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1. Introduction. Let K be a totally real number field of degree n over @, and let ¢
be an integral ideal of a maximal order Oy of K. Given a nonnegative integer j and a
Hecke character on the group Ax of ideles of K, let #(c, ) denote the space of Hilbert
cusp forms of holomorphic type on #" of weight j, level ¢ and character i, where #" is
the n-th power of the Poincaré upper half plane . Let g be an element of (¢, 1), where
1 is the trivial character. If u e Si(¢, ), then the product gu is an element of S,. (¢, ¢),
and therefore we can consider the linear map ®,: % (¢, ¥)— F./(c, ) sending u to gu.
Let ®F: S e, ) — S (¢, ) be the adjoint of the linear map &, with respect to the
Petersson inner product.

In this paper we study the Fourier coefficients of ®;f associated to a Hilbert cusp
form f of holomorphic type in &, /(c,¥). We define Dirichlet series of Rankin type
associated to the Fourier coefficients of g and f and express the Fourier coefficients of ®Ff
in terms of special values of such Dirichlet series. Such a problem was treated by Kohnen
[1] in the case of elliptic modular forms. In order to consider the Hilbert modular case we
use holomorphic projection operators and Poincaré series of two variables used by
Panchishkin [3] to prove the algebraicity of a certain expression.

2. Hilbert automorphic forms. In this section we review Hilbert automorphic forms
using the language of adeles (see e.g. [2], [3] for details). Let K be a totally real number
field of degree n over Q, Ay its ring of adeles, Ox a maximal order, and I the group of
fractional ideals of K. Let G be an algebraic group over Q such that G(Q) = GL(2, K). If

Oy is the profinite completion of Ok, then K =0, X,Q is the subring of Ax of finite
adeles and we have Ag = K X K, where K. is the subring of A, of adeles at infinity. If A

is the ring of adeles of @, then we have
G(A) = GL(2,Ax) =G.x GL(2,K),

where G.=GL(2,K.). Since K is totally real we can identify G.=GL(2,K.) with
GL(2,R)". Under this identification, let G be the subgroup of GL(2,R)" consisting of
elements a = (a,,..., q,) with

o= (:j zj) e GL(2,R), deta; >0
forallj=1,...,n. Let &" be the n-fold power of the Poincaré upper half plane
H={zeC|Imz>0}
Then each element a € G acts on %" by
a.z=(a\2,...,0,2,) e K"
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for z =(zy,...,2,) € ", where
a;z;=(az; + b))(ciz;+d) ' e, j=1,...,n
ForkeZ and z =(z,...,2,) € #", we set
e(z) = e¥@rrm - Nz =gk Zk
Given a function f: %" — C and a € G we define the function f|,a: %" — C by
(fle@)(z) = ez + d)~"f(az)N(det @)

for all z € #”", where cz +d =(c,z, +d,,...,c.z, +d,) e #".

Let ¢ c Ok be an integral ideal, and for each place p of K let ¢, = ¢0, be its p-part. Let
D be the different of K, and let b, = b0, be the associated local different at p. We define
the open subgroup W = W(c) of G(A) by

W=Gix[Iw),
p
where

b
W(p)= {(j d) e GL(2,K,)|beb;', cedyy a,d e, ad—bc e 0‘{,‘}

If K% denotes the multiplicative group of all totally positive elements of K, then the
quotient I,./K% is the ideal class group of K. Let h = |[x/KZ| be the class number of K,
and let {r,,...,t,} be the set of ideles such that their images f, in Ox form a complete
system of representatives for //K’ and

(tv)oc=17 ;V+Il10= 0’(7 n10= 1—[ q
qeSk

for 1 = v=h, where § is a finite set of primes and Sx is the set of primes p dividing each
element of S. Then we have

6= U G@xW = G@xW,

10
where x, = <0 ) ) and ¢ denotes the involution of 2 X 2 matrices given by

(a b)"_ < d —b)
c d -c al’

DerinimioN 2.1, Let ¢ = Og be an integral ideal as above, and let ¢y: Ax—C™ be a
Hecke character. A Hilbert automorphic form of weight k, level ¢, and character ¢ is a
function f: G(A) — C satisfying the following conditions:

(i) f(sax) = P(s)f(x) for all x € G(A), s € Ak and a € G(Q);

(i) flxw) = g(w)Hf(x) for w e W with w, = 1;

(iii) fQw(0)) =f(x)e * -8 for all x € G(A) and

w(0) = (Wl(el)a' LR wn(en)) € W3
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where
cos g, —sin 9,) ,
> ]

. =1,...,n
sing; cos 6, v

wi(6,) = (

A Hilbert cusp form is a Hilbert automorphic form satisfying the additional condition that

f t(( ]t)g)dt =0
AxIK 0
forallg e G(A).

DEerFiNITION 2.2. A Hilbert automorphic (resp. cusp) form of holomorphic type is a
Hilbert automorphic (resp. cusp) form such that for any x € G(A) with x., = 1 there exists
a holomorphic function g,:%#"—C with f(xy)=(g.|cy)(i) for all y e GI, where
i=(,...,i)e &". We denote by M, (c, ¢) (resp. Fi(c,)) the space of such Hilbert
automorphic (resp. cusp) forms of weight &, level ¢ and character ¢ of holomorphic type.

For f e M (c, ¢) and 1 = v=<h, set f, = gx,’, and let
I,=T,(c)=x,Wx;'NG(Q)

= {(z Z) eG*'(Q)|bet;"d ,cet,be,a,d e Ok,ad — bc e 0,*(}.

