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Abstract

The multi-level Monte Carlo method proposed by Giles (2008) approximates the
expectation of some functionals applied to a stochastic process with optimal order of
convergence for the mean-square error. In this paper a modified multi-level Monte Carlo
estimator is proposed with significantly reduced computational costs. As the main result,
it is proved that the modified estimator reduces the computational costs asymptotically
by a factor (p/a)? if weak approximation methods of orders « and p are applied in the
case of computational costs growing with the same order as the variances decay.
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1. Introduction

The multi-level Monte Carlo (MLMC) method proposed by Giles [6] approximates the
expectation of some functional applied to some stochastic processes, e.g. solutions of stochastic
differential equations (SDEs), at a lower computational complexity than classical Monte Carlo
simulations; see also [5], [8], and [9]. The MLMC approximation finds application in many
fields such as mathematical finance [1], [7], for SDEs driven by a Lévy process [3], by fractional
Brownian motion [11], or stochastic PDEs [13]. The main idea of this paper is to reduce
the computational costs additionally by applying the MLMC method as a variance reduction
technique for some higher-order weak approximation method. As a result, the computational
effort can be significantly reduced while the optimal order of convergence for the root-mean-
square (RMS) error is preserved.

The outline of this paper is as follows. In Section 2 we provide a brief introduction to
the main ideas and results of the MLMC method. In Section 3, based on these results, we
present as the main result a modified MLMC algorithm that allows the computational costs
to be significantly reduced. Depending on the relationship between the orders of the variance
reduction and of the growth of the costs, there exists a reduction of the computational costs by
a factor depending on the weak order of the underlying numerical method. As an example, in
Section 4 the modified MLMC algorithm is applied to the problem of weak approximation for
SDEs driven by Brownian motion.
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2. MLMC simulation

Let (2, ¥, P) be a probability space with some filtration (¥;);>0 and let X = (X;)es
denote an adapted stochastic process on the interval I = [fp, T'] that belongs to a space X
that may be infinite-dimensional. In the following, we are interested in the approximation
of Ep(f (X)) for some functional f € [F, where I denotes a suitable class of functionals
that are of interest. Furthermore, let an equidistant discretization I;, = {#g, 1, ..., ty} with
0<1t <t <--- <ty =T ofthetime interval / with step size & be given. Then, we consider
a probability space (Q, F, ]f”) with some filtration (£;);c 1, and we denote by ¥ = (¥;)ey, a
discrete-time approximation of X on the grid I;, adapted to (F;),c 1,- Thus, we consider the
approximation ¥ € Xj of X € X on a finite-dimensional space X;. Here, the probability
spaces (2, £, P) and (fz, F, I@’) may be but do not have to be equal and we assume that Y
approximates X in the weak sense with some order p > 0, i.e.

IEs(f(¥) — Ep(f(X)| = O(h")

forall f € F.

In order to approximate the expectation of f(X) we apply the MLMC estimator introduced
in [6]. For some fixed M € N with M > 2 and some L € N we define the step sizes
h=T/M I andlet Y! = (Y))e In, denote the discrete-time approximation process on the grid
Iy, based on step size h; for/ =0, 1, ..., L. Here, we consider the approximations Y I'e Xy,
forl =0,1,...,L of X € X on a sequence X, C Xj,, C --- C X}, of finite-dimensional
subspaces. Then the MLMC estimator is defined by

Yur = XL: y! 2.1)
1=0
for some L € N using the estimators
I RTINS RS SRR
No i N
for/ =1, ..., L. Then, we obtain

L
Ep(Yur) =Ea(f (X)) + D Bp(f (") — f(¥'=N).
=1

Here, we have to point out that both approximations Y!© and ¥ are simulated

simultaneously based on the same realization of the underlying driving random process, whereas
(Yl(l), Yl_l(l)) and (Yl(]), Yl_l(j)) are independent realizations for i # j.

Now, there are two sources of errors for the approximation. On the one hand, we have a
systematical error that depends on the dimension of X, due to the discrete-time approximation
Yl e X}, based on step size h; which is given by the bias of the method. On the other hand,
there is a statistical error from the estimator for the expectation of f(¥*) by the Monte Carlo
simulation. Therefore, in what follows we consider the RMS error

e(Yur) = Es(1¥ur — Ep(f(X))1*)'/? (2.2)

of the MLMC method. In order to rate the performance of an approximation method, we will
analyse the RMS error of the method compared to the computational costs. Therefore, we
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denote by C(Y) the computational costs of the approximation method Y. In order to determine
C(Y), one may use a cost model where, e.g., each operation or evaluation of some function
is charged with the price of one unit, i.e. one counts the number of required mathematical
operations or function evaluations. Furthermore, each random number that has to be generated
to compute Y may also be charged with the price of one unit.

