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This paper is devoted to the structural stability of a transonic shock passing through
a flat nozzle for two-dimensional steady compressible flows with an external force.
We first establish the existence and uniqueness of one-dimensional transonic shock
solutions to the steady Euler system with an external force by prescribing suitable
pressure at the exit of the nozzle when the upstream flow is a uniform supersonic
flow. It is shown that the external force helps to stabilize the transonic shock in flat
nozzles and the shock position is uniquely determined. Then we are concerned with
the structural stability of these transonic shock solutions when the exit pressure is
suitably perturbed. One of the new ingredients in our analysis is to use the
deformation-curl decomposition to the steady Euler system developed by Weng and
Xin [Sci. Sinica Math., 49 (2019), pp. 307-320] to deal with the transonic shock
problem.
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1. Introduction

This paper is concerned with the transonic shock problem in a two-dimensional
nozzle with an external force. In 1948, Courant and Friedrichs [9] had described
the following transonic shock phenomena in a de Laval nozzle: given the appro-
priately large receiver pressure, if the upcoming flow is still supersonic after
passing through the throat of the nozzle, to match the prescribed appropriately
large exit pressure, a shock front intervenes at some place in the diverging part
of the nozzle and the gas is compressed and slowed down to subsonic speed.
In this paper, we will investigate such a problem for the two-dimensional com-
pressible FEuler flow exerted by proper external force in a two-dimensional flat
nozzle.

The studies of transonic shock solutions for inviscid compressible flows in dif-
ferent kinds of nozzles have a long history. A lot of significant results have been
achieved over the past two decades. People first used the quasi one-dimensional
model to study the transonic shock problem [1, 9, 10, 14]. In [14], Liu has proven
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that the flows along the expanding portion of the nozzle are stable, which suggests
that the widening nozzle played a stabilizing effect. However, our results imply
that the external force also has the effect of stabilizing the shock. Next, the struc-
tural stability of multidimensional transonic shocks in flat or diverging nozzles was
further investigated in [6, 30, 31] using the steady potential flows with different
kinds of boundary conditions. In particular, [30, 31] proved that the stability of
transonic shocks for potential flows is usually ill-posed under the perturbations of
the exit pressure. The structural stability of the transonic shock problem in two-
dimensional divergent nozzles under the perturbations for the exit pressure was first
established in [16] when the opening angle of the nozzle is suitably small. Later on,
this restriction was removed in [17, 20]. Moreover, the transonic shock in general
two-dimensional straight divergent nozzles was shown in [20] to be structurally
stable under generic perturbations for both the nozzle shape and the exit pressure.
The existence and stability of transonic shock for three-dimensional axisymmet-
ric flows without swirl in a conic straight nozzle were established in [18, 19] with
respect to small perturbations of the exit pressure. Compared with those results,
a new decomposition method to the compressible Euler system was applied in this
article.

Many researchers also considered the transonic shock problem in the flat or almost
flat nozzles with the exit pressure satisfying some special constraint, see [3—5,
15, 29] and the references therein. Recently, there has been interesting progress
on the stability and existence of transonic shock solutions to the two-dimensional
and three-dimensional axisymmetric steady compressible Euler system in an almost
flat finite nozzle with the receiver pressure prescribed at the exit of the nozzle
(see [11, 12]), where the shock position was uniquely determined. For the struc-
tural stability under the axisymmetric perturbation of the nozzle wall, a modified
Lagrangian coordinate was introduced in [26] to deal with the corner singular-
ities near the intersection points of the shock surface and nozzle boundary and
the artificial singularity near the axis simultaneously. Most recently, the authors
in [24, 25] studied radially symmetric transonic flow with/without shock in an
annulus. Thanks to the effect of angular velocity, it was found in [24] that besides
the well-known supersonic-subsonic shock in a divergent nozzle as in the case with-
out angular velocity, there exists a supersonic—supersonic shock solution, where the
downstream state may change smoothly from supersonic to subsonic. Furthermore,
there exists a supersonic—sonic shock solution where the shock circle and the sonic
circle coincide.

The rest of this paper will be organized as follows. In the next section, we for-
mulate the problem investigated in this article and state our main results. In § 3,
we reformulate the original 2-D problem by deformation-curl decomposition devel-
oped in [27, 28] so that one can rewrite system (2.1) with the velocity and the
Bernoulli function. We obtain a 2 x 2 first-order system for the velocity field, a
transport-type equation for the Bernoulli function, and the first-order ordinary
differential equation for the shock after linearization. In § 4, we design an elab-
orate iteration scheme inspired by the works [17] for the non-linear system. The
investigation of well-posedness and regularity for the linear system is given in the
remainder part of this section. In § 5, we prove the main existence and uniqueness
theorem.
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2. Formulation of the problem and main results

In this section, we present the two-dimensional transonic shock problem with exter-
nal force under suitable perturbation of exit pressure and the main results. The 2-D
steady compressible isentropic Euler system with external force is of the form

Oz, (pur) + Oz, (pu2) =0,
8961 (puluQ) + 812 (pu% + P(p)) = paSCQ(I)v

where (uj, uz) = u : R? — R? is the unknown velocity filed and p : R? — R is the
density, and ®(x1, x2) is a given potential function of external force. For the ideal
polytropic gas, the equation of state is given by P(p) = Ap”, here Aand v (1 <y <
00) are positive constants. We take A = 1 throughout this paper for the convenience.

To this end, let’s first focus on the 1-D steady compressible flow with an external
force on an interval I = [Lg, L;], which is governed by

(pu)'(z1) =0,
put’ + $-P(p) = pf(x
p(Lo) =po >0, u(Lo

), (2.2)

1
) = U > 0,
where we assume that the flow state at the entrance x1 = L is supersonic, meaning

that ug > (po) = ypg "
Denote J = pu = poug > 0, then it follows from (2.2) that

{ﬁ(wl) =45 (2.3)

(@) =g =a f.

