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Abstract

It is shown that a cohomology theory over an admissible category, which is obtained from an additive
cohomology theory over a smaller admissible category, through the Kan extension process, always
admits global Adams completion.

1980 Mathematics subject classification (Amer. Math. Soc.): 55 P 60.

1. Introduction

Let %? be an arbitrary category and S a set of morphisms of c€. Let ^ [ S " x ] denote the
category of fractions of <€ with respect to S; then for a given object Y of <€,

<<g[S-l-\(-,Y) :<€-+ Sets

defines a contra variant functor. If this functor is representable by an object Ys oftf,
that is,

then Ys is called the (generalized) Adams completion of Ywith respect to the set of
morphisms S or simply the S-completion of Y (see Deleanu and others (1972),
Adams (1973)). We shall often refer to Ys simply as the completion of Y.

In particular, let <€ be a full subcategory of the category of based topological
spaces and based continuous maps such that (a) it contains singletons (b) it contains
entire based homotopy types and which moreover has the following property. Let
/ : X -> y be in <̂ ; let if : X -* Mf denote the canonical inclusion of X into Mf, the
(reduced) mapping cylinder of the m a p / Clearly, if is in e€. Given a diagram
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•I
z

in <€, we form the push-out of g and if in the category of all spaces :
V

X >Mf

9\ \k'I I
Z >W

We assume that (c) <€ contains the push-out diagram above. Such a category will be
called admissible. It is clear that an admissible category is closed under the
formation of mapping cones.

Let <€ be an admissible category as above and # its homotopy category. Let h be a
generalized homology (cohomology) theory defined on #. Let S be the set of
morphisms of % which are carried into isomorphisms by h. If every object of #
admits a completion with respect to S, then we say that the homology (cohomology)
theory h admits global Adams completion. Deleanu (1974) has shown that any
additive theory h on the homotopy category of based CW-complexes and based
continuous maps admits global Adams completion. In this note, we show that every
cohomology theory on an admissible category arising from an additive cohomology
theory on a smaller admissible category through the Kan extension process (see
Deleanu and Hilton (1968, 1971), Hilton (1968)) always admits global Adams
completion. More precisely, let <̂ 0 and (Sl be admissible cocomplete categories with
WQ <= <$v Let h0 be an additive cohomology theory on %0 such that its Kan
extension hi over %t is also a cohomology theory; then ht admits global Adams
completion. Deleanu and Hilton (1968, 1971) have given a number of examples of
cohomology theories arising through the Kan extension process. An important
consequence of this result is that all those theories admit global Adams completion.
The proof of this result depends mainly on the particularly nice description of the
cohomology group h"(X) as given by Hilton (1968) and additivity of the functor hQ.
In the next section, we briefly review this description and in Section 3, we present the
proof of the main result.

2. Description of the groups h"(X)

Let h0 be a given additive cohomology theory on #0. For a given object X of <H>U

consider the category of ^-objects under X : an object in this category is a
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morphism / : X -* Y in <€x where Y is an object of # 0 . A morphism u in this category
u : f0 -*fi is a commutative diagram

/o

The Kan extension h, of the cohomology theory h0 is now denned as follows :

h\(X) = lim(h"0(Y),h"0(u)).

Obviously, h\ is an extension of /iJJ and defines a contra variant functor on <6X with
values in the category of abelian groups. We suppose that this extension defines a
cohomology theory on %v. For various conditions under which this happens, see
Deleanu and Hilton (1968, 1971), Hilton (1968).

We now drop the superscript n for convenience and give an alternative description
of the groups h^X) (see, for example, Hilton (1968)). Consider the set of all pairs
(a,/) where/ X -* Yis in <&x, Yan object of <t0 and aeho(Y). Introduce a relation
(aj, f,) ~ (a2,/2) if there is a diagram

fi

with Mj, u2 e^o> "i / = /i> uif = fi a n d u*(ai) = M*(a2) where u* = /TO(UI)- This is an
equivalence relation; we denote by [a, / ] the equivalence class of (a, / ) . Now define
addition of these classes by the rule
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where Pi,p2 are the respective projections. That this rule of addition is independent
of the representatives chosen, can be easily checked. With respect to this addition,
the set E(X) of all equivalence classes forms an abelian group. We note, in particular,
that a class [a, / ] = 0 if and only if there is a commutative diagram

/o

in %l with u e f 0 such that u*(oc) = 0. Now define if : ho(Y) -> E(X) by the rule

i» = [«,/]•

The group E(X) together with the homorphisms {if} enjoys the universal mapping
property by which a direct limit is defined. We therefore identify E(X) with

lim

Note also that if g : X -* X' is a morphism in <6Y, then h^g) = g* : h^X') -> h^X) is
defined by the rule :

3. Adams completion for the cohomology theory hl

We assume throughout that both # 0 and ^l are admissible and cocomplete and
<€v is a small ^-category, where ^ is a fixed Grothendieck universe, that is (i) the set
of objects of # ! form a subset of °ti and (ii) for any pair of objects X and Y of %u the
set Hom^ (X, Y) of all morphisms of ̂ , from X to Y is a set in °U. Recall that Deleanu
(1975) has given two conditions for a cocomplete small v-category <£ to admit global
Adams completion with respect to a set of morphisms T that admits a calculus of left
fractions. One of these conditions (condition (*) of Deleanu's main theorem
(Deleanu (1975)) is imposed only to ensure that the category of fractions ^[T~!]
remains within the given initial universe. We have shown that this condition is
automatically satisfied (see Nanda (1979)). Thus we have to check only one
condition which shall be referred to as the compatibility axiom : If {tx: Xa -> X'!l}aeL

is a set of morphisms of <& such that each tte Tand Lev, then

V t.: V Xx - V X', is in T.

