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Abstract. We investigate large scale structure formation of collisionless dark matter in the
phase space description based on the Vlasov-Poisson equation. We present the Schrödinger
method, originally proposed by Widrow and Kaiser, 1993 as numerical technique based on the
Schrödinger Poisson equation, as an analytical tool which is superior to the common standard
pressureless fluid model. Whereas the dust model fails and develops singularities at shell crossing
the Schrödinger method encompasses multi-streaming and even virialization.
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Introduction. The standard model of large-scale structure and halo formation is based
on collisionless cold dark matter (CDM), a particle species that for this purpose can be
assumed to interact only gravitationally and to be cold or initially single-streaming. We
are therefore interested in the dynamics of a large collection of identical point particles
that via gravitational instability evolve from initially small density perturbations into
eventually bound structures, like halos that are distributed along the cosmic web.

1. Phase space description of cold dark matter
The dynamics of CDM with mass m is described by the one-particle phase space

density f(x,p, t) which fulfills the Vlasov-Poisson equation

∂tf = − p

a2m
· ∇xf + m∇xV · ∇pf , ΔV =

4πGρ0

a

(∫
d3p f − 1

)
. (1.1)

This description is valid in the absence of irreducible two-body correlations, which is the
case for a smooth matter distribution. The cosmology dependence is encoded in the scale
factor a, today’s background matter density ρ0 and the initial conditions fini .
Cumulants. The cumulants C(n) of the phase space distribution are in practice the
physical quantities of interest – observationally accessible via redshift space distortions
and peculiar velocities or numerically determinable from N-body simulations. They en-
code the number density n(x) = exp C(0) , the velocity ui(x) = C

(1)
i and the velocity

dispersion σij = C
(2)
ij . They can be calculated from f as

G[J ] =
∫

d3p exp [ip · J ] f , C
(n)
i1 ···in

:= (−i)n ∂n ln G[J ]
∂Ji1 . . . ∂Jin

∣∣∣∣
J=0

. (1.2)

For a general f it is impossible to perform the integration over momentum analytically.
Therefore we would like to resort to an ansatz with a specific p-dependence.
Vlasov hierarchy. The Vlasov hierarchy is constituted by the evolution equations for
the cumulants C(n) determined from the Vlasov equation (1.1)

∂tC
(n) = − 1

a2m

{
∇ · C(n+1) +

∑n

|S |=0
C(n+1−|S |) · ∇C(|S |)

}
− δn1m∇V . (1.3)
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Schrödinger method fH (x, p, t) dust model fd (x, p, t)

degrees of freedom 1×C: ψ =
√

n exp[iφ/�] 2×R: nd , φd
equations of motion Schrödinger-Poisson equation (2.1) fluid equations (1.5)
Vlasov equation (1.1) solved approximately (�, σx ) exactly
shell-crossing well-behaved singularities
multi-streaming, virialization ✓, ✓ ✗ , ✗

closed-form cumulants ✓, C (n �2) �= 0 (✓) , C (n �2) ≡ 0

Table 1. Comparison between the Schrödinger method and the dust model

It is an infinite coupled hierarchy: in order to determine the time-evolution of the n-
th cumulant, the (n + 1)-th is required. The dust model with C(n�2) = 0 is the only
consistent truncation but fails after shell-crossing where all cumulants become equally
important as demonstrated by [Pueblas and Scoccimarro, 2009].
Dust model. The dust model is an ansatz for the phase-space distribution function with
trivial p-dependence

fd(x,p, t) = nd(x, t)δ
(
p − ∇φd(x, t)

)
. (1.4)

The cumulants are given by the density C
(0)
d = lnnd(x, t) and a curl-free velocity C

(1)
d =

∇φd(x, t)/m since all higher cumulants vanish identically C
(n�2)
d = 0. Therefore solving

the Vlasov equation for fd is equivalent to solving the coupled fluid system constiting of
continuity and Bernoulli equation for nd and φd .

