*]# a n d 

where 0 < / < m and 0 <j < n. Let x = xnk G [M, AH be given by 

x — xr,k = r\ + k{i'(j>q) 

for 0 < r < d and 0 < k < 6. Recall that d = (m, n) and 5 = (m, (In, n2)). 
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THEOREM 14. The map xry. (M, </?/) —> (TV, i/̂ -) /s « co-H-map if and only if 

n\2ia- -m , i r(r-l)m(m-l) /n\2 

PROOF. First note 
(xVj)ii = i[x 

= i[(r\+k(if(t)q)) 

= r(i\\)+k(i'xi(j)q) 

and similarly (x V JC)/2 = r{i'2X) + k{i'2i'(j)q). 
Now 

(X V *)<£/ = ( l V x)(/i + 1*2 + /[.M*\ *V]tf) 

= K/jA) + k(i\i'(j)q) + r(72A) + k(i2i <\>q) 

+ l[r(i\X)i + k(i[i'(f)q)i, r{i'2X)i + k(if
2i'(f)q)i]q 

= r(i[X) + k(i\i'<t>q) + r{i'2\) + k(i!2i <\>q) + / r 2 ^ A/, /2A/]g, since <?/ = 0 

= K/i A) + k(i[ i'(j>q) + r(/2A) + k{i'2i'(j)q) + ^ ( ̂  ) [*'i *', *2*']<7 

and 

t/̂ -x — ^ ' ( ^ + k(if(l>q)) 

= r(i\ + /2 + ./[i",/', *2* V)A + k(i\ + /2 +</[i"1i', WXUq) 

( m \ 
i\X + /2A +j[i[i', ïji'A-^q) + fcO'i*' + i^'Wl, s m c e </*' = 0 

= r(/;A + /2A) + rj-[i[i\ i'2i]q 
a 

+ k((i'xi(j) + /2/'</> + [/'/, i'2i'])q), by Proposition 10(i), (iii) and (v) 

= r(/iA) + r(/2A) —(i[X,i'2X) + rj—[i'xi j'2i']q + k{i[i'^q) 

+ k(if
2i

f4>q) + k[i[if, i2i
f]q, by Proposition 10(v) 

r(i\\) + rii'2X) - K r ~ l)m(m~ ^U'^U^q + rj^i'j^g 

+ k(i[ i(\>q) + k{j2ï<\>q) + k[i[ i', ï2ï\q, by Proposition 9 

KM A) + r('2A) 2 2 W7 ^ '*2' ^ ^d" ̂  ' *2']<? 

+ k(i[ i'(j)q) + k(i2i<\>q) + fc^'ii', /2/']g. 

The theorem now follows from Proposition 10(iii) since \i\ /', /2/']g has order d by Propo
sition 8. • 

The formula in Theorem 14 is cumbersome and we simplify it in special cases in 
Remark 18. For now we derive some consequences of the theorem. 
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We let M = M(Zm, 2) and define an operation of T.iM) on C(M) (which can be done 
for any co-//-space). If x G £(M) and p G C(M), then x * p is the composition 

Clearly x * y? G C(M), and £(M) acts as a group on the set C(M). We call two comul-
tiplications (p, ifi G C(M) equivalent if there is an je G £(M) such that x * 9? = -0. For 
x G *£(M) we note the following: x * (̂  = 0 if and only if x: (M, ^) —> (M, 0) is a 
co-//-map. 

We next determine the action of £(M) on C(M). 

PROPOSITION 15. Let M = M(Zm, 2) am/ to x G *£(M) am/ </? G C(M) be given 

by x = xr̂ . = r + k(i<j>q) and p = pi = i\ + 1*2 + /[*V, *2*]#> w/f/î 0 < kj, r < m and 
(r,m) = 1. 77iew 

*r,* * ¥1 = <Pj, 

where 
r(r — 1) m(m — 1) 

j = rl+ 5 — fa reduced mod m, 
7 2 2 

0 < s < m and rs = 1 (mod ni). 

