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1. Introduction. Let K be a totally real number field of degree n over Q, and let c
be an integral ideal of a maximal order 6K of K. Given a nonnegative integer / and a
Hecke character on the group A£ of ideles of K, let Sf((, tp) denote the space of Hilbert
cusp forms of holomorphic type on Si?" of weight j , level c and character ip, where Si?" is
the /7-th power of the Poincare upper half plane Si?. Let g be an element of 5̂ /(c, 1), where
1 is the trivial character. If u e Sk(c, ip), then the product gu is an element of Sk+I(c, ip),
and therefore we can consider the linear map &e:SPk(c, \p) —»5^+/(r, ip) sending u to gu.
Let <t*:S^.+/(c, i^)-»5^.(c, ip) be the adjoint of the linear map <J>g with respect to the
Petersson inner product.

In this paper we study the Fourier coefficients of <f*f associated to a Hilbert cusp
form f of holomorphic type in S^+/(i", ip). We define Dirichlet series of Rankin type
associated to the Fourier coefficients of g and f and express the Fourier coefficients of <fr*f
in terms of special values of such Dirichlet series. Such a problem was treated by Kohnen
[1] in the case of elliptic modular forms. In order to consider the Hilbert modular case we
use holomorphic projection operators and Poincare series of two variables used by
Panchishkin [3] to prove the algebraicity of a certain expression.

2. Hilbert automorphic forms. In this section we review Hilbert automorphic forms
using the language of adeles (see e.g. [2], [3] for details). Let K be a totally real number
field of degree n over Q, AK its ring of adeles, 6K a maximal order, and IK the group of
fractional ideals of K. Let G be an algebraic group over Q such that G(Q) = GL(2, K). If
6\- is the profinite completion of 6K, then K = 6KX%Q is the subring of A^ of finite
adeles and we have /\K = KXX K, where Kx is the subring of /\K of adeles at infinity. If A
is the ring of adeles of Q, then we have

G(A) = GL(2, AK) = G» x GL(2, K),

where Gx = GL(2, Kx). Since K is totally real we can identify Gx = GL(2, Kx) with
GL(2, U)". Under this identification, let Gl be the subgroup of GL(2, U)" consisting of
elements a = ( a , , . . . , a,,) with

1 J)eGL(2,U), deta.X)
cj djJ

for all 7 = 1,... ,n. Let Si?" be the n-fold power of the Poincare upper half plane

Si? = {z e C I Im z > 0}.

Then each element a e Gt acts on Si?" by

a.z = {axzx,. .. ,a,,zn) £ Si?"
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for z = (Zi, ...,zn)e 2 P , where

ct/Zj = (ajZj + bj)(cjZj + dj)-1 e X, / = 1 , . . . , « .

F o r k e Z a n d z = (zu ... , z n ) e Wn', w e set

Given a function / : Sif" -* C and a e Gi we define the function f\ka: 96" —» C by

| * a)*'2

for all z e 5T, where cz + d = (c^, + du... , cnzn + dn) e ST.
Let ccff^be an integral ideal, and for each place p of K let cp = cCp be its p-part. Let

b be the different of K, and let bp = b<?p be the associated local different at p. We define
the open subgroup W = W(c) of G(A) by

w = G: x n woo,
P

where

c d) £ GL^Kv) I 6 e b ' ' ' c e b"c«» fl'd e **» ad-bee

If /C+ denotes the multiplicative group of all totally positive elements of K, then the
quotient /K//C+ is the ideal class group of K. Let h = \IKIK*\ be the class number of K,
and let {f,,..., /;,} be the set of ideles such that their images 7V in 0K form a complete
system of representatives for IK/K* and

(fv)» = l, Fv + m0=(?K, mo= [ I P

for 1 < v < /i, where 5 is a finite set of primes and SK is the set of primes p dividing each
element of S. Then we have

G(A)= U G(Q)xvW = U G(Q)x;'W,
v=l v=l

where xv = I ) and /- denotes the involution of 2 X 2 matrices given by

a b\_/d -b
c d) \—c a

DEFINITION 2.1. Let cc(JK be an integral ideal as above, and let !//:/4£-»Cx be a
Hecke character. A Hilbert automorphic form of weight k, level c, and character tjj is a
function f:G(A)—»C satisfying the following conditions:

(i) f(sax) = ilt(s)f(x) for all x s G(A), 5 e A£ and a e G(Q);
(ii) t(xw) = tp(w')f(x) for w e W with wx = 1;
(iii) f(*w(0)) = f(^)e-'*(ei+-+«") for all x e G(A) and
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where
/cos 6: -sin 6,\

Wi(dj) = [ . ' '), j = l , . . . , n .
\ sin dj cos dj I

A Hilbert cusp form is a Hilbert automorphic form satisfying the additional condition that

ue ;
for all g e G(A).