We now apply this result to the category %v. Let S be the set of morphisms of ' t ,
which are carried into isomorphisms by the cohomology functor hv It follows easily
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from Theorem 3.1 of Deleanu and others (1972) (by replacing homology by
cohomology, throughout the proof) that S admits a calculus of left fractions. We
start by proving the following

PROPOSITION 3.1. The cohomology theory hx satisfies the wedge axiom.

PROOF. We denote by ia the homotopy class of the inclusion map Xx -> V ^L X0,
aeL The map ix induces homorphisms

We have to show that the homorphism

is an isomorphism.
Suppose that [ w , / ] is a class in ht( VXJ such that {;*}([>,/]) = 0. We then

have a m a p / : WXa -> Yin %x with Ye%0 and weho(Y) such that [w, fiJ=0 for
every aeL. This implies that for each aeL , there is a space Yx in # 0 and maps

ux : Yx Yin f 0 and v,: Xx in f, such that u*(w) = /io(Ma)(w) = 0 and the
following diagram is commutative :

Let j a : Ya-*VYfi denote the homotopy class of the inclusion map. We can then
factorise ua = tja with t: V Ya -• K Thus, for each aeL ,

so that

maps the element t*(w) to zero. By assumption, the theory h0 is additive, so that {7*}
is an isomorphism; thus t*(w) = 0.

Now consider the maps;',, va: Xx -* V Yr By the universal property of the wedge,
each jxvx can be factorized as jxvx = siai where s: WXa-* VYX. Consider the
diagram
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We have tsix = tjx vx = uxvx= fix; thus the diagram is commutative. It follows from
the universal property of the wedge that ts =f. Thus we have a commutative
diagram

with t e # 0 and t*(w) = 0; thus [w , / ] = 0 implying that {*'*} is injective.
To show that {i*} is surjective, let {[n>a, / J } ^ be an element of r L e t M ^ J - F ° r

each a e L, let the class [wa, / J be represented by / „ : Xa -» ya with ya 6 ̂ 0 and
wa e/io( FJ. The element {wJ}en«€t''o(5'1,) corresponds to some element
w e /JO( V aez. ̂ ) under the isomorphism {;*} since h0 satisfies the wedge axiom. Thus
7*(w) = wa. Consider now the diagram

hf*

f.

Clearly, the two triangles are commutative. Thus for each a e L, [w, ja / J = [w,,, / J .
The map; , / a : A"a -> V^et ^ factors through y^g^ X,, giving rise to a commutative
diagram

Consider the class [w,3]e/i1(VIEiAr
1). We have

https://doi.org/10.1017/S1446788700021595 Published online by Cambridge University Press

https://doi.org/10.1017/S1446788700021595


Ui Adams completion for cohomology theories 437

for each a e L. Thus

showing that {i*} is an epimorphism.

THEOREM 3.2. The cohomology theory hi admits global Adams completion.

PROOF. It suffices to prove that /i, satisfies the compatibility axiom. Let

such that the index Le°U. We have to show that

aeL aeL

is in S. Consider the diagram

M Y x.) {'*} , n M*«)
<xeL ^ ^ txsL

aeL

M Y x'a)— • n h.ix'j
aeL aeL

Since each s* is an isomorphism, so is Y\xeLs*; Proposition 3.1 implies that the
horizontal arrows are isomorphisms too. It follows, therefore, that ( V S J * is a n

isomorphism and the proof is complete.

4. Some final remarks

We conclude this note with some general remarks on the existence of the Adams
completion. Suppose that ^ is a cocomplete admissible small ^-category and h a
cohomology theory defined on %. Let (A) and (B) and (C) describe the following
conditions.

(A) h satisfies the wedge axiom.
(B) h satisfies the compatibility axiom.
(C) h admits global Adams completion.
It is clear from the diagram of Theorem 3.2 that (A) => (B). Deleanu's result (1975,

Theorem 1) implies that (B) => (C). It is also proved in Theorem 2 that (C) => (B). We
thus have
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We do not know whether (B) => (A). It is our conjecture that this is true. Were it true,
it would imply that only additive cohomology theories would admit global Adams
completion; thus, it would settle the question 'which cohomology theories on an
admissible category admit global Adams completion'.

Similar considerations also apply if h is a homology theory on #. Suppose that h
satisfies the wedge axiom : For every collection {Xx}xeL of spaces in <€, the inclusions
ix: Xx -* V p,=LXp induce an isomorphism

xeL

Let sx: Xx -» X'x, a e L be a family of morphisms of %! such that each sx, is an
isomorphism. The commutative diagram

®h(Xx) M > h(V Xx)

®h{X'x) y ^ ( V

shows that (VxeLsx)* is an isomorphism, so that the wedge axiom implies the
compatibility axiom. Thus, in case of homology we also have

(A) => (B) o (C).
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