∂tnd = − ∇ · (nd∇φd)
a2m

, ∂tφd = − 1
2

(∇φd)2

a2m
− mVd , ΔVd =

4πGρ0

a

(
nd − 1

)
. (1.5)

2. The Schrödinger method
The Schrödinger method (ScM), originally proposed by [Widrow and Kaiser, 1993] as

numerical technique to study CDM dynamics, is a special ansatz for the distribution
function that is based on the Schrödinger Poisson equation

i�∂tψ = − �
2

2a2m
Δψ + mV (x)ψ , ΔV =

4πGρ0

a

(
|ψ|2 − 1

)
. (2.1)

If a wavefunction ψ fulfils (2.1) then the Husimi distribution function fH

fH(x,p, t) = N

{∫
d3y exp

[
− (x − y)2

4σx
2 − i

�
p ·

(
y − 1

2
x

)]
ψ(y, t)

}2

, (2.2)

where � and σx are free parameters and N(�, σx) is a normalization constant, approxi-
mately fulfils the coarse grained Vlasov equation [Takahashi, 1989] obtained by a Gaus-
sian smoothing of f over σx and σp = �/(2σx). Therefore, physical processes taking place
at scales larger than σx and σp can be modeled with arbitrary precision.
Key features. The advantages of the Schrödinger method compared to the standard
dust model are summarized in Tab. 1. The special p-dependence of (2.2) allows to com-
pute cumulants analytically. All cumulants are nonzero and can be expressed as Gaussian
smoothed functions of n and ∇φ and their derivatives which allows for closing the Vlasov
hierarchy, see [Uhlemann, Kopp and Haugg, 2014].
Numerical example: Pancake collapse. In Fig. 1 we show the standard toy example
of plane parallel (or pancake) collapse, whose exact solution in the case of dust is given by
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Figure 1. shaded Schrödinger method phase space density fH , dotted exact dust solution.

the Zel’dovich approximation [Zel’dovich, 1970]. We therefore have analytic expressions
for nd and φd . Nearly cold initial conditions can be implemented by choosing the initial
wave function at some early time where shell crossings have not yet occurred as

ψini(x) =
√

nd(aini, x) exp [iφd(aini, x)/�] . (2.3)
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The coarse-graining naturally leads
to a mass-weighted velocity thereby
generating large-scale vorticity which
is also observed in N-body mea-
surements [Hahn, Angulo and Abel,
2014] optimizing the agreement for a
smoothing scale of σx = 1 Mpc.

Figure 2. Power spectrum of vorticity
w = ∇ × v in 1-loop Eulerian pertur-
bation theory for coarse-grained dust
(cgSPT) and three different smooth-
ing scales.

3. Coarse-grained dust model
The coarse-grained dust model studied in [Uhlemann and Kopp, 2014] is limiting case of
the Schrödinger method when � → 0 given by

f̄d(x,p) =
∫

d3x′d3p′

(2πσxσp)3 exp
[
− (x − x′)2

2σx
2 − (p − p′)2

2σp
2

]
fd(x̃, p̃) . (3.1)

It is much closer to the distribution extracted from N-body simulations, which necessarily
involves averaging over phase space cells of width σx and σp . Indeed, implementing the
coarse-graining in this way results in a resummation in the large scale parameter of the
macroscopic model suggested by [Dominguez, 2000] when the corresponding fluid-type
equations are expressed in terms of coarse grained quantities.

4. Prospects
Correlation functions of the phase space density are necessary for analyzing obser-
vations of large scale structure. Of particular interest is the 2-point correlation function
in redshift space 1 + ξ(s) = 〈(1 + δ(s1))(1 + δ(s2))〉 for biased tracers, like halos or
galaxies, relevant to observations made in galaxy surveys. This is investigated for the
coarse-grained dust model in [Kopp and Uhlemann et al., 2014].
The universality of halo density profiles may be understood by determining sta-
tionary complex solutions of the Schrödinger-Poisson equation. Since the Schrödinger
method allows for virialization, it could prove useful in further analytical understanding
of violent relaxation [Lynden-Bell, 1967] that leads to universal density profiles [Navarro,
Frenk and White, 1997]. These properties might be derived from an entropy principle for
collisionless self-gravitating systems as described in [He, 2012].
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