Also one has

o uf ” pf
- = — 2.4
YTEme P T TE a0 (24)

d - (v+1)M?% f
— M? =~/ 2.5
an M) = T 2(p)’ (2:5)
where M (x1) = a(x1)/c(p) is the Mach number.
Since M?(Lg) > 1, it follows from (2.5) that if the external force satisfies

fT(.Tl) >0, VL0g<x <Ly, (26)

then problem (2.2) has a global supersonic solution (p~, @~) on [Lg, L1]. If one
prescribes a large enough end pressure at 1 = L1, a shock will form at some point
x1 = Lg € (Lo, L1) and the gas is compressed and slowed down to subsonic speed,
the gas pressure will increase to match the given end pressure. Mathematically,
one looks for a shock 2; = L, and smooth functions (p*, @+, P*) defined on IT =
[Ls, L] and I~ = [Lg, L] respectively, which solves (2.3) on I* with the jump at
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the shock x; = L, € (Lo, L) satisfying the physical entropy condition [P(Ls)] =
Pt (Ls) — P~ (Ls) > 0 and the Rankine-Hugoniot conditions

5a)(L.) = 0,
loal{(E,) = 0 (2.7)
[pu” + P(p)|(Ls) =0
and also the boundary conditions
p(Lo) = po, u(Lo) = uo >0, (2.8)
P(Ly) = P.. (2.9)

We will show that there is a unique transonic shock solution to the 1-D Euler
system when the end pressure P, lies in a suitable interval. Such a problem will
be solved by a shooting method employing the monotonicity relation between the
shock position and the end pressure.

LEMMA 2.1. Suppose that the initial state (ug, po) at x1 = Lg is supersonic and the
external force f satisfying (2.6), there exist two positive constants Py, P1 > 0 such
that if the end pressure P, € (Py, Py), there exists a unique transonic shock solution
(™, p~) and (", p*) defined on I~ = [Lg, Ls) and I™ = (Ls, L1) respectively,
with a shock located at x1 = Lg € (Lo, L1). In addition, the shock position x1 = Lg
increases as the exit pressure P, decreases. Furthermore, the shock position L
approaches to Ly if P. goes to Py and L4 tends to Lg if P, goes to Py.

Proof. The existence and uniqueness of smooth supersonic flow (@~, p—) starting
from (po, up) on [Lo, L1] is trivial. Suppose the shock occurs at x; = Ly € (Lo, L1),
then it is well-known that there exists a unique subsonic state (a™(Ls), pT(Ls))
satisfying the Rankine-Hugoniot conditions (2.7) and the entropy condition. With
(at(Ls), pT(Ls)) as the initial data, equation (2.2) has a unique smooth solu-
tion (a*, p*) on [Ls, L1]. Denote P. = (p*(L1))”. In the following, we show
that the monotonicity between the shock position z; = Ly and the exit pres-
sure P, = (pT(L1))7. pT(L1) is regarded as a function of L. Since (ptat)(Ls) =
(55 )(Ls) = J = potig > 0, then

(B 4 = =t (L) 4 (210
u- S + T N\~ U S + T/ T A\~ .
(@™ (Ls)) (@t (Ls))
It follows from the second equation in (2.2) that
Lo 2 T+ =1 _ & S 2
(T (L) + 5 (5 (L) = B(I) = 5(F (L)
Y —+ =1 _ &
L) = (L),
Differentiating with respect to Lg, one deduces that
. 2N dpt (L)
G (L)) 2 —
(7 w0 - i) i,
J? dpt(Ls) -
= o (L)) "2 — 5 f(Ly) =:1. 2.11
(204 (207 = i ) e - ) (2.11)
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Also (2.10) yields that

Lt Ydat(Ly) . a7t \du (L) f(L)
{1 <a+<Ls>>v+1} aL, ‘{1 <a<Ls>>v+1} L, u (L)

Finally, we conclude that

Since the coeflicients

J2
(p*(L1))?
then (2.11) implies that the end density p7(Ly) is a strictly decreasing function of
the shock position 21 = L. Tt follows that the end pressure P, = (p*(L1))7 is a
strictly decreasing and continuous differentiable function on the shock position x; =
L. In particular, when Ly = Lo and L, = Ly, there are two different end pressure

Py, P, with Py > P;. Hence, by the monotonicity, one can obtain a transonic shock
for the end pressure P, € (P, Pp). O

V(T (L1)) 72 = >0,

REMARK 2.2. Lemma 2.1 shows that the external force helps to stabilize the
transonic shock in flat nozzles and the shock position is uniquely determined.

The one-dimensional transonic shock solution (%, p*) with a shock occurring
at ©1 = Ly constructed in lemma 2.1 will be called the background solution in
this paper. The extension of the subsonic flow (@ ¥ (x1), p7(21)) of the background
solution to Ly — §p < x1 < Ly for a small positive number §, will be denoted by
(@* (1), 5 (1)),

It is natural to focus on the structural stability of these transonic shock flows. For
simplicity, we only investigate the structural stability under suitable small pertur-
bations of the end pressure. Therefore, the supersonic incoming flow is unchanged
and remains to be (@~ (1), 0, p~ (x1)).

Assume that the possible shock curve ¥ and the flow behind the shock are denoted
by 1 = &(w2) and (u], ug, PT)(z) respectively (see figure 1). Let QF = {(z1, 22) :
&(xe) <21 < L1, —1 < w2 < 1} denotes the subsonic region of the flow. Then the
Rankine-Hugoniot conditions on ¥ gives

[pua] = &' (w2)[pus] = 0,
[puf + P] — &' (z2)[puruz] = 0, (212)
[purus] — &' (w2)[pu3 + P] = 0.

In addition, the pressure P satisfies the physical entropy conditions

P*(z) > P (z) onX. (2.13)
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€2
supesonic subsonic
P = P@ + EPex
shock —% 1 = &(x2) 71
Q- Qr
L L
0 €Tl = Ls '

Figure 1. Nozzle.

