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Abstract

We study weak and strong peripheral 1-acyclicity, a homology version of D. R. McMillan, Jr.’s weak
cellularity criterion and cellularity criterion, for embeddings of compacta in 3-manifolds. In contrast
with the two cellularity criteria we prove that the two peripheral acyclicities are equivalent and
moreover, for compacta of dimension at most 1, independent of the embedding. We also give some
results concerning regular neighborhoods of compact polyhedra in 3-manifolds.

1980 Matrhematics subject classification (Amer. Math. Soc.): 57 N 60, 57 N 40, 57 Q 40.

1. Introduction

Let X be a subset of an ANR X. We say that the inclusion K C X satisfies the
weak cellularity criterion (WCC) (respectively, cellularity criterion (CC)) if for
each neighborhood U C X of K there exists a neighborhood V' € U of K such
that any loop in ¥V — K is contractible in U (respectively, U — K'). We say that X
has property 1-UV if for each neighborhood U © X of K there exists a neighbor-
hood V c U of X such that any loop in V is contractible in U. Conditions WCC
and CC are concepts due to D. R. McMillan, Jr. [7], [8], while property 1-UV has
been studied by many; see for example [S].

In this paper we shall study homology versions of these three loop conditions.
So let X be a subset of an ANR X and let R be a principal ideal domain (PID).
We say that the inclusion K C X is strongly (respectively, weakly peripherally,
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strongly peripherally) 1-acyclic over R (SA, (respectively, WPA, SPA)) if, for each
neighborhood U C X of K, there exists a neighborhood V C U of K such that
the inclusion-induced homomorphism H,(V; R) — H,(U; R) (respectively,
H,(V - K; R) > H|(U; R), H(V — K; R) —» H /(U — K; R))is trivial.

It is well known that SA does not depend upon the embedding.of K into X
(provided X is an ANR) and that, furthermore, for R a field, SA is equivalent to
the condition H(K; R) = 0 [5, Proposition 2.2], where H*(—; R) is the Cech
cohomology with coefficients in R. The following example due to R. C. Lacher [4]
shows that WPA and SPA may depend upon the embedding. Let X = §2 X S?,
let K=S8%Vv S, and let : K > R> and ¢: R® > X be arbitrary PL embed-
dings. Then K C X is SPA over every PID R (since X-K is an open 3-cell) while
(¥ ° X K) C X is not even WPA over any PID R (just let U = (R?)). It is not
a coincidence that dim K = 2 in our example, for we shall prove that, for
dim K < 1 and X an R-orientable 3-manifold, all three acyclicities are equivalent,
and hence, in particular, independent of the embedding (Theorem 2.3). This result
is an analogue of [4, p. 139], where it is shown that if K is a compact subset of a
PL n-manifold M of codimension at least 2, n # 4 (this condition can now be
omitted by [1]), then WCC is equivalent to the property 1-UV, and thus
independent of the embedding [5, Proposition 2.1].

Another result is Theorem 2.1, which asserts that in a 3-manifold SPA is the
same as WPA (over Z, or Z). This is in contrast with the fact that WCCis a
strictly weaker property than CC (just consider any noncellular arc).

In 3-manifolds, compacta which are WPA (Z,) have some nice geometric
properties, for example (i) in a nonorientable closed 3-manifold M there is an
upper bound on the number of pairwise disjoint compacta that fail to have a
neighborhood in M embeddable in R3, provided these compacta are WPA(Z ,)
embedded in M (this extends T. E. Knoblauch’s finiteness theorem [3] to
nonorientable 3-manifolds) [9, Proposition 2.1]; and (ii) in 3-manifolds every
WPA (Z,) embedded compact connected set K which doesn’t separate its
connected neighborhoods has arbitrarily small neighborhoods of the type
Q + (orientable 1-handles), where the compact 3-manifold Q with 3Q = §?
captures the “nonorientability” of K, while the handles describe the “wildness™
of the embedding of K into M (9, Proposition 2.2].

As an application of these results one can improve acyclic maps on 3-manifolds
to yield cell-like resolutions [9, Theorem 1.1].