Itis well known that the optimal order of convergence for the classical Monte Carlo estimator
Yuc = (I/NYNX, f(¥D) is given by e(Yarc) = O((1/C(¥pc))P/@P*D), where p is
the weak order of convergence of the approximations Y; see [4]. Thus, higher-order weak
approximation methods result in a higher order of convergence with respect to the RMS error.
Clearly, the best RMS order of convergence that can be achieved is at most % However, the
order bound % cannot be reached by any weak order p approximation method in the case of the
classical Monte Carlo simulation. Therefore, in order to attain the optimal order of convergence
for the RMS error, we apply the MLMC estimator (2.1). The following theorem due to Giles [6]
is presented in a slightly generalized version suitable for our considerations.

Theorem 2.1. For some L € N, let Y! denote the approximation process on the grid Iy, with
respect to step size hy = T/M! foreachl =0, 1, ..., L, respectively. Suppose that there exist
some constants o > 0 and c| o, €2,0, ¢2, c2,1, > 0 and B, Br. > 0 such that for the bias

(@) [Ep(f (X)) — Ep(f (YD) < cpaht
and for the variances
(i) vars(f(Y®)) < co.0h},
(i) varg(f(Y) — F(Y'=1) < eahl forl=1,...,L -1,
(v) varg(f(YE) — f(rE) < eo L hfE.

Furthermore, assume that there exist constants c3,0, ¢3, c3,1. > 0 and y, yr, > 1 such that for
the computational costs

(V) C(Y%) < c30Th,”,
vi) CYL, Y=Y < e3Thy ¥ forl =1,...,L -1,
(vii) C(YE, YL~ <3, Th, ™.

Then for some arbitrarily prescribed error bound & > 0 there exist values L and N for
1 =0,1,..., L, such that the RMS error of the MLMC estimator Yy, has the bound

e(?ML) <é&
with computational costs bounded by
C(Yyr)
cae™? ifB >y, BL >y, a> max{y, v},
< { cae 2 (log(e))’ if 8=y, BL=yL, = 3max{y,yL},

cyemmmaxly=py=ple ir g <y o > I(max{y, yr} —max{y — B,y — BL)),

for some positive constant c4.
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In order to apply Theorem 2.1 and the MLMC method, one has to determine the values
o, B, 8L > 0as well as y, yr > 1. First, « denotes the weak order of convergence for the
bias of the finite-dimensional approximation Y~ € X}, as the dimension of the approximation
subspace increases. This value is well known for commonly applied approximations Y.
Because the approximations (¥!);~o converge to X in the weak sense, the differences of
two successive approximations (f Yh — f (y!-! ))i>1 converge to 0 as the dimensions of the
subspaces increase. Then, usually their variances will also tend to 0 with some order 8 and S,
for the approximations applied on levels 0, 1, ..., L — 1 and on level L, respectively. Here,
we want to point out that estimates of type (i)—(iv) in Theorem 2.1 are rather natural and turn
out to be no considerable restriction for typical applications. Finally, the computational costs
to evaluate two correlated approximations ¥’ and Y*~! on the finite-dimensional subspaces
Xy, and Xj,_, depend on the dimensions of the subspaces that are proportional to hf]. For
commonly used discrete-time approximations, one typically has y = y;, = 1.

The calculations for the proof follow the lines of the original proof of Giles [6]. Considering
the mean-square error

e(Wur) = (Be(f (X)) — Bg(f (VDI + vars (W) < e,
we make use of the weight ¢ € (0, 1), and claim that
Ep(f (X)) = Ep(f(Y")? < qe? and  varp(Tur) < (1 - q)e’.
Then, we can calculate L from the bias and we have to solve the minimization problem
i By € o)

under the constraint that var@(?M L) < (11— q)ez. As a result of this, we obtain the following
values for L and N;.

Let
L _ [logla™Pe1oe™ T
- alog(M)
and 12
1
No = lr—s_zh(()ﬁﬂ)ﬂ(cz—’o) K—‘,
l—gq 3,0
| 12
N = {—s—zhl(ﬂ*”/z(c—z) KW (2.3)
l—gq c3

L o gmnfen)'?
Ny = ’7—8_ hy* VL (—) K—‘
I—g¢g a3 L
for some g € (0, 1), with

e inthe 8 > y and By > yp caseorinthe § <y and yp — B < y — B case

_ _ B=v)/2
B (M~ITYB-n/2 _p
K = (c2,063.0)PT P2 4 (cpe3)!/? L

1—My—-B/2
- 2
+ (CZ,LCS,L)1/2h(LﬂL VL)/ ,

e inthe § =y and B > yr case

)2
Kk = (c2,003,0)"% + (L — D(cae3)/? + (62’L63’L)1/2h(LﬂL /2.
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3. The improved MLMC estimator