Since the flow is tangent to the nozzle walls x5 = +1, then
uy (z1,+1) = 0. (2.14)
The end pressure is perturbed by
P (Ly,25) = P, + €P., (1), (2.15)

due to some technical reasons, we may readily suppose that P.,(xs)=
Pel/ﬂffj’ex(zg) € C%([~1, 1])(a € (0, 1)) satisfies the compatibility conditions

P! (£1) = 0. (2.16)
The following theorem gives the main results of this paper.

THEOREM 2.3. Suppose that (2.6), (2.8) and (2.9) hold. Then there exist positive
constant ey > 0 such that, for all € € (0, €], system (2.1) with boundary conditions
(2.12)(2.15) has a unique transonic shock solution (ui (z), uj (z), P*(x);&(x2))
which admits the following properties:

(i). The shock x1 = &(z2) € C3([—1, 1]), and satisfies
€(z2) = Lsllcs.a—1,1)) < Cé, (2.17)

where the positive constant C' only depends on the background solution, the exit
pressure and o.
(i3). The velocity and pressure in subsonic region (uy, uy, P*)(z) € (C*>*(Q1))3,
and there holds

||(u-1’_,u;_’P+)(x) - (’[L,O,P)ch,a(ﬁ+) < 067 (218)

where QT = {(z1, xg) E(xe) <1 < Ly, =1 < @9 < 1} is the subsonic region and
(i1, 0, P) = (a(x1), 0, P(p(x1))) is the extended background solution.
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Our proof is influenced by the approach developed in [16, 17, 20], yet the refor-
mulation of the problem is different from there. It is well-known that steady Euler
equations are hyperbolic-elliptic coupled in the subsonic region. The entropy and
Bernoulli’s function are conserved along the particle path, while the pressure and
the flow angle satisfy a first-order elliptic system in the subsonic region. These facts
are widely used in the structural stability analysis for the transonic shock problems
in flat or divergent nozzles, one may refer to [3, 7, 8, 16, 17, 20, 22, 32, 33] and the
references therein. Here we resort to a different decomposition based on the defor-
mation and curl of the velocity developed in [27, 28] for three-dimensional steady
Euler and Euler—Poisson systems. The idea in that decomposition is to rewrite the
density equation as a Frobenius inner product of a symmetric matrix and the defor-
mation matrix by using Bernoulli’s law. The vorticity is resolved by an algebraic
equation of Bernoulli’s function and the entropy. We should mention that there are
several different decompositions to the three-dimensional steady Euler system [2, 4,
5, 21, 23, 32| developed by many researchers for different purposes. An interesting
issue that deserves further discussion is when using the deformation-curl decomposi-
tion to deal with the transonic shock problem, the end pressure boundary condition
becomes non-local since it involves the information from the shock front. However,
this non-local boundary condition reduces to be local after introducing the potential
function.

3. Reformulation of the problem

Different from previous works on transonic shock problems [3, 7, 8, 16, 17, 20|,
we will use the deformation-curl decomposition developed in [27, 28] for steady
Euler system to decompose the original system (2.1) into an equivalent system
(3.3), where the hyperbolic quantity B and elliptic quantities uy, us are effectively
decoupled in subsonic regions. To this end, define the Bernoulli’s function

1
B =Ll + hip) - @, (3.1)
where h(s) = —2;57! is the enthalpy function. Hence, the density can be expressed

by the Bernoulli function and velocity field as
1/v—1
-1 1
p=H(B,,|uf?) = [”7 <B+<I>— 2u|2>} . (3.2)

Consequently, the 2-D Euler system (2.1) with unknown function (uq, ue, P) is
equivalent to the following system

2
Z (02(H)§ij - Ui’LLj)ain + u181¢> + ’LLQaQCI) = 0,
i,j=1
__ 3B

uy

w1018 + 10 B = 0,

611,62 — 82U1 =

with unknown function (u1, us, B).
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The shock curve is determined by

gy = P2 oo
5(132) - [pu%—f—P} (5( 2)5 2)a 2 € ( 171) (34)

Furthermore, it follows from the R-H conditions (2.12) that
[pul] - %%ﬁﬂa
o3 + P(p)] = el

[pus+P] -

A direct computation by using (3.5) shows that on z1 = £(22)

(P (&(x2), w2) — P (L), uy (€(2), w2) — ™ (L))
= (h, h2)(p™ (§(22)) = 5 (Ls),u™ (E(x2)) — a7 (Ls), (uz (§(22),22))%)  (3.6)

here h;(0, 0, 0) = 0 for ¢ = 1, 2. In addition, we have

+

Ohy — ou- urT—u-
e A I e CLON Jare  8) R
Ohy o ut—u
a(u__a_) |(0,0,0) = 2P (Ls) (7+(Ls))2 — 02(p+(L ))7 (37)
Ol (LI (L) 1
o(ug)? 00 T PH(L,) = P~ (Ly) (@ (Ls))? — (o7 (Ly))’
and
Ohs | — (4 1)15+(L9) — P~ (Ly) atu
a(p——p) 00 T T T VT GRL)2at (L) (0t (Ly))? — E(pH (L))
Ohs | _ 2p (Lo)u"(Ly) uut N p (Ls)
Ou=—u=) 0T PRI (@ (L)~ (pF(Ly) T pH(L)
Ohs_ P (L)ut (L) A(p*(Ls))
O(uz )2 00 T PH(L,) — P(L,) (@t (Ly))? — E(p* (Ly)) )

By substituting (3.6) into (3.1), we conclude that there is a function hz such that
B*(&(w2),22) — BY(Ls) = ha(p™ (£(2))
=P (Ls)su” (E(x2)) — a (Ls), (ug (£(x2), 22))%). (3.9)