PROOF. We must show that xrk: (M, pi) —> (M, ^ ) is a co-//-map. But this follows 
from Theorem 14 with m — n — d. m 

COROLLARY 16. Any two comultiplications ofM(Zm,2) are equivalent, Le, the ac
tion offE\M(Zm, 2) J on C[M(Zm, 2) J is transitive. Consequently, all comultiplications of 
M(Zm, 2) are associative. If m is odd, all comultiplications ofM(Z, 2) are commutative. 
If m is even, no comultiplication ofM(Zm, 2) is commutative. 

PROOF. Since x\^k * po = ^ , the first assertion follows. Since associativity and 
commutativity are properties of an equivalence class of comultiplications, it suffices to 
verify that the standard comultiplication po of M(Zm, 2) is commutative for m odd and 
not commutative for m even. But this follows immediately from Propositions 8 and 9. • 

We close the paper with a number of remarks. 

REMARK 17. For any abelian group G, every comultiplication of M(G, 2) is associa
tive. This is a consequence of the following result of Berstein-Hilton [B-H, Theorem A, 
p. 77]: If X is a (q — l)-connected finite CW-complex of dimension < 3q — 3, q > 1, 
and (f is a comultiplication of X, then p is equivalent to a suspension comultiplication. 
In particular, p is associative. 

REMARK 18. The formula in Theorem 14 can be simplified in several special cases, 
(i) If m is odd, [m{m — l ) ) /2 = 0 (mod d), and so we have: 

/ n \ 2
 9 m 

JC,.*: (M, <£/) —* W ^/) is a co-//-map <̂=4> - Ir = rj— +k (mod J). 
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(ii) If j = I — 0, we have: 

fir — 1 ) JTlirrl — 1 ) / /I \ 2 
Xtf : (M, (fo) —> (N, i/>o) is a co-H-map <£=> k = — ( - j (mod d). 

(iii) If m = n, then M = N and d = m = n. Note that ;cr^ = r + k(i(j)q). Then 

jcr^: (M, (/?/) —-> (M, <£y) is a co-//-map 

<=4> tr = rj + k (mod ra). 

(iv) Let us combine the last two cases: m — n and y = / = 0. Then we have: 

viv — 1) fïlifïl — 1) 
xry. (M, (fo) —^ (M, (fo) is a co-//-map 4=> /c = — (mod ra). 

Thus if ra is odd, m^m~X) = 0 (mod m), and so jcr>jt is a co-//-map 4^ A; = 0 (mod ra). If 
m is even, we distinguish two cases: (a) ^ odd and (b) ^ 

even. In (a), xrk is a 
co-//-map ^ & = ^. In (b), xr^ is a co-//-map ^ k = 0. In particular, for ra even, the 
power map xr?o = r: (M, ipo) —» (M, <̂ o) is a co-//-map ^ — ^ is even. For example, 
in the case m = 6 and j = I = 0, X33 and X45o are co-//-maps and .#3,0 and X43 are not. 

(v) In addition, the formula for the action of *£(M) on C(M) in Proposition 15 becomes 
simpler in special cases. For example, if m is odd, we have xr^ *</?/ = Vri-ks-

REMARK 19. We briefly consider Moore spaces of type (G, 1). Given an abelian 
group G, by [Va] a connected CW-complex X is called a Moore space of type (G, 1) if 
w\ (X) = G and H((X) = 0 for / > 1. Necessary and sufficient conditions are given in [Va] 
for the existence of Moore spaces of type (G, 1). However, if X is any co-//-space, it is 
known that ix\ (X) is free [E-G]. Thus we see that there exists a Moore space of type (G, 1) 
which is a co-//-space if and only if G = Z. In particular, the circle Sl is a Moore-co-//-
space of type (Z, 1). It is easily seen that S{ admits infinitely many comultiplications. 

Finally, we ask if the results of this section can be generalized. More specifically, we 
raise the following question. 

REMARK 20. For which abelian groups G are all of the comultiplications of M(G, 2) 
equivalent? 

Of course it follows from Corollary 16 that G = Zm 0 Zn with (ra, n) = 1 is such a 
group. 
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