The order of convergence of the MLMC estimator Yur given in (2.1) is optimal in the
given framework. However, the computational costs can be reduced if a modified estimator
is applied. As yet, the estimator Y1 is based on some weak order o approximations Y/ for
1 =0,1,..., L oneach level. Now, let us apply some cheap low-order weak approximation
Y onlevels! = 0,1,...,L — 1 combined with some probably expansive high-order weak
approximation YL on the finest level L. The idea is that the approximations Y contribute a
variance reduction, while the approximation YL results in a small bias of the MLMC estimator,
thus reducing the number of levels needed to attain a prescribed accuracy.

Let Y be an order o weak approximation method and let Y be an order p weak approximation
method applied on the finest level. Furthermore, let L = L, with

Lo log(g="%¢y pe'TP)
_ plog(M)

denote the number of levels in order to indicate the dependence on the weak order p. Then, we
define the modified MLMC estimator by

LP
Yyurep =) Y
=0

with the estimators ¥/ for [ = 0,1,..., L, — 1 based on the order o weak approximations Y!
as defined in Section 2. However, now applying the modified estimator

N,
N 1 ! . , .
Yhr=—— > (fFn® — frfr=ho),
which combines the weak order « approximations Y Lr=1 with the weak order p approximations
YLr. Clearly, all conditions of Theorem 2.1 have to be fulfilled for Y replaced by Y. Then,
in the case of p > «, the improved MLMC estimator Yy («, p) features significantly reduced
computational costs compared to the originally proposed estimator Yy, = Y1 (o a)-

Proposition 3.1. Let conditions (i)—(vii) of Theorem 2.1 be fulfilled and suppose that there
exist constants €30, €3, €31 >0 > 0and 8310, 631 , 63’)Lp > 0 such that for the computational
costs

n — NG —y+36;
(V) COr% =é&30Thy” + X5, &y Thy "™,
oi) CO Y'Y = aTh Y + X &0 T forl =1 Ly — 1,

. 5 _ ~ —¥yL kAU —YL,+di
il) COPbr, Yhooly = & Thy ' + Y5 &0, T

vyith some y,yL, = 1 such that y — 6; > 1 and YL, — 8; > 1. Then the MLMC estimator

YML(a,p) Dased on a weak order a > 0 approximation scheme on levels 0,1, ..., L, — 1
and some weak order p > a approximation scheme on level L, has reduced computational
costs.

(i) Inthe B >y and B —y < BL, — yL, case, there exists some &y > 0 such that for all
e € (0, go] it holds that
C(YMmL(,a)(E) -

_ 1, G.1)
C(YML(@,p)(E)
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provided that « > y /2, p z lmax{y YL,} and p > 1max{,B +v.B—v+2y,}
In the B > y and B — ﬂLp pr case then (3.1) holds if, in addltlon
cez > (1 — M= ﬂ)/2)2C2L 3L, and C3C2/C3 > (1 — M- /3)/2)2 2L L, /C3L

Furthermore, for0 < g —y < ,BL =YL, it holds that C(YML(a »)(E) = 0(8_2) if

a>0andp > %max{y, YL, )
(ii) Inthe B =y and Br, > yL, case and if p > %max{y, YL, ) o =y /2, it holds that

p —

v 2
lim C( ML(x, oz))(g) <_> (3.2)
e—>0 C(YML(a p))(g) a
and C(Ympa,p))(€) = O(e2(log(e))?) if & > 0 and p > S max{y, v, }.
(iii) Inthe B <y andy — B = — BL,, case it holds that
c(.
lim Yymrip,p))(€) (3.3)

e—0 C(YML(oz p))(g)

A 1/2
- M2(V_ﬂ)< C3C2 C3(C2C3,L,,) / (M(V_/S)/z _ 1)
- &r,c2L, Gr,(c2r,c3)!?

res 12 -1
n <_> M2 1y 4 (g2 _ 1)2) (3.4)
2.L,03.L,

if p > %(max{y, YL,} — v + B). If the parameter q € (0, 1) is chosen as
vy =B
—B+2p
then the computational costs C x ML(a, p)) are asymptotically minimal. In general, if

B < yortf,BL <L, thenztholdsthatC(YML(a ) =0(" —2-max{y—.yi, —PL,)/p)
Jorp > z(max{y vL,} —min{y — B, yr, — Br,}).

q:

We note that in relations (v')—(vii") of Proposition 3.1 a more detailed polynomial dependence
of the computational costs from the dimension of the approximation subspaces has to be
taken into account, e.g. standard discrete-time approximation methods possess polynomial
computational costs and the constants are known explicitly.