Thus, theorem 2.3 is established as long as we solve problem (3.3)—(3.4) with bound-
ary conditions (3.5), (2.14)—(2.15). In order to deal with the free boundary value
problem (3.3)-(3.4), we introduce the following transformation to reduce it into a
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fixed boundary value problem. Setting

oz — () B
Y1 = m([/l — L)+ Ls, y2 =2, (3.10)

then, the domain Q" = {(z1, x2) : £(x2) < #1 < L1, —1 < 3 < 1} is changed into
Q={(y1,42) : Ls <y1 < L1, -1 < ya < 1}. (3.11)
The inverse change variable gives

L, *f(yz) Ly —

- L) =
w1 =8+ == - L) = vt

We now set for y € @

s s Ly —&(y :
(uj7pa Ba q>)(y1ay2) = (u]) 12 B7 (D) (}/1_‘([/2)&}1 - Ls) + g(y2)7 y?) 3 J= 17 2.
Shock equation (3.4) becomes

(pusus)(€(ys). v2)
P (&), v2) — P (€ (y2) + p(u2) (€ a) 2)°
p )

= (ﬂ 2)( sy Y2 B
-~ PH(p)(Ls,y2) — P~ (E(y ))+p(ﬂ2)2(Ls,y2)’y2€( 1,1),

5/(2/2) -

(3.12)

U

and system (3.3) is changed into

Li—L, Li—L. . -
(CQ(ﬁ) ~2)[,117£()6U1U1 +c ( )8y2a2+ﬂ1m {

Ll—LS ~ ~ yl_Ll ’ - 8yzB -
U7 g e — By — LA (D, + 22— By(w, B),
Ll _é-( 2) y1 42 y2 1 Ll _5( 2)5 (y2) y1 41 i 2( )

L1 _Ll
7813+u623+7
YL —€(ya) Y T L —€(y)

where

€' (y2) a0y, B = 0, (3.14)

~ ~2) Y1 — Ll / ~ - L1 — Ls o
1

Fi(8, B) = 430,02 — (¢*(p) — mf (y2)0y, U2 + Uﬂbm
~ L ) L .
+ a2ﬂ1(ay2a1 + ];?1775(;2)5 (92)81;1“1) (ayzq) + mg (y2)8y1<1>),

- Ly f'(ZUz)a B

Li—&(yp2) w "

Consider the perturbed functions v;(y1, y2), i = 1, 2, 3, 4, as

Fy(a,B) = —

vi(y1,y2) = @1 (y1,y2) — @ (y1),  va(y1,y2) = Ga(y1, y2),
v3(y1,y2) = B(yhyQ) - B+a v4(y2) = &(y2) — L,
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and define the vector functions
Vi(yi,y2) = (v1(y1,y2), v2(y1,y2), v3(y1, y2), va(yz))-

It follows from (3.12) that the shock satisfies

(y2) ﬁ(ﬂ+vl)u2(Lsay2) )
PH(p)(Ls, y2) — P~ (&(y2)) + plti2)*(Ls, y2)

Through a direct computation, one can derive from (3.9) and (3.14) that the

Bernoulli function satisfies a transport-type equation

[(@*+v1)(L1 — L) +va(yr — L1)v}(y2)|0y, v3 + v2(L1 —va — L
v3(Ls,y2) = b3va(y2) + R3(y2),

where

p—(Ls) = pF(Ls)

N

F(Ls),

and R3(y2) = R3(V(Ls, y2)) = O(|V(Ls, y2)|)? is an error term of second order.
We may readily drop superscribe + on the background solutions if there is no risk

of confusion. And the first-order system for vy, vy is given by,
(c(p*) = (@*)*) 0y, v1 + ¢ (p*)dy,v2 + Bi(y1)ve
+ Bs(y1)vs + Ba(y1)va(yz) = F3(V, VV),
Byyv2 — Oyyv1 + FZL G, + 22 = Fy(V,VV),

where F3, Fy represent the remainder term of the second order with respect to V'

and VV, and

va* + () &

Bi(y) = f(y1) — (v + Duu' = 27— f>0,

Bs(yr) = (v = D',

By(y1) =

I iLs (v = D f () (L1 —y)@ —af +af (y1) (L1 — v1)]-

It’s obvious that the second formula in (3.6) gives the boundary condition of v; on
the entrance x; = Ls. Meanwhile, formula (3.2) after changing the variable becomes

Ep)y) =" = (v 1) (B - %\ﬁl2 + ‘5)
—(y-1) (B++U3 @) - St cb)
1

1
=AEN)+(y-1) (Ug —atv — 51}% 2@%)
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which together with (2.15) gives the boundary condition of v; on the exit 27 = L;.
Hence, the boundary conditions to system (3.19) read as follow

v1(Ls, y2) = bava(y2) + Ra(y2),
Ul(leyQ) - a(il) (03(L13y2) - Gpe:c(yZ)) + R4(y2)a (321)
Ug(yl, :l:l) = O7

here

p~(Ls)u™ (L) _
pr(Ly)[(ut(Ls))? — c2(pt(L ))]f( s) < (3.22)

and  Ro(y2) = Ra(V(Ls, y2)) = O(|V(Ls, y2)[)% Ra(yz) = Ra(V (L1, y2)) = O([V
(L1, y2)|)? are error terms of second order. Based on our reformulation, theorem
2.3 follows from the following results.

by = —

THEOREM 3.1. Under the same assumptions as in theorem 2.3, there exists a posi-
tive constant €g > 0 such that for each € € (0, o], system (3.16)~(3.21) has a unique
solution V € (C%%(Q))3 x C3*([-1, 1]) satisfying the following estimate

3
> lvilloza @y + loalles.a-1.1)) < Ce, (3.23)

i=1

where the constant C' depends only on the background solution, the ezit pressure
and o € (0, 1).

4. Tteration scheme and the linear system

In the first part of this section, we construct an iteration scheme for the non-linear
system, and the problem is reduced to the solvability of corresponding linear sys-
tems. Indeed, it turns out that the linear system is a non-local elliptic equation of
second order with a free parameter denoting the relative location of the shock posi-
tion on the wall 25 = —1. Then we study the existence, uniqueness and regularity
for this linear system in the remainder part of this section.