DEFINITION 2.2. A Hilbert automorphic (resp. cusp) /or/n o/ holomorphic type is a
Hilbert automorphic (resp. cusp) form such that for any x e G(A) with xm = 1 there exists
a holomorphic function gx:3€" —*C with f(xy) = (&r|*y)@) for all yeGt, where
i = (i,... , i) e 9€". We denote by Mk(c, iff) (resp. 5^(c, i//)) the space of such Hilbert
automorphic (resp. cusp) forms of weight k, level c and character \fj of holomorphic type.

For f e ^ ( c , \p) and 1 ^ v < /i, set /v = g^v', and let

e G+(Q) | ft e F^'b"1, c e Fvbc, a.rfe OK, ad - be e «

Then /v is a Hilbert modular form of weight k and character if/ for the congruence
subgroup Fv. Thus it satisfies fv\k"y = ̂ (y)fv, a°d has a Fourier expansion of the form

where 0 < ^ e 7 v or ^ = 0. If Mk{Yv,ip) denotes the space of Hilbert modular forms of
weight k and character \\i for Fv, then the map fi-»(/i,... ,fh) determines a canonical
isomorphism

v = l

I,

We shall identify ^4(c, tp) with © .^4(rv, </0 so that f = ( / , , . . . , / / , ) . Similarly, we have

v=1

h

^kis-i •A)= © 5^(rv, i^), -^(fy) </*)= ^ ( c , </*) n ^4(FV, ip).
v=l

If f = (/1}...,//,) E Sfk(c, ip) and g = (gu... ,gh) E ^4(C, I//), then the Petersson inner
product is defined by

h

<f,g>=2
where z = (z , , . . . , zn), zy = ̂  + iyt (1 < ; < «), and

is a G^-invariant measure on 5if".
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DEFINITION 2.3. A C" Hilbert automorphic form of weight k, level c, and character ip
is a function F:G(A) —»C satisfying the following conditions:

(i) F satisfies the conditions (i), (ii) and (iii) in Definition 2.1.
(ii) For each x e G(A) with xro = l there exists a C°° function gx:§if"-»C with

|

We shall denote by J?fc(c, ijj) the space of all such C°° Hilbert automorphic forms.

For 1 < v < h, let Fv = gx-/. Then Fv is a C°° Hilbert modular form on 3€" of weight k
and character i/r relative to the congruence subgroup Fv. In particular, it satisfies
(Fv\k y) = tyilWv f°r e a c n 7 e Tv and has a Fourier expansion of the form

where the maps _y>-»av(£, y) are C°° functions on

IfMk(Tv, i//) denotes the space of all C°° Hilbert modular forms of weight k and character
i/> for Fv, then we have

v=l

As in the case of ^ ( c , ijj) and Sfk(z, i/>), we shall identity F eJtk(c, ty) with its image

(F1 ; . . . , Fh) in 0 Mk{Vv, 4>) under this isomorphism. The Petersson inner product in (1)
v=l

can be extended to elements f e SPk(c, if/) and F eAk(c, i/»).
THEOREM 2.4. Let F = (F l 5 . . . , Fh) eMk(c, i/») be a C°° Hilbert automorphic form of

moderate growth such that for each v the Fourier expansion

contains only terms with totally positive £ e Fv. For l < v s / i , we set

av(t)=Ttk i y flvtt.J'Mifi')/-2^, (2)

>v/iere F(A; - 1) is the value of the gamma function

T(s)= f e~yy'~ldy
Jo

ats = k-l.lfF" = (F?,...,F%) with

/or eflc/j v, f/ien Fw « a Hilbert automorphic form of holomorphic type in ^ ( c , i/')

(g,F) = (g,FH) (3)

/or a// g e 6^(c, <A).