Proof. In the following, we will first state some basic formulae and conditions used in
the remaining part of the proof. Then, we will calculate lower and upper bounds for the
computational costs in the 8 # y case. We will then use these to prove first (i) and then (iii).
Finally, case (ii) with 8 = y is considered.

Basic formulae. Assume that e < 1. Let §o = 0, c = (30, cé ) — = ¢3, and 5§0)Lp = 63,1‘1).
Then the computational costs for YM L(a,p) are
k k Lp—1
5 NG N pE——
COML@p) = 3 E50Thy" ™ No+ > Y & Th "™ N,
i=0 i=0 I=1

~ +3i
+ Z (l) yLP NL

P
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with L = L, = [log(g~"%¢c1,pe='T?)/(plog(M))] and N; for = 0, 1,..., L, given in
(2.3). Without loss of generality, suppose that §; # 6; fori # j and that §; = (y — 8)/2 with

éék()) = égk) = Eélf)Lp = Ointhe 8 > y case. In the following, we make use of the two estimates:

_ loge™) | log(g~'%c1.aT)

* = alog(M) alog(M)
log(e™)  log(g~/%¢i ,TP
Ly—1< oge™)  loglg™ Fer,, T7) 3.5)
plog(M) plog(M)

Lower bound for B # y. Let B # y. Then, we obtain the lower bound

C(YML@w) () (3.6)
2 k 172 Le 1/2
Tke? ( (=248 Al (€20 B—y)/248 A €2
> —— S (nd TP =2) D nTERED (=
l_qg 0 30\ &30 ; ! 3\ &
T k :
> 8_2[2 TP+ e 0
4 & :

k 172 7(B—y)/2 _ 1, (B—=v)/2

£ 3 rBnag) (2000 PTVR —hy,

i .

k—1 1/2 B—y)/2+8 _ 3 (B=V)/2+8i

+Zé(i) €2€2,0€3,0 / T(ﬂ—)/)/2T v hLa

i 3 MB—/2+8 _ |

1=

Lot ((€2€2.063.0 1/ZT(/B—y)/z log(e™") | log(g~"?c1,4T)
3 c3 alog(M) alog(M)

k—1 B=y)/2+48 _ 1, B=7)2+8i = (B—y)/2 _ 5, (B—7)/2
+ Zé(l)C2T hLa T hLoz
— 3 MB=v)/2+8 _ 1 MB-v)/2 _

—)/2 B=7)/2 - -
o TV, T (o) | loga el TON] 5o
MEN2_1 \alog(M) alog(M) T

A(0) A(i) 0
where C3p, =C3 €L, =C2,C3L, =C3, Br, =B, andyr, =y for Yy (a,a)-

Upper bound for B # y. Next, we calculate the upper bound for the § # y case. Thus,

C()A/ML(a,p))(e)
Ly—1

ok 12 12
Tke™? (B—v)/2+8; A(i) [ €2,0 (B—y)/2+8; AGi) [ €2
=7 § :(ho S0\ oy + § : hy S\G

i=0 =1

BLp=vLp)/248i o1y [ C2,Lp 12
+hy, G\ o
L,

k Ly—1

A() v+ | A —y+8i | Al VLt
+TZ<C3’OhO LS el ny )
i=0 =1
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=<

k 1/2
T (i _ €2.0C2C _ )
: 5—2[24‘}) <C2,0Tﬂ—y+5, +< 2.0€2 3) AgTB-1)/2+0
—4 i=0 .0

€2,0€2,L,€3,L, 12 (B—y)/2+8: 3, BLp=VLp)/2
+ — T h,
3,0

k—1 1/2 k—1
~() [ €2,0€3,0C2 - A
T (22 1 S e

i=0 i=0
12
. )  €2€2.L, 63, Y
—i—(cgk)con—i-cgk)(—Lp L”) hiﬂLP 7ep)
c3 P
12
+E§k)<c2,053,06'2> T(,g,,)/z)
c3
<10g(s‘1) 10g(q”2C1,pT1’)>
X
plog(M) plog(M)
o 202.0,30,\"*  B-m
+) 8 ) Ak
i=0

k 1/2
A1) €2,0€3,0€2,L, )72, BLy—vL,)/2+38i
+ Z a1, (—‘ TB=)/ th Pl

i=0 C3’Lp
ko eae3ca, L\ (BL,—yi,) /245
+ Zé(l) Lp Aoh, » e i
3,L, ool L,
i=0 =P

BL,—YL,+3i
+ Cz’Lpthp p

k
AG) 18—y | AG) Ly AG) iYLy
+T Z<c3’OT Y+ YT +éyy by
i=0

(Mfl T)(S,'fy _ hai_y
) (3.8)

with Ay = (M1 T)P=/200 P20y =P8 fori =0, ..k — 1,

Proof of (i). Inthe B > y and B, > yr, case, we prove that there exists some &9 > 0

such that for all & € (0, &o] it follows that C(I?ML(Q,,I))(S) > C(?MAL(a,p))(s). From the lower
bound (3.7) for C (Y1 (a,a))(¢) and the upper bound (3.8) for C(¥Yp1(«, p))(€) We obtain the
following estimate:

C(?ML(a,a))(s) - C(?ML(a,p))(S)

> r g2
=
= 12, B=112 _ pr(y—p)/2,(B=1)/2
x (30 m-n g (€206 2hp, M h
i=0 O\ e300 1— MY-B)/2
1= B

(B=v)/2+4i —B)/2-8; 1, (B=V)/2+3i
—Mr=B/ hi

— o {22030\ L
+ FION It ilatiid TB=v)/2_Zp
(=)

1 — MO—P/2—s
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_ _ g ) o

i (M 17y y>/2+s,(h(Lﬂp N2 _ oyl ﬂ)/2h<L/i /2
+ ZC3 2 (1 — MY=P2=5) (1 — M=P)/2)
1=

-1 —)/2 5, B=V)/2+8; —B)/2—8; 1, (B=V)/248; |, B—v+9; —p—8; B+
M7y B/ (th i _ =8/ ihy, 1)_th i pMy—B iy, i
A=MY=P /2=y (1—pm(r=B)/2)

k—1

)

1/2
é(l) CZ,OCZ,LPC3,LP / T(ﬁ_y)/z_,,_aih(ﬁLp—VLp)/z
€3,0 Lr

€203.062L, \ 2 gy 12 Brp—vip) 124
c Ly
3,L,

Z

ié@(zcz LyC3.L, )1/ A h(ﬂL,, VL2
O (2L By

Z

>

—1 1/2
i C2C3C2 L BL,—vL,)/2+8i BL,—VL,+di
0, ((22222) o )

=0 C3’L1’
k—1 (M—IT)S -y _ haﬁy
_ A() p8i—y | Al) Ly RO
T - (c3’0T +¢3 T 375 + C3’Lpth ) (3.9)
Inthefollowmg, we make use of the estimates M| /g 1/C)gl/a < hr, < ¢ 1/0‘ ql/Cogl/e
and M~ ”1”/ ql/(zl’)sl/” <hL <c /pql/(Zp)s Tpi ,1.e. WehavehL —>0andhL — Qas

g — 0.

Multiplying both sides of (3.9) with (1 —gq)/T&%h,
account the assumptions 4p > f+ y and4p > 8 — y + 2yL,, results in

Smintpy Py vy )2 and taking into

1 —q , —min{—y.Br,~vi,}/2, . & .
——¢h, B (C (L) €) — CPm L, p)(€))

k—1 172
[Z T (B=7)/2+5; A(z) (C2 0)
3,0

= €3,0
h(Lﬁ—V)/2 ® 2
1/2 P _ 1/2,,\PLp=YLp
((0263) TP R2 (c2,1,63,L,) " "hy >
1/2 h(,B_V)/2
B-1)/2 172 20 Lp
+T (€2,0¢3,0) ( (C3> T Mo PR
0 (2L, )" b,
4, c L,
3L,
(B—y)/2
+ZA<!) 1/2(M yERE gy (L, )\
“MO—P2=5 \? T Mo &

P

- 2
" h(LﬁLP vLp)/ )
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B=v)/2

B 3 1/2
GO e Mo (aen)Y
1—mo=pr2 2 B2 T oye=pr 3 T

thw—npﬂ)
P
> - 2
+0(hm1n{/3Lp YLp-B—Vv}/ )i|hL;mH{ﬁ V.BL,— VLp}/ (3.10)

As a result of (3.10), it follows that in the 8 — y < B, — yr, case there exists some &9 > 0
such that
C(YML(oz @) (€)
C(YML(a m)(E)
forall e € (0,e0]. Inthe B —y = B, — yL, case there exists some &g > 0 such that
(3.11) holds for all ¢ € (0,¢0] if cac3 > (1 — MY=P2)2¢y 1 c3; and @) 2er/c3 >
(1= MY=P2EDL) N2es 1, /es 1, Finally, C (Vi o, p)(6) = 0/(e~2) follows from (3.8).

