
T O P O L O G Y O F C O M P L E X M A N I F O L D S 

K. S r i n i v a s a c h a r y u l u 

( r e c e i v e d Ju ly 19, 1965} 

1. The a i m of t h i s p a p e r is to c o l l e c t s o m e i n t e r e s t i n g 
u n s o l v e d p r o b l e m s in the topology of c o m p a c t compLex m a n i f o l d s 
w h i c h a r e s c a t t e r e d in l i t e r a t u r e ; n e e d l e s s to r e m a r k , s o m e of 
t h e m a r e known to s p e c i a l i s t s . B e s i d e s , the r e a d e r m a y 
c o n s u l t the w e l l - k n o w n l i s t of p r o b l e m s by F . H i r z e b r u c h [5] 
which h a s s t i m u l a t e d r e m a r k a b l e p r o g r e s s in t h i s d i r e c t i o n . 
Bu t the topo logy of c o m p l e x m a n i f o l d s h a s a l w a y s baff led 
w o r k e r s in t h i s f ie ld and is s t i l l fa r f r o m s a t i s f a c t o r y - Of 
c o u r s e , t h e r e i s r e m a r k a b l e p r o g r e s s in the c a s e of h o m o g e n e o u s 
c o m p a c t c o m p l e x m a n i f o l d s . We s t a r t wi th the fo l lowing r e s u l t . 

L E M M A . L e t V be a c o m p a c t a l m o s t - c o m p l e x s u r f a c e 
w h o s e second B e t t i m e m b e r b i s z e r o ; t hen i t s E u l e r -

Po inca re* c h a r a c t e r i s t i c E i s z e r o . 

L e t I(V) deno t e the i n d e x of V and le t c . i t s i - t h c he r n 
2 

c l a s s . The i n d e x f o r m u l a of Thorn shows t h a t 3I(V) = c - 2c . 

S ince b_ = 0 , we have c = 0 and I(V) = 0 ; c o n s e q u e n t l y 
Z 1 

E = 0 . 

R e m a r k . T h i s g i v e s a new proof of E h r e s m a n n ' s r e s u l t 
4 

t h a t the s p h e r e S has no a l m o s t - c o m p l e x s t r u c t u r e . We 
Zn 

r e c a l l t h a t B o r e l and S e r r e h a v e shown tha t the s p h e r e S 

i ) S u p p o r t e d by the C a n a d i a n M a t h e m a t i c a l C o n g r e s s d u r i n g 
1965 whi le a t K ings ton . 

* , th 
b . d e n o t e s the i B e t t i n u m b e r of V 

l 
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has no a lmos t -complex s t ruc ture for n > 4. This pa r t follows 
easily from the following divisibility theorem of Bott: the 
chern number c of a complex vector bundle over the sphere 

2n 
S is divisible by (n-i)î . 

o 
It is well-known that the sphere S has a non- in tegrable 

a lmost complex s t ruc ture induced by the cayley n u m b e r s ; in 
fact, any product manifold M X S where M is any closed, 
orientable surface has an a lmos t -complex s t ruc tu re (cf. [2]). 

6 
All a lmos t -complex s t ruc tures on S inducing the same 
orientation a re nomotopic [3]. A. Adler has recent ly announced 

(to be published) that the sphere S has no complex s t ruc tu re 

at al l ; his method makes use of the fact that S is a sphere . 
Thus there is an immediate necess i ty to find some new r e su l t s 
which include A d l e r ' s theorem. Probably a reasonable 
conjecture seems to be the following (cf. problem 13 [5]). 

PROBLEM 1 (Wang). Let V be a compact complex 
manifold whose second Betti number ' i s zero . Does the Eu le r -
Poincare cha rac te r i s t i c of V vanish? 

Note that the "complex structure1 1 cannot be replaced by 
a non-integrable a lmos t -complex s t ruc ture as S shows. 

In the case of complex surfaces , Kodaira has shown that 
2 

a compact complex surface with c > 0 is always a lgebra ic . 
This resul t (beside others) has played an important ro le in the 
classification of surfaces by Kodaira [7]. So far , the following 
conjecture of Severi r emains unsolved. 