4.1. Iteration scheme

Inspired by [17], we will develop an iteration scheme to prove theroem 3.1.
Consider the Banach space

3

Vs = {V 2 vill oz + valosor-1,1) < 85 0y,0; (31, £1) =0,
i=1

J = 13iva(yn, £1) = G, va(yr, £1) = 050 (1) = o) (1) = o} SNCRY

here § > 0 is a small constant to be determined later. For a fix V € Vs, equivalently,

we have the following quantity

(617@21 P é)( )
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We now define the linearized scheme to problem (3.16)—(3.21) as follows.
Firstly, thanks to (3.16), vy is determined by

'UZL(yQ) :bOUQ(LsgyZ)+F5(V)(Ls’y2)’ (42)
where
_ (pu)(Ls)
= BT - P (T
: - pA/l}l —b } Lsa ’
5(:92) {P+(ﬁ)(Ls,yz) — P_(f(yz)) + /3(’&2)2([/5,:[/2> 0 U2( y2)
hence, one can express the shock as
va(y2) = va(=1) + N bova(Ls, 7) A7 + R5(y2), (4.3)

-1

where Rs(y2) f vz F5(7)dr is a error term of second order. Due to Ve Vs, we
have

Fs(£1) = Fy (£1) = 0, | Fsllorap11) < C8llallcraig)y. k=0,1,2.  (4.4)
Secondly, using (3.17), we get the linearized transport equation for vs:
[(@+01)(L1 — L) + 02(y1 — L1)04(y2)]0y, v3 + 02(L1 — 04 — Ls)dy,v3 =0 in Q,
with initial data
v3(Ls, y2) = b3va(ya) + R3(y2).

Thus, it can be solved by characteristic methods. Let yo(s; 3) be the characteristics
going through (y1, y2) with y2(Ls) = B, i.e.

%S' o ’UQ(Llf’U4*L) s
ds (5:6) = (@+01)(L1 — Ls) + 02(y1 — L1)04(y2)’ Le<s <L, (4.5)
y2(Ls> = ﬁ

It is noted that § can be also regarded as a function of y = (y1, y2), this is denoted
by 6 = (B(y), which leads to

v3(y1,y2) = v3(Ls, B(y)) = bzva(y2) + Fo(y), (4.6)

where

B(y) R
Fo(y) = by / (7 dr + Ry(V(Ls, B(y)))

Y2
is an error term of second order. Furthermore, we have
8?/2F6<y1a il) = 07

3
HFﬁHC’C e 06 <Z H’LA&”Cka(Q) + |ﬁ4||Ck‘+1v<’(Q)> 5 k= 0, 17 2. (47)

i=1
It remains to determine the velocity v, vo and the shock position difference vy(—1)
on the wall zo = —1. Substituting (4.3) and (4.6) into (3.19) and (3.21), we get the
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following linearized system for vy, v with an unknown parameter vy(—1):

1 Bi(y1)
TS e i
Bs(y1)bs + Ba(y1)
c(pt) — (ut)?
Dyyv2 — Oy, [vr — A1) (va(=1) + [*2 bova(Ls, 7) d7)] = Ga(y),

(0a(=1) + [*2 bova(Ls, 7) dr) = G1 (1), (4.8)

and the boundary conditions

v1(Ls, y2) = ba(va(=1) + [ bova(Ls, 7) d7) + Re(y2),

>

0lLam) = 2 0r(=1) + [ boa(Le ) dr) = T R, (49)
va(y1, £1) =0,
where
M) = P+ 2,
Ro(y2) = baRs(y2) + Ra(y2),
Re(y2) = bgRS(yzz_Leriﬁ(Lhyz) + Ra(y2),
) = PV YY) = Ba(wn) Rs(v2) = Ba(y1) Fo(w) = Balyn) Ra(va)
(57— (@)?)
Galy) = FaV, 97) = 22580 54110, R ),

It follows from (4.4), (4.7) and a simple calculation that
ay2G1(y1a +1) =0, Ga(y1, £1) = 0,
I1Gillor-r.a(@y < COVcra(gy, k=12,
and
Ry (1) = 0, Ry(+1) = 0,
(R, R7)llcrai—1,1) < COlV ]| ora(gys b =0,1,2. (4.10)

The second equation in (4.8) implies that there is a potential function ¢(y) that
satisfies

{ay2¢ = V2, ¢(st _1) = 07

4.11
Oy, =v1 — A(y1)(va(—1) + fi’i bova(Ls, T)dT) + ffi Ga(yy,7)dr, ( )
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it follows that vy, vy can be represented by
02 = 03,0, (4.12)
v1 = 0y, & + My1)[va(—1) 4+ bod(Ls, y2)] — [*2 Go(y1,7) dT.

Substituting (4.12) into the first equation in (4.8), we conclude that ¢ satisfies the
following non-local elliptic equation of the second with an unknown constant vs(—1)

’1)4(—].)
bo

2 b+

1 —1]\_42 5§2¢ + A1(y1)0y, & + Ao(y1)bo ( + ¢(Ls, yg))

Y2 Y2
= Gl(y)+A1(y1)/ Gg(yh’r) dT+ay1 / Gg(yh’r) dT, (413)
-1 -1

where

B (y1)
c2(p) — u?
1

)\O(yl) = m[(c2(p) — f[LQ))\’ + By A + Bsbs + B4}

Al(yl) = > Oa

Similarly, substituting (4.12) into boundary conditions (4.9), combined with the
boundary condition of ¢ in (4.11), we have

0y, 9(Lee) = ol = ML) (25 (L)) + Rofo) + [ GallLew)
0 0(L1v1m) =~ Balyn) 4 [ Ga L, ),

ay2¢(y17 :tl) = ¢(LS7 _1) =0.
(4.14)
So far, we have reduced problem (4.8)—(4.9) into a non-local elliptic equation of ¢
with an unknown constant vy(—1). Hence, it is sufficient to establish the solvability
and regularity of problem (4.13)—(4.14) to study the original problem. We are going
to do it in the next subsection.