Our investigations of the three peripheral acyclicities were inspired by our joint
work with R. C. Lacher on acyclic images of nonorientable 3-manifolds [9] and
also by the following question (to our knowledge still open) raised by Lacher in
1975: suppose that f: K = N is an embedding of a compact set K into an
n-manifold N, f homotopic to the inclusion K C N, and suppose that K ¢ N
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has WCC. Does f(K) C N also have WCC |4, p. 139]?. In this paper we shall give
an affirmative answer for the case when X is a polyhedron, N is a 3-manifold,
and f is PL (Theorem 3.1).

2. Relations between WPA, SPA, and SA

It is clear that SPA implies WPA. We show that for compacta in 3-manifolds
the two peripheral acyclicities are equivalent over Z, and Z.

THEOREM 2.1. Let K be a compact set in the interior of a 3-manifold M. Suppose
that K C M is WPA over Z, (respectively, over Z). Then K C M is SPA over Z,
(respectively, over I).

ProOF. We shall supress the coefficients. Using the hypothesis, we can express
K as the intersection of compact 3-manifolds N, C int M with boundary such
that for each i, N, ; C intN,, and for which the inclusion-induced homomor-
phisms H,(N, — K) = H,(N,_,) are trivial. We shall show that by choosing an
appropriate subsequence of ({N,}, each homomorphism H(N, — K) -
H,(N,_; — K) is trivial, too.

Let a be a simple closed curve in N, — K. Then there is an integer j > i such
that « C N, — N;. Let 2 C 9N, be a component of 9N, . Since Z is a closed
2-manifold, it contains a bouquet T of finitely many simple closed curves such
that 2 — T is a union of pairwise disjoint open 2-cells. Let 8 C T be one of these
loops. Since H,(dN;,,) = Hy(N,) is trivial, B bounds a surface Iz in N;. Also, a
bounds a surface I, in N,_,, since H (N, — K) —» H;(N,_,) is trivial. Put the
surfaces I, and I} in general position. Then T, N B = {p,,..., p,} for some
points p, € B. We may assume that for each i, p, lies between p,_, and p;,, on
B (where p,,, = p,). Note also that each p, lies in int T, because 8 N 3L, = B N
a=O.

We now show how to modify I, so that it will miss 8. Consider X = I, N [}
Then X is a compact (possibly disconnected) 1-manifold with (possibly non-
empty) boundary, X c 9T, U 9T,. Suppose ¢ = 1. Then one of the components
of X must be an arc A (while others are then necessarily simple closed curves in
intIp). Let 34 = { p,q}. Then, say, { p} =T, N B. Now, g & dI', because
LgNnol,=IzNa= g, since [ CN; and a C N, — N,. On the other hand,
q € oIy because (AT — {p}NT,=(T,NB)~{p,} = &. Therefore, q &
oI, U 9T,. This contradiction shows that ¢ = 1 is impossible.

Suppose ¢ = 2. Change I, to I'} by removing the interiors of two small
disjoint disks D, and D, in intT,, centered at p; and p,, respectively, and by
adding to T, — int(D, U D,) an annulus 4 from the boundary of a small closed
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regular neighborhood of B such that 34 = 9(D, U D,). Clearly, SN T* = &,
where I'} = (T, — int(D, U D,)) U A is thenew [,

At this point we make a remark concerning the orientability of I'* if R = Z.In
this case we may assume that I, and I; were orientable from the start. Since a
and B don’t link, the (integral) intersection number of T, and 8 must be zero.
Therefore, if we choose orientations for I, and I's, we can assign an index ¢; = 1
or —1 to each point of intersection p,, We may then choose the arcs of 8 along
which we perform the described surgery in such a way that they connect adjacent
points p, and p; (i.e. |i — j| = 1) with opposite indices: ¢, - ¢, = —1. In this case
I'¥ will always remain orientable.

Another remark concerns other loops of the bouquet T: we may always choose
not to do the surgery along subarcs of 8 which run through the “wedge” point of
T (i.e. the only point of T that all loops have in common). Therefore, when we
begin to disentangle I', from B’ # B (after we have made T, disjoint from f), we
never introduce intersections of I, with B.