> 1 3.11)

Proof of (iii). In the B < y and B < 2p case, we have to compare the dominating terms as
& — 0. Therefore, from the lower bound we obtain

5 E-n/iep (y=B) A<O) y=B)/p 1y — (B—y)/2 )
C(YML(p,p))(S) = ﬁ v=#h /pT C2.L,C1,p MY ﬁ(M B=v)/2 _ 1)
+o(e7 2 =P/p) (3.12)

and from the upper bound,

A B-7v)/2p) -
C(YML(@,p)(e) < ﬁg—Z—(y—ﬂ)/pTC?jp B)/p
A A0
( Cgo)c2 C:(,’ )(CZCZ,LPC:'),LP)UZ
(1 — M—=P)/2)2 C;/z(1 — Mo—p1

A0
ng (c2c3e2,0,)'/?

1/2 (1 M(V ,3)/2) +E:(’)(,)},pCZ,Lp) +0(8_2_(V_/3)/I7)' (313)

Making use of estimates (3.12) and (3.13), this results in estimate (3.4) where S » < VL,
because we require that B, —yr, =B —y <0.

In general, it follows that C(YML(a,p))(s) O (g2~ maxty=B.v1, =BLp}/Py que to the upper
bound (3.8) for < y and any Bz, > 0, yz, > 1. Furthermore, there is an asymptotically op-
timal choice for the parameter g € (0, 1), such that the computational costs are asymptotically
minimal. Calculating a lower bound for C (Yu L(a,p))(¢) and taking into account the upper
bound (3.13), we obtain

e 2 W=BIPgB=/CP) C 4 o(e72 =P/ P)

CVML@.p)(E) = 1

with some constant C > 0 independent of ¢ and . Now, we have to find some ¢ € (0, 1) such

that
5(B—=v)/(2p)

(B=7)/(2p)
ce—2-v-p/rd g nren

— min Ce—2-0—-P/rd

~

1—4 qe (0,1 l—gq
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for all 0 < ¢ < 1. Solving this minimization problem leads to
y =B
y—B+2p’
which is asymptotically the optimal choice for ¢ € (0, 1) in the B < y case.

g =

Lower bound for B = y. In the § = y case, we obtain the following lower bound:

CYML@.w)(E)

k 1/2
_ N A C€2,0€2C3 i
(X henon +z 0(222) g
i=0
1/2 1/2
N €2€2,0€3.0 @) [ €2€2,0€3,0
+ gO)( > » > Loz + chz)( > > )

c3 P c3
T8 _ ha’ T8 _ pdi
A(O) 2 A1) Ly
X—Mai—l ¢y oLy +Z ch—_l)
(i 5 Xk: () { €2.0¢2¢3 1z . ©) { €2€2,0¢3,0 12
0C2 ol < 30<—’ ) T +c <— . )
~0 i—0 3.0 €3

b p
+ZE§Z)02 —1 )

log(s~! log(g—12¢q , T R log(e~1) \?
X( g( )Jr 2(q L )>+ (0)2< g( ))

«log(M) « log(M) 32\ wlog(M)
+2A(0) 10g(8_1)10g(q_1/201,aT"‘)+é(0)62 log(qg~"¢c1 o T*)\?
a?(log(M))? : alog(M)
k 1/2T6,~_h5,-
() [ €2€2,0€3,0 Lo
: 3.14
() ) a1

i=1
where Cg)L = Cé ). e, Le = €2, €31, = €3 Br, = B, and yr, = y for Yar(aa)-
Upper bound for B = y. Next, we calculate the upper bound for 8 = y,
CVmL@, p))<s)
k

1/2
A €2,0€3,0C2
T RS SET C s

1
+ZA(1> ©2,002,1,63.L, \/? i P72
€3,0 Ly

1/2
A(0) [ €2,0€3,0C2 A(l) €2,0€2€3 5
+{c s + E T
( 3 ( 3 )

€3,0

l 2
L0 (221,00, z By
Cl L,
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12 k
A) [ €2€3C2,L, (BLp=vLp)/2+36i AD)
+Z 3Lp( thp » +Z 2

3L, iz

<log(e ) log(g™ ‘2c147TP))

plog(M) plog(M)
n 5(0)C2< log(e™") 10g(q‘1/2a,,,TP)>2
: plog(M) plog(M)
k 12
+Zé§”<%> / A h(ﬁLI’ YLp)/2
i=1 €3
+ Z 5, £2.085.0%.L, l/2h(ﬁLp—J/Lp)/2+8i + hﬂLp_VLp‘HSi
3Lp T Ly 2,1, L,
k (M—IT)di—r — h’Si*V
6O pdi—y 4 a0 Ly ) LSV
+T Z<C3I’OT Y4 c3’ = ); + Cgl,Lpth l’>, (3.15)

i=0
where we applied the relation (3.5).