4.2. A non-local elliptic equation with a free constant

In this section, we prove the existence, uniqueness and regularity of problem
(4.13). To this end, we consider the following more concise form of second-order
elliptic system with an unknown constant

92 &+ az(y1)92,¢ + a1 (y1)0y, & — ao(y1)(k + ¢(Ls, y2)) = 8y, f, nQ,
0y, ¢(Ls,y2) — az(k + #(Ls, y2)) = g1(y2),

0y, &(L1,y2) = g2(y2),

Oy, @(y1, £1) = ¢(Ls, —1) = 0,

(4.15)
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Transonic shock flows 15
where the smooth coefficients a;(y), i=0, 1, 2 and the constant as satisfy
al(yl) <Cl, 0<Cy <ai(y) <CY17 1=0,2,3, (416)
and the parameter k is a constant to be determined with the solution itself.
The first lemma implies that the inhomogeneous problem corresponding to system
(4.15) without the unknown constant has a unique weak solution.
LEMMA 4.1. Suppose that f € L*(Q) and g; € L*(—1, 1), i = 1, 2, then there exists

a suitable large positive constant K, such that the following inhomogeneous second-
order elliptic equation

*5’2 ¢ — as(y1)02 s ® —a1(y1)0y, ¢ + K¢ + ao(y1)d(Ls, y2) = 0y, f, inQ,
Oy, ¢(Ls,y2) — az3p(Ls, y2) = 91(y2),
Oy, #(L1,y2) = g2(y2),

5y2¢(y1, il) =
(4.17)
admits a unique weak solution ¢ € H*(Q) satisfying

6l @) < CUl(g1, 92)ll 22 (-1.,0) + [ fll22@)) (4.18)

for some positive constant C > 0.

Proof. For ¢, 1 € H*(Q), define the bilinear form
56,01 = [ 0,000y + [ ax(u0)0,u00,,00y — [ ar(0)v0,,0
Q Q Q
1
K [ ovdy+ [ aolin)o(Lesve)vdy + o [ O(Lage) oL,
Q Q -1

and the linear functional on H'(Q)

1 1
() = / g2(y2) (L1, y2)dys — /_ RATAIAPALTAS /Q By Fidy.

1

It’s obviously that the linear functional /(¢)) on H(Q) is continuous, i.e.

L) < ClI(915 92) 2 (—1,1) + 1 f le2@) 1P 1) (4.19)

where we have used the trace theorem. So, what we need to do is just verify that
the conditions of the Lax—Milgram Theorem are satisfied for the bilinear form B.
The boundedness of Bx is trivial, we will show that By is also coercive. Denote
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A =min{l, Cy} > 0, then

A 2 2 < , )
/Q VoPdy + K /Q 6Pdy < Bl, é] + /Q ar (41)60,, ddy

1

—/Qao(y1)¢(Ls,y2)¢(y1,y2)dy—ag/ |¢(Ls, y2)|*dya,

-1

Cauchy’s inequality gives
C
[ oo, oy < cue [ (vopay+ 2 [ jopay,
Q Q €JQ
and
C
/Qao(yl)qﬁ(Ls,yz)ﬂﬁ(yhyz)dy < Cp(Ly — Ls)Cle/Q IVo|*dy + 471 /Q |¢|*dy.

Then, fix ¢ such that Cieg(l+ (L1 — Ls)Cy) < A/2, and choosing K =
max{A, C1/e}, thanks to the positivity of a3, we obtain

A
B¢, 9] = §||¢||H1(Q),

the unique existence follows from the Lax—Milgram Theorem and (4.19) gives the
estimates (4.18). Thus, the proof is complete. O

The unique existence of regular solution to non-local system (4.15) is established
in the following proposition.

PROPOSITION 4.2. For any f € CY(Q), g; € C*(Q), there is a unique weak
solution (¢, k), such that ¢ € H*(Q) and the following estimate holds

18l @) + |6l < CUlflloa(g)y + (915 92)lcra-1,1))- (4.20)
Moreover, if the compatibility conditions
Byzf(yh -1) = 8y2f(yl7 1) =0, g;(_l) = g;(l) =0,i=1,2, (4'21>
are fulfilled, then ¢ € C*%(Q)
[9llcra@) < CUlfllce@) + (91, 92)lca—11) + 18l 1 (@) + [K]), (4.22)
and
[8llc2.00) < Cllfllcrea@) + (915 92)lcrai-1,1 + 10l m (@) + 1K) (4.23)
for some positive constant C' > 0.

Proof. The proof is divided into two steps.
Step 1: Regularity of weak solutions. We will use the symmetric extension meth-
ods to exclude the possible singularities that may appear at the corner, which
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Transonic shock flows 17
implies that the weak solution ¢ € H'(Q) to system (4.15) is essentially more
regular. To this end, introduce the notation

Q" :={(y1,92) : Ls <wy1 < L1,-2<y2 <2}
and define the extended function ¢*(y) on Q* as

¢(y1a2 - y2), 1<y <2
¢"(y) = § d(y1,92), —1 <y2 < L, (4.24)
Py1, =2 —y2), =2 < y2 < —L.