If t > 2, then we can perform the preceding operation on all pairs ( p,;_1, P2;)s
1 < i < [t/2]). The argument we gave to dismiss the case 1 = 1 shows that ¢+ must
be an even number, so this process yields a surface I'* disjoint from 8.

It follows that « is null homologous in the complement of 8. Repeating this, if
necessary, we can find an R-orientable surface I' in N,_, such that « = dI" and
ITnU{(BIB € T})= @. Thus,if T hits N, at all, it enters through open disks
in 3N, and so it can be cut off at dN;, ;. Hence a is already null-homologous
overRin N, - N;,,; CN, - K.

THEOREM 2.2. Let R be a PID and let K be a compact set in the interior of an
R-orientable 3-manifold M. Suppose that K is SA(R). Then K ¢ M is SPA(R).

PROOF. We shall supress the coefficients. Let ¥ ¢ U ¢ M be neighborhoods of
K such that the inclusion-induced homomorphism H,(V) — H,(U) is trivial.
Consider the following commutative diagram

—> H,(V,V-K) —> H(V-K) ——> H,(V) —>---
P
HY(K) = Js Js

T
i —  H(UU-K) —>H(U-K) ——>H(U) —>--
where the horizontal sequences are from the homology sequences of the pairs
(V,V — K) and (U,U — K), respectively, and where ¢, ¢’ are duality isomor-
phisms [11, Theorem 6.2.17). Now, by [5, Proposition 2.2, H(X) = 0; hence i,
is a monomorphism. By hypothesis, j, = 0; hence j; = 0.
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Note that the converse of Theorem 2.2 is false: let M = S2 X S! and let
K =52V S Then M/K = S3, so K is SPA over every PIDR. On the other
hand, K is clearly not SA over any R. In this example dim K = 2. The next
theorem shows that there can be no counterexample with dim K < 1.

THEOREM 2.3. Let R be a PID and let K be a compact set in the interior of an
R-orientable 3-manifold M. Suppose that dim K < 1. Then the following statements
are equivalent:

(i) Kis SA(R);

(ii) K is SPA(R);

(iii) K is WPA(R).

PROOF. We shall supress the coefficients. The implication (i) = (ii) follows by
Theorem 2.2, while (ii) = (iii) is obvious. We prove (iii) = (i). Thus,let V c U C
M be neighborhoods of K such that the inclusion-induced homomorphism
H,(V — K)— H(U) is trivial. Let a be any 1-cycle in V. By [4, Lemma 2.1]
a is homologous to a 1-cycle 8 € Z,(V — K). By hypothesis 8 is null-homolo-
gous in U; hence so is a.

THEOREM 2.4. Let K be a compact set in the interior of a 3-manifold M. Then the
following statements are equivalent ( for R = Z, or Z):
(i) K € M is WPA(R);
(ii) K € M is SPA(R);
(iii) There exists a neighborhood W C M of K such that each simple closed curve
in W — K is R-homologous to zeroin M — K.

REMARK 2.5. Let W € M be an open neighborhood of K as in (iii) above. Then
by [8, Lemma 1] X is SA(R) if and only if, in addition, each simple closed curve
in W is R-homologous to zero in M. This gives a good measure of the difference
between the two acyclicities (over R).

PrOOF. We only need to prove (iii) = (ii) (because we have (i) = (i) by
Theorem 2.1, while the other two implications are clear). Let UC M be a
neighborhood of K. We may assume that U C W, that U is a compact 3-manifold
with boundary, and that K C intU. Let 2 € 9U be a component of dU. Then
there is a bouquet T C Z of simple closed curves such that £ — U{B|B € T} isa
union of pairwise disjoint open 2-cells. By hypothesis each curve 8 € T bounds
an R-orientable surface I in M — K. Let V= intU — U{I| € T} and let «
be a simple closed curve in V' — K. Then a bounds an R-orientable surface I', in
M — K. Using the same arguments as in the proof of Theorem (2.1), we can show
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that a bounds an R-orientable surface I' in M — (K U (U{B|8 € T})). Hence
a enters 2 through open disks and can thus be cut off at =. So we may assume
that I'} ¢ U — K, i.e., that every 1-cycle in ¥ — K is null-homologous in U — K.