Proof of (ii). Suppose that 7, > yr, and y, yr, < 2p. Then from the upper bound (3.15)
we obtain C (YML(a mE) = 0(8’2(log(8)) ). Furthermore comparing the lower and the
upper bounds, (3.14) and (3.15), we asymptotically obtain

C'ML@.a)(€) i(UWwWQWMMMmemeMf%mw%

lim =
=0 C(YpL(a,p) (€) = e (T/(1 — g))e=2¢{" ca(log(e~1)/(p log(M)))? + o(e~2(log(e))?)
p2
= E’

which proves (3.2). This completes the proof.

Remark 3.1. Especially, if ¢3 = ¢3 and c3, L, = 3, L, then it follows in the B < y and
B < 2p case that

5 12\ \ =2

m ST p)©) ﬁ(l _ M(ﬁ—y)/2<1 _ (L) / )) .
=0 C(YyL(e.p)(€) €2,1,C3,L,

Thus, if c2¢3 < ¢, L,C3L, it follows directly that

lim C(YML(p »)(E)
e—=0 C(YML(oz p))(s)

> 1.

4. Numerical examples in the case of SDEs

To illustrate the improvement that can be realized with the proposed modified MLMC
estimator, we consider the problem of weak approximation for SDEs

dX; = a(X;)dr + Y b/ (X;)dB/ 4.1

j=1

with initial value X;, = xo € R4 driven by an m-dimensional Brownian motion.
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In the following, we compare for several numerical examples the RMS errors (2.2) versus the
computational costs for the MLMC estimator I?M L, proposed in [5], [7], and [6] and described
in Section 2, with the proposed modified MLMC estimator ¥y, L(a, p) described in Section 3.
As a measure for the computational costs, we count the number of evaluations of the drift and
diffusion functions, taking into account the dimension d of the solution process as well as the
dimension m of the driving Brownian motion.

In the following, we consider on each level [l = 0, 1, ..., L an equidistant discretization
Iy, = {1, ..., tT/2’} of [y, T'] with step size h; = T/21. FurtherrAﬂorG, we denote by ¥, = Y;,
the approximation at time #,. In case of the MLMC estimator Yy, we apply on each level
[ =0,1,..., L the Euler—-Maruyama scheme on the grid Ij,, given by Yy = x¢ and

m
Yn+1 = Yn + a(Yn)hn + ij(yn)l(j)s”’
j=1

i — B/ forn =0,1,...,T/2" — 1. The Euler-Maruyama
scheme converges with order 1 5 in the RMS sense and with order & = 1 in the weak sense to
the solution of the SDE (4.1) at time T [10].

On the other hand, for the modified MLMC estimator I}M L(a, p) the Euler-Maruyama scheme
is applied on levels 0,1, ..., L, — 1, whereas on level L, a second-order weak stochastic
Runge—Kutta (SRK) scheme RI6 proposed in [12] is applied. The SRK scheme RI6 on level
L, is defined on the grid Ith by )V’o = Xxp,

where h, = h; and I}, = =B/

1 ke ket LR
Yos1 =7, +2(a(Y)+a(T))h + = ;(b (r{y — pF(r®)) En T

m

| Lo oy ket
+k§<§b (¥a) + 26 () + 265 (02 ) Lo,

m

+5 Y G EE) = AV,

k=1

| =

m

~ 1 ~
- Z(Zb’w ) — bk(ﬁ’") - Zbk(r‘_’”))I(k),n,

where h,, = hL and I),, = = B¥ B,’i forn=0,1,..., T/2LP — 1 with stages

In+1
m

T =Yy +a@W)he + Y b V)l ijyn.

j=1

n )
. . . . oo g

T = Vo +ahy £ G)vhe, and T =7V, £ > b/ (k*lg)’",

n

j=1.j#k

where f(k,k),n = %(I(zk)ﬁ — hy) and

%(I(k),nl(j),n ~ V) itk < j,

I, jy, = - .
/ %(I(k),nl(j),n +hadjhyn) ifj <k,
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(a) (b)

0.1000 0.1000
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= 0.0010 = 0.0010

0.0001 0.0001

012 3 456 789 012 3 456 789
Log,,(computational effort) Log,,(computational effort)

—0—-MLMCEM —-MLMCSRK
FIGURE 1: Error versus computational effort for (a) SDE (4.2) using f(x) = x and (b) f(x) = x2.

based on independent random variables I, with IFi(i(k),n = +v/h,) = 5. Thus, we have
a = 1and p = 2 for the modified MLMC estimator Yy (4, p) in the following. Furthermore,
for both schemes the variance decays with the same order as the computational costs increase,
ie. B =pr, =y =yL, = 1. Then the optimal order of convergence attained by the MLMC
method is 0(8‘2(10g(8)) ) due to Theorern 2.1. For the presented simulations, we denote by
MLMCEM the numerical results for ¥;; based on the Euler—-Maruyama scheme only and by

MLMCSRK the results for )A’M L(a, p) based on the combination of the Euler-Maruyama scheme
and the SRK scheme RI6.