Then the extended function ¢* satisfies
07, 0% + az(y1)05,¢* + a1(y1)9y, 0™ — ao(y1)(k + ¢* (Ls, y2)) = 0y, [*,in Q*,
0y, 0" (Ls, y2) — as(k + ¢™(Ls, y2)) = g1 (y2),
Oy, @ (L1, y2) = 95 (y2),

8y2¢*(y17 :tl) = ¢*(L57 _1) =0,
(4.25)
Using the standard interior and the boundary estimates for the second-order linear
elliptic equations in [13], we obtain that ¢*(y) € C1*(Q*) and

[¢*[lcr.o@) < CUS lcrea@) + (g1, g2)llerai—2,2) + 197 (Ls, y2) | L2[—2,2) +(|’f|)7)

4.26

which implies that ¢*(Lg, y2) € C1%[—2, 2]. Use estimate (4.26) again to conclude
that ¢*(y) € C%*(Q*) and

16 llcretay < CUI loraq@n + g1, g2)lene -z + 1670, 32) [ 2raz) + [s1)-
(4.27)
Then (4.22) and (4.23) follow immediately.
Step 2: Existence and uniqueness of weak solutions. Due to the linearity, any
solution ¢ to problem (4.15) can be decomposed as ¢ = ¢1 + @2, where ¢;, i=1,2,
satisfy the following equation respectively

92 o1 + az(y1)02,61 + a1(y1)dy, d1 — ao(y1)é1(Ls, y2) = 9y, f, nQ,
Oy, &1(Ls, y2) — azen(Ls, y2) = g1(y2),

Oy, 1(L1,y2) = g2(y2),
ayz(bl(yh :tl) = 07

and

(4.28)

33141’2 + 02(y1)3§2¢2 + a1(y1)0y, d2 — ao(y1)(k + ¢2(Ls, y2)) = 0, inQ,
Oy, ¢2(Ls, y2) — az(k + ¢a(Ls, y2)) = 0,
Oy, 2(L1,y2) = Oy, d2(y1,£1) =0,

¢2<L57 _1> = _¢1(Lsa _1)
(4.29)
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Combing lemma 4.1 with the Fredholm alternative theorem, one can easily derive
that (4.28) has a unique H'(Q) solution ¢; which satisfies (4.20). On the other
hand, one can prove that the only weak solution to (4.29) must be (¢2, k) =
(=¢1(Ls, —1), ¢1(Ls, —1)) by applying the maximum principle. For the detailed
proof, one can refer to lemma 4.1 in [17]. Thus, the proof is complete. O

At this point, we can easily illustrate the well-posedness to reformulated problem
(4.13)—(4.14).

LEMMA 4.3. Problem (4.13)-(4.14) has a unique solution (¢, k) € C>%(Q) x R
satisfying

[llcra(q) + 6] < C(I(G1, G2)ller-1.0()
) (4.30)
+ [ (Re(y2), Rr(y2))crap—1,1) + [€Pex(y2)[[cr:0(-117)s Kk =1,2,

for some positive constant C.

Proof. It suffices to verify solvability condition (4.16) for problem (4.13)—(4.14). A
direct but tedious computation shows that

ao(y1) = ~boro(y1) = _m -0
() = LA
ar(y1) = Mi(y1) = (2(pT) — ﬂ2)2f >0,

=) =5

(pH)(pt=p)f(Ls)
pra( () - )

since the background solution is subsonic and smooth, the upper bound is trivial.

Hence, proposition 4.2 implies that there exists a unique weak solution (¢, k), and
estimate (4.30) follows from (4.22) and (4.23). O

a3z = bo(b2 — A(Ls)) = by > 0,

In view of the analysis of problem (4.13)—(4.14), the well-posedness of equation
(4.8)—(4.9) follows.

LEMMA 4.4. Problem (4.8)-(4.9) admits a wunique solution (vi, v2, va(—1)) €
(C%2(Q))? x R satisfying

101, v2)ll e (g) + [va(=D)] < C([(G1, G2)l|cr-1.0(q)

. (4.31)
+ [1(Re(y2), Rr(y2))leraj—1,1 + lePec(y2)lcraj-1,0),  k=1,2,
and the compatibility conditions
Oyov1(y1,£1) =0, dy,va(y1, 1) = 95, v2(y1, £1) = 0. (4.32)
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Proof. Combine (4.12) and (4 30), we conclude that there is a unique solution
(v1, va, v4(—1)) € (C1*(Q))? x R such that

[(v1;02)l[ca(g) + [Va(=1)] < C([(G1, G2)ll o= ()
+ [(Rs(y2), Rr(y2)) lero-1,1) + llePec (y2)llorag—1,1)- (4.33)

The similar estimates also hold true for |[(v1, v2)[|c1.a(g), but we can derive an even
better estimate by rewriting (4.8) into an elliptic equation of v;. To this end, we
first rewrite system (4.8) as

aylvl + 1— M2 5'y2v2 + Al(yl)vl gl (y),
83}1 Vg — 6yzvl = g2 (y)7

Ul(Lsa y2) = Rﬁ(y2)u (434)
Ul(Lla y2) = R7(y2)a
vg(yl, :t].) == 0,

where

Gi1(y) = G1(y) — 3222(3(%[1)1(’)3j£i()3£1)) (va(—1) + /y12 bova(Ls, T) dT),

G2(y) = Ga(y) + bovz(Ls, y2),

Y2

R@(yQ) = bg(’U4(—1)+/ b()’UQ(LS7T) dT)+R6(y2),

-1

B b Y2 6 ( 2)
Rz(y2) = a(le)(““(‘” + B bova(Ls, 7)d7) — ( D + Rz(y2),
and
0y, G1(y1,+1) = 0, Gao(yr, £1) = 0, RY(£1) = 0, Rh(£1) = 0. (4.35)

Note that (4.12) and the boundary conditions of ¢ imply that
va(y1,£1) = 0, y,v1(y1,£1) = 0. (4.36)
A simple cancellation yields to
0y, (1 = M?)dy,v1) + 9,01 + 0y, (Aa(1 = M?)v1) = 9y, (1 — M?)G1) — 0,,Go,
v1(Ls, y2) = Re(y2), vi(L1,y2) = Rr(y2),

8y2v1(y1, :l:].) = 0
(4.37)
Since the boundary conditions in (4.37) are compatible at the corners, we obtain
the following estimates for v by using the symmetric extension defined by (4.24)

[o1llora(g) < Clllvaller-1.a@) + loa(=D] + [(G1, Ga) [ or-1.0(g)

) (4.38)
+ | Pezllcro—1,1) + | (Re, Br)llcraj—1,1]), k=1,2.
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These estimates together with (4.34) also imply that

[v2]lcra@) < Clllvallor-1.a(g) + lva(=D)] + [(G1, G2) | or-1.0(g) (4.39)
+ | Pesllora—1,1) + [(Re, Re)llorai—1,1), k= 1,2.