COROLLARY 2.6 (D. R. McMillan, Jr. {8]). Let K be a compact set in the interior
of a 3-manifold M and suppose that H(M — K; R)=0, where R=12, or Z.
Then K C M is SPA(R).

ProOOF. Apply Theorem 2.4 with W = M.

3. Regular neighborhoods of compact polyhedra

Throughout this section we work with Z, or Z coefficients. We study regular
neighborhoods of compact polyhedra in 3-manifolds. Our main result in this
section is Theorem 3.1, which also answers in the affirmative a question of
R. C. Lacher [4]: suppose that f is a PL embedding of a compact polyhedron K
in a 3-manifold M such that f is homotopic to the inclusion K C M, and
suppose that K ¢ M satisfies WCC; does f(K) C M satisfy WCC? Note that by
Theorem 2.1, WPA = SPA for the class of compacta in 3-manifolds, so we may
drop the adverbs “weakly” and “strongly”.

THEOREM 3.1. Suppose that f: K - M is a PL embedding of a compact
polyhedron K in the interior of a 3-manifold M. Suppose that f is homotopic to the
inclusion K € M and that K C M is peripherically 1-acyclic or satisfies WCC. Then
J(K) € M is peripherically 1-acyclic and satisfies WCC.

We shall first prove two lemmas.

LeEMMA 3.2. Let f,, f,: K — int M be homotopic PL embeddings of a compact
polyhedron K in a PL. m-manifold. Let N, C int M be a regular neighborhood of
fi(K) in M. Then 3N, and 0N, have the same Euler characteristics.

PROOF. Let r # 0 be any even natural number satisfying » > 2k —m + 3,
where k = dim X and m = dim M. Choose a triangulation of M X R” consistent
with the one on M and define PL embeddings F;: K > M X R" by F,=f, X 0,
i = 1,2. Since the f;’s are homotopic, there is a homotopy H: K X I - M X R’
from F to F,. Defineamap H*: K X I > M X R" X I by H*(x,t) = (H/(x), )
for each (x, t) € K X I. We may assume that H* is PL. Since 2k —m + 2 <,
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it follows that 2(k+ 1)—-(m+r+ 1) <2k+2-m—-QRQk-m+2)—-1=
—1 < 0, so by general position we may assume that H* is a PL embedding and
hence a concordance [2, p. 182). Now (m+r)—-3>m+ 2k—-m+3)—3=
2k > k, so by [2, Corollary 1.4], F, and F, are ambient PL isotopic.

Let N* = N, X B', i =1,2. Then by [10, Corollary 3.29], N;* is a regular
neighborhood of F,(K)in M X R’, so Ni* = 5 N;*. In particular, dN* = dN*.
Now, ON* = (3N, X B)U (N, X §™71), and (N, X B )N (N, X S 1) =
0N, X S"~1, Therefore the Euler characteristics of dN,* and 3N, are equal. Now
we have

x(3N*) = x (3N, X B) + x(N; x §7) = x (3N, x 5771)
= x(3N) + x(N;) - x(8"7*) = x(3N) - x($771) = x(3N)).

The second equality follows by the product formula for the Euler characteristic,
and the third equality by the fact that » was chosen to be even (hence x(S"™!)
= 0). Consequently x(3N;) = x(3N;*) = x(3N;*) = x(IN,).

LEMMA 3.3. Let K be a compact polyhedron in the interior of a 3-manifold M.
Then the following statements are equivalent
(i) K € M is peripherally 1-acyclic;
(ii) K ¢ M satisfies WCC,;
(iii) for every regular neighborhood N C M of K, 9N is a collection of 2-spheres.