As a first example, we consider the scalar linear SDE with d = m = 1 given by
dX; =rX;dt + o X;dBy, Xo =0.1, 4.2)

using the parameters r = 1.5 and o = 0.1. We choose T = 1 and apply the functionals f(x) =
x and f(x) = x?; see Figure 1. The presented simulations are calculated using the prescribed
error bounds ¢ = 47/ for j = 0, 1,...,5. In Figure 1 we can see the significantly reduced
computational effort for the estimator YM L(1,2) (MLMCSRK) compared to the estimator YM L
(MLMCEM) in case of a linear and a nonlinear functional.

The second example is a nonlinear scalar SDE with d = m = 1 given by

dX,:lX,+\/X,2+1dt+\/X,2+1dBt, Xo = 0. 4.3)

We apply the functional f(x) = (log(x + v/x2 4+ 1))3 — 6(log(x + v/x2 + 1))? + 8log(x +
V/x2 4 1). Then the approximated expectation is given by E(f(X;)) = > — 3t> + 2r. Here,
the results presented in Figure 2(a) are calculated for T = 2, applying the prescribed error
bounds ¢ = 4 J for j=0,1, , 6. Here, the improved estimator )% ML(1,2) performs much
better than ¥ w1 also for nonhnear functionals and a nonlinear SDE. Finally, we consider a
nonlinear multi-dimensional SDE with a d = 4-dimensional solution process driven by an
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(a) (b)

10.000 0.001
1000 __1.000
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< 0.100 < 0.100
o0 o0
o o
— —

0.010 0.010

0.001

0.001
012345673891011 0123456728910
Log,,(computational effort) Log,,(computational effort)

—0—-MLMCEM —<-MLMCSRK

FIGURE 2: Error versus computational effort for (a) the nonlinear SDE (4.3) and (b) SDE (4.4) with
noncommutative noise.

m = 6-dimensional Brownian motion with noncommutative noise. Thus,

1 23yl 2742 3 4
MAN it R S
2 7 y1 2 3 4
d Xg = SX 154X +1?46th _154X dr
1 2 3 4
Xa 1654X — 154 X] +36 X; 62X
1 1 5 2 3 1 4
X 33X — 153X + 7 X — 57X
i 1
13 14
! 2)2 32 4 2 i 1, 1 442 2, 1 16 2
+ gy XD+ D2+ 2| BB+ o (XD + (X2 + | | B
3 16
= 1
75 5
: 1
6 8
i 1\/()(1)2“"2)2+1 R 1\/()(3)2+(x4)2+ 3 (5] ps
12 ! t 9 % t 14 ! 29 % p
: 1
6 9
T 1
T L
1 I N - 7o
+_\/(X’1)2+(Xf3)2+_ i dBt+_\/(Xt)2+(Xz)2+— i3 | B
10 : 0 ¥
+ 1

—
—

—

(98]

4.4)

with initial condition X = (8 g L 8)T Then the approximated first moment of the solution is
given by ]E(X ) =X i exp(2T) fori =1, 2, 3, 4. The simulation results calculated at 7 = 1 for
the error bounds &= 4 Jforj=0,1,...,6are presented in Figure 2(b). Again, in the multi-
dimensional noncommutative noise case the proposed estimator Yum L(1,2) heeds significantly
less computational effort compared to the estimator Y1, which reveals the theoretical results
(3.2) in Proposition 3.1.
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5. Conclusions

In this paper we proposed a modification of the MLMC method introduced by Giles which
combines approximation methods of different orders of weak convergence. This modified
MLMC method attains the same mean-square order of convergence as the originally proposed
method that is in some sense optimal. However, the newly proposed MLMC estimator can
attain significantly reduced computational costs. As an example, there is a reduction of costs
by a factor (p/a)? for the problem of weak approximation for SDEs driven by Brownian motion
in the B = y case. This has been confirmed by some numerical examples for the p = 2 and
a = 1 case, where the calculation cost is a quarter of that required for the standard MLMC
estimator. Here, we want to point out that there also exist higher-order weak approximation
schemes, e.g. p = 3 in the case of SDEs with additive noise [2], that may further improve
the benefit of the modified MLMC estimator. Future research will consider the application
of this approach to more general SDEs, e.g. SDEs driven by Lévy processes [3] or fractional
Brownian motion [11], and to the numerical solution of stochastic partial differential equations
[13]. Furthermore, the focus will be on numerical schemes that feature not only high orders of
convergence but also minimized constants for the variance estimates.
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