Hence, (4.31) follows from (4.33) and (4.38)—(4.39). Finally, differentiating the first
equation in (4.34) with respect to xo and combining with 0,,G1(y1, £1) =0 and
Oy, 1 (y1, £1) = 0, we obtain

92, v2(y1, £1) = 0,

which gives compatibility condition (4.32). Thus, the proof is complete. g

5. A priori estimates and proofs of main results

In this section, we will use the Banach contraction mapping theorem to prove
theorem 3.1. Given any V € Vs, we could establish some a preori estimates to the
linearized problems defined in subsection 4.1, and construct a contractible mapping
from Vs into itself so that there exists a unique fixed point, which is the solutions
obtained in theorem 3.1 and the proof of theorem 3.1 will be finished.

Lemma 4.4 implies that there is a unique solution (v, va, v4(—1)) €
(C*%(Q))? x R to system (4.8)—(4.9) satisfying

[(v1,02)||c2.0(g) + [va(=1)| < C([[(G1, G2)| 1.0 ()
+ (R (y2), Rr(y2)) | o2eo (1,1 + l|€Pea(y2) | 20— 1,1)) (5.1)
< C(e +6%),

and compatibility condition (4.32) holds true.
The shock curve vy is given by (4.3), which satisfies

lvallcs.ar—1,1) < Clva(=1)] + [[vzll g2 (@) + 1F5llc2a (@) < Cle+0%).  (5.2)
Moreover, it follows from (4.32) and (4.4) that
vh(£1) = 0 = o8P (£1). (5.3)

It remains to solve vs. Due to (4.6), combining with (4.7) and (5.3), we obtain
the estimate

[vsllc2.a(@) < Clllvalleza-1,1 + [ Esll e (@) < Cle+67), (5.4)
and the compatibility condition
6y2v3(y1, :l:l) =0. (55)

Taking 6 = O(1)e, then for any given V € Vs we can define a continuous mapping
T:Vs — Vs as
TV =V, (5.6)

due to the iteration scheme introduced in the previous section and estimates
(5.1)-(5.5). Finally, we show that the mapping is also contractible in the space
(CH(Q))? x C*4[=1, 1].
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For arbitrarily given two states V; = (0%, 08, 0%, 91) € Vs, i =1, 2 with the
corresponding fluid variable (4}, 4%, B¢, £°), set
Vi=TV,, i=1.2,

where V; = (v}, v&, vi, v}). For the convenience, we denote W = V; — Vo and W =
Vi — Vi, or equivalently,
W =0f — 07, wp=vi —v:, 1<k<A4

Equation (4.2) implies that
4
wly = bowy + Oe Z (5.7)

which yields that
3
[willera—1,11 < Cllwallcrag) + Ce (Z il cr.e gy + ||w4|clﬁa[1,1]> - (5.8)
=1
It follows from (4.6) that
B2(y) B2(y ) 3
w3 = bywy — b3/ (04(7)) dr + bg/ 7)dr 4 O(e Z (5.9)
B —

1(y) Y2

where (;, 1 = 1, 2 is the initial position such that the corresponding characteristic
ys(s, B;) going through (y1, y2) with (L) = B;. It is easy to verify that

181(y) = B2(¥)llcre(g) < Clld1llcragy + l2llcra(g) + [[Wallc2a(-1,17), (5.10)
thus,

3
||w3||cla(Q) CHUMHCW[ 1,1] + Ce (sz”cla(Q +||w4||02a 11]> (5.11)

i=1

It is straightforward to show that wy, ws satisfies
Dy, w1 4+ =570y, w2 + A1 (y1)wr + Ao (y1) (wa(—=1) + [*] bows(Ls, 7) dT)
= YL (0()wi + 0(e)Vin) + O(e) (B = ) + O(1) [ wi(r) dr,
By wz — Dy, [wr — A(yr) (wa(=1) + [*] bowa(Ls, 7) d7)]
= 2L (0(e)i; + O(6) Vi) + O(€)Dy, (51 — ) + O(1)dy, [ (r) dr,

(5.12)
and the boundary conditions
w1 (Ls,y2) = ba(a(—1) + [*2 bowa(Ls, 7)d7) + Z?:l O(e);,
wy(Ly,ys) = (b S (a(—1) + [ botba(Ls, 7) A7) + X1y O(e)iiy -
O()(Br = B2) (L, ) + O(1) [, iy () |
wa(y1,£1) =0,
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where

A2(y1) = Bzz(?;lb;)j (ii()yzl)'

Then, applying estimate (4.31) to system (5.12)—(5.13) with k=1 and together
with (5.10), we obtain

3
[(wr, wa) || g1.0) + [wa(=1)] < Ce (Z [@illcra(g) + ||uv4||cz,a[1,1]> - (5.14)

i=1

Finally, collecting all these estimates above leads to

3 3
D lwilleraqgy + lwallczar-1,1) < Ce <Z |03l o1 @y + allc2oq-1,1]

i=1 i=1
(5.15)
By (5.15), there is a small constant ¢ such that for all € € (0, €], the mapping
T defined by (5.6) is contractible in the Banach space (C1®(Q))? x C*<[-1, 1].
Therefore, there exists a unique solution V in (C1*(Q))? x C%2[-1, 1]. Due to
lemma 4.4 and a priori estimates (5.2), (5.4), we know that V also belongs to
Vs. It follows that V satisfies estimates (3.23). Thus, the proof of theorem 3.1 is
complete. Theorem 2.3 is a direct inference of theorem 3.1. We omit the details.
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