PROOF. (i) = (iii). Let N C M be a regular neighborhood of K, where K C M
is peripherally 1-acyclic. Then there exists a regular neighborhood N * < int N of
K in M such that the inclusion-induced homomorphism H;(N* — K) - H (N)
is trivial; hence so is H,(dN*) — H,(N*), since N - N*=9N* X I, and
N* - K=0dN* X[0,1)=dN* Consider the following exact homology se-
quence (over Z ,) for the pair (N *,dN *):

0 — Hy(N*,3N*) » H,(N*) -  H,(N*) — Hy(N*,3N*) - H,(3N*) - 0
l = l = l = l =
0 « HO(N") “ Ho(aN*) «— HI(N*,BN*) — HI(N"‘) « 0

where the vertical isomorphisms are valid by Poincaré duality plus the universal
coefficients ‘theorem. Due to the exactness, the alternating sum of the ranks is
zero; hence rank H,(0N*) = 0. Since by [6, Lemma 4.1] N * is orientable, it
follows that 9N * is a collection of 2-spheres,

(iii) = (ii). This is clear.
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(ii) = (i). Let V € U € M be neighborhoods of K such that the inclusion i:
V — K — U induces a zero homomorphism i, on the fundamental groups.
Consider the following commutative diagram

m(r-x) 3 mU)
LA LK
HI(V_K) I:’ HI(U)

where h and h’ are the Hurewicz epimorphisms. Since i, = 0, it follows that
iy = 0, too.

PrOOF OF THEOREM 3.1. We may assume that K and M are connected. Let
N < int M be a regular neighborhood of K and N* C int M a regular neighbor-
hood of f(K). By [6, Lemma 4.1], dN is orientable; hence, by Lemma 3.3, 9V is
a collection of n 2-spheres for some n. Therefore, by Lemma 3.2, x(dN*) =
x(0N) = 2n. According to Lemma 3.3, the proof will be completed as soon as we
demonstrate that the following assertion holds.

ASSERTION. ON * consists of n 2-spheres.

PrOOF. We shall work with Z, coefficients. Consider the Mayer-Vietoris
sequence of the triple (M, N,M — N):

A / _—_—

0 — Hy(M) S Hy(dN) > Hy(N) @ Hy(M = N) > Hy(M) > ---
Then g = g, + g,, where g,;: H,(N) - H,(M) and g,: H,(M — N) > H,(M)
are the inclusion-induced homomorphisms [11, Chapter 4.6]. Clearly,

(1) dim H,(dN) =1 + dim(Kerg).

Let A = {x € Hy(M)|x - i(y) = O0for every y € H,(K)}, where - is the (mod 2)
intersection number, and where i: H,(K) —» H,(M) is the inclusion-induced
homomorphism.

Consider the following diagram

A j k
H(M,M-K) 5 H,(M-K) > Hy,(M) > H(MM-K)

=le =le
H°(K) H'(K)
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where the horizontal line represents the homology sequence of the pair (M, M —
K), and where @ is the duality isomorphism [11, Theorem 6.2.17]. Since A = 0, it
follows that j is one-to-one; hence H,(M — K) can be naturally identified with
KerlH,(M) » H,(M,M — K)] = Kerf| H,(M) — fI‘(K)] = A. Consequently,
Im g, = A, and we conclude that

(2) g,: Hy(M — N) > A4 c Hy(M) is one-to-one.

Define now a map a: Kerg — g7 '(4) by a(a,, a,) = a,, for every (a,, a,) €
Kerg. Then «a is surjective: Let a, € g; '(4). Then g,(a,) € 4 = Im g, (by (2)).
Hence g,(a,) = g,(a,) for some a, € H,(M — N), and so g(a,, a,) = g,(a,) +
g.(a,) =2 - g,(ay) = 0. Thus (a,, a,) € Kerg. Also, a is injective: suppose that
a(a,, a,) = 0 for some (a,,a,) € Kerg. Then a, = 0. Hence g,(a,) = g,(a;) =
£,(0) = 0, and so by (2), a, = 0.

Therefore a is an isomorphism, and we have the following relationship:

(3) dim(Kerg) = dim g; !(4).

Now g, and A4 are obviously invariant under homotopic reembeddings of K
into M; hence dim (Ker g) is invariant as well. Therefore, by (1), dim H,(dN) =
dim H,(dN *), and so, in particular, N and N* must have the same number of
boundary components. This proves our assertion and hence completes the proof
of the theorem.
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