Proof. See Proposition 4.7 in [3, Chapter 4]. •
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3. Fourier coefficients. Let g = (g,,. .. ,gh) be an element of 9>
t(c) = 9>

/((,l) =

© 5^A(rv, 1), where 1 denotes the trivial character, and let u = (u , , . . . , uh) e 5^(c, t/>) =

0 Sfk{Yv, tp). Then the product gu is an element of 5^.+/(c, <//). Thus we can consider the

linear map 4>g:S^(c, i/0^> S^.+/(c, <fi) sending u e Sfk(c, i/r) to gu e Sfk+,{c, t/f). Let

<&*:<4+/(i\<A)-»^(c,</')

be the adjoint of the linear map <frg with respect to the Petersson inner product. For
1 < v s h let Pf v be the Poincare series of two variables given by

PtAz,w,s)= 2 il,(y)J(y,zrk\J(y,z)\-zXys + s)k\ys+s\-*, (4)
•ysT,,

for z, w e Sif", where 7(y, z) = det 7"1/2(cz + d) for -y = (° )e Tv. The series in (4)
\c dl

converges absolutely and uniformly on any compact subset of $?" X $?" for k + Re(2s) > 2
(see [3, p. 139]).

LEMMA 3.1. If gv e 5^,(rv, 1) and fv e S^+/(rv, i/f), ffte« the function

« a C* Hilbert modular form in Mk{Yv, <//) of moderate growth.

Proof. For each y e Tv we have

/v(yz) = ^(y>/(y, ^)A+//v(z), gv(yz) = J(y, z)'gv(z).
Since jV(Im yz)' = |/(y, z)r2/jV(Im z)', it follows that

yz)' = Hy)Hj, z)kfv(z)g~Xz~)M(lm z)'.

Furthermore, from the cusp conditions for/v and gv it follows that/(z)g(z)^V(Im z)' is of
moderate growth. •

PROPOSITION 3.2. Let g e S?,(c) = ^,(c, 1), f e %+,(c, i/»), and /ef F " e 5^(c, ip) be the
Hilbert automorphic form of holomorphic type associated to the C* Hilbert automorphic
form

Then we have **(f) = F".

Proof. Let f = ( / „ . . . ,/„) e %+,(c, ^ ) , g = (g , , . . . ,gh) e #(c), and let PJf,v be the
Poincare series given by (4). Then for 1 ^ v < h we have

W U - 2 , w, s), (*|/v)(w)> = <*gP)U-z, w, s), /v(tv)>

• I .

= (Pi(-z(Pi.v(-z,w,s),Fv(w)),
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where w = {wu... , wn), Wj = iij + iVj and d^{w) = \\ vj2dujdvj. If F" = {F",... , F',,'),
then by (3) we obtain t=l

tA-z, w,s), ($|/v)(n')) = (PU-z, w,s), F?(w)).

Thus it follows from [3, p. 139] that

for 1 ^ v<h, where
c(k, s) = 2n(2-s-k)rnkK"{k + s - I)"".

Hence we have

for all v, and therefore the proposition follows. •
By Proposition 3.2, given f e 5^.+/(c, ip), we have

and each F'J s 5^(FV, ij/) has a Fourier expansion of the form

F':(z)= 2 «v(0e(fc). (5)
0<fs/v

Let f =(/] , . . . , / / , ) and g = (g, , . . . ,g/,) be as in Proposition 3.2 with

Mz)= S ^v(f)e(&r), gv(z)= E.^v(Oe(&c) (6)

for 1 < v < /?. Then for ^ e 7V we define the Dirichlet series Lv(f, g, ^, i) of Rankin type by

Lv(t,g,i,s)= 2J m , , v — • (7)

THEOREM 3.3. Let f e 5^+/(c, ip) and g e 5̂ /(c) 6e as above, and let av(£) be the
Fourier coefficients of the component F'J of <t>*f given in (5). Then we have

/or 1 < v < /j and 0 < £ e /„.

Proof. By (2) we have
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where

Since Fv(z) = fv(z)gv(z)N(lm z)1, if Av and fiv are as in (6), we have

Using ^ = )u.-7jor)u, = ^+T;we obtain

Hence it follows that

flv(f) = c f
J(R+)"

R+)

, 4 f

f e-*'*l-Mi+vi»ijfyi<+i-* dy
•'(R+)"

y=i Jo

Thus, using Vj = An{^ + rjy)yy for 1 < / < n, we have

,, y=]

= C 2 ^v(̂  j

Hence the theorem follows from this and the relations (7) and (8). •
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