PROBLEM 2. Let V be a s imply-connected a lgebra ic 
2, 0 * 

surface whose geometr ic genus p (= h ) vanishes . Is V 
g 

ra t ional? 

2 ,0 
h denotes the number of l inearly independent holomorphic 
2-forms on V. 
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An affirmative answer to this problem together with the 
above resul t of Kodaira and a theorem of Nagata-Andreot t i [8] 
solves the problem 25 of Hirzebruch [5]. We r e m a r k that the 
problems 26, 27, 28 and 30 [5] a re also connected with problem 2. 

In the classification of surfaces, Kodaira [7] has come 
ac ros s the c lass of compact compLex surfaces. V with b^ = 1. 

If V has no exceptional curves of the first kind, it is known 
(cf. [7], [i0]) that: i) if V has no non constant meromorphic 
functions, then p =0; ii) if V has a non-constant meromorphic 

function, then V is a holomorphic principal fibre bundle over 
S with fibre a to rus ; thus the second Betti number of V is 

zero . However, we have the following [10]: 

PROPOSITION. Let V be a compact complex surface 
without exceptional curves of the first kind whose fundamental 
group is infinite cyclic. If V has a non-constant meromorph ic 
function, then V is a Hopf manifold. 

PROBLEM 3. (Kodaira). Classify all compact complex 
manifolds with b =1 and having no exceptional curves of the 

1 
f i rs t kind. 

2. Another important problem in the differential geometry 
of compact complex manifolds V is the relat ion between the 
curva ture of a Kahler me t r i c on V and its Topology. There 
is some p rog res s in this direction in the case of pinched Kahler 
manifolds. A striking resul t is the following [ lb] : if dim V =2 , 

c 
and if V has s t r ic t ly positive or negative holomorphic sectional 
curva ture , then i ts Eu le r -Po inca re charac te r i s t i c E is posit ive. 
Another interest ing resul t for manifolds of any dimension is the 
following ([la]): if V is a compact Kahler manifold of s t r ic t ly 
positive curva ture , then i ts second Betti number is 1 ; thus 
, 2 ,0 
h =0 and hence V is algebraic by a theorem of Kodaira. 

PROBLEM 4 (Frankel) . Let V be a compact Kahler 
manifold of s tr ict ly positive holomorphic sectional curva ture . 
Is V isomorphic to the complex projective space? 

If dim V =2 , it i s so after Frankel-AndreottL. c 
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Perhaps another c lass of compact Kàhler manifolds which 
is of some in te res t a r e those whose Ricci curva ture is strictly-
positive or negative; such manifolds a r e a lgebra ic by a t heo rem 
of Kodaira. If V is of str ict ly positive Ricci curva ture and if 
dim V =2 , the vanishing theorem of Kodaira shows that 

c 
H1 (V, SL (iK)) = 0 for i i dim V where K denotes the canonical 

line bundle; thus p = 0 and P = dim H (V, Jl°(2K)) =0. On 
g l 

the other hand, such a manifold is always s imply-connected 
(cf. p. 483 [9]): hence V is rat ional by a c l a s s i ca l resu l t of 
Casteinuova- Enrique s. 

Thus we have the following: 

PROBLEM 5. Let V be a compact Kahler manifold of 
str ict ly positive Ricci cu rva tu re . Is V ra t iona l? 

Let V be a compact Kahler manifold with negative Ricci 
curva ture ; then V is a lgebra ic . 

PROBLEM 6. Is the un iversa l covering V of V a 
hermi t ian symmetr ic domain? 

It is so, if V is homogeneous by a theorem of Hano [3]. 

A well-known resu l t of Igusa (cf. p. 675 [5]) shows that if 
V is uniformisable by a bounded domain (i. e. if V is a bounded 
domain), then V is minimal in the sense that any meromorph ic 
mapping from a complex manifold into V is neces sa r i l y 
holomorphic. 
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