Then f, is a Hilbert modular form of weight k and character ¢ for the congruence
subgroup TI',. Thus it satisfies f,|+¥ = ¢(y)f,, and has a Fourier expansion of the form

f(z)= § a,(£)e(£2),

where 0< ¢.et, or £=0. If M (T, ¥) denotes the space of Hilbert modular forms of
weight k and character ¢ for I',, then the map f—(f},...,f,) determines a canonical
isomorphism

./“k(c, {/!) = "62 '/%k(rva '10)

h

We shall identify (¢, ¢) with & M (T, ¢) so that f=(f,,...,f,). Similarly, we have
v=1

Ko 9)= B AT, ATy 9)= %6 0) O ML, )

If f=(fi,....fn) € %(c,¥) and g=(gy,...,8,) € M(c, ), then the Petersson inner
product is defined by

tg=2 £.2) 8 (2)N(y)* dp(2), 1)

v=1JL\K"

du(z) =[] y;?dx; dy

j=1
is a GZ-invariant measure on ¥”".
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DerinTiON 2.3. A C” Hilbert automorphic form of weight k, level ¢, and character ¢
is a function F:G(A)— C satisfying the following conditions:

(i) F satisfies the conditions (i), (ii) and (iii) in Definition 2.1.

(ii) For each x e G(A) with x,=1 there exists a C” function g .:#"— C with

F(xy) = (g.]xy)() for all y e G..

We shall denote by £, (c, ) the space of all such C* Hilbert automorphic forms.

For 1=v=h,let F,=g,.. Then F, is a C” Hilbert modular form on #" of weight k
and character ¢ relative to the congruence subgroup I',. In particular, it satisfies
(F,|« ¥) = (¥)F, for each y €T, and has a Fourier expansion of the form

F(2) = 2, aJ(£,y)e(éx),

fety

where the maps y —a,(&, y) are C” functions on

(R ={y =(y,---,y.)y;>0for all j}.
If M, (T, ¢) denotes the space of all C* Hilbert modular forms of weight k and character
¢ for T, then we have

‘/ﬁk(c’ ‘l/) = ‘@l‘/ﬂk(rva (/])

As in the case of M (c, ) and Fi(c, ¢), we shall identity F el (c, ¢) with its image
h ~

(F,...,FE,) in DM, ) under this isomorphism. The Petersson inner product in (1)
v=1

can be extended to elements f e %(c, ¢) and F e, (c, ).

THEOREM 2.4, Let F=(F,...,F,) ef(c,¢¥) be a C* Hilbert automorphic form of
moderate growth such that for each v the Fourier expansion

F(z)= 2, a.(£ y)e(¢x)

fet,

contains only terms with totally positive & € t,. For 1 <v=<h, we set

_ (amy eyt
av(g) - F(k _ 1)n

where I'(k — 1) is the value of the gamma function
I'(s)= J: e’y ldy
ats=k—1. If F"=(F{,... F}) with
Fi)= 2 aJ&e(&)

0<éer,

[ akeneien e, @)
(R)"

for each v, then F™ is a Hilbert automorphic form of holomorphic type in M(c, &) and
g, F)=(g, F") (3)
forall g € $i(c, ¥).
Proof. See Proposition 4.7 in [3, Chapter 4]. O
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3. Fourier coefficients. Let g=(g,,...,g,) be an element of F(c)=F(c,1)=

J;
Q; (T, 1), where 1 denotes the trivial character, and let w= (u,,...,u,) € F(c, )=
v=]

J
Gé ([, ¢). Then the product gu is an element of ¥,,(¢c, ). Thus we can consider the
v
linear map ®,: %, (¢, ¥) = Fs/(c, ¢) sending u € Fi(c, ) to gu € F,,,(c, ¥). Let
(I):iykw((', )= Fulc, )

be the adjoint of the linear map ®, with respect to the Petersson inner product. For
l=v=hlet P{, be the Poincaré series of two variables given by

PL Az, w,8)= 2 w0 (v, 2) 1y, D17 *(ys +5) lys +sI7%, 4)

vyel,

b .
for z,w € ¥", where J(y,z)=dety "*(cz +d) for y= (z d) eI',. The series in (4)
converges absolutely and uniformly on any compact subset of #" X " for k + Re(2s) >2
(see [3, p. 139)).
Lemma 3.1. Ifg, e (T, 1) and f, € &,../(T,, ¢), then the function
fl2)g ()N (Im z)’
is @ C* Hilbert modular form in M;(T,, ) of moderate growth.
Proof. For each y € I', we have
L) =N (v @), gly)=J(y,2) 8.(2).
Since ' (Im yz)' = (y, 2)|"*N(Im z)/, it follows that
fly2)g Ly )N(Im yz)' = y(y) (v, 2)f(2)g.(2)N(Im z)"
Furthermore, from the cusp conditions for f, and g, it follows that f(z)g(z)/(Im z)' is of
moderate growth. O
Prorosition 3.2. Let g € (c) = (¢, 1), f e Firilc, ¥), and let F"' € (¢, ¥) be the
Hilbert automorphic form of holomorphic type associated to the C* Hilbert automorphic
form

F(2) = f(2)g(z) N (Im 2).
Then we have ®}(f) = F''.

Proof. Let f=(fi,...,f,) € Fwi(c, ), g=(g1>--.,8n) € (c), and let P{, be the
Poincaré series given by (4). Then for 1 = v =<#h we have

(PRA=2Z,w,5), (PELIw) = (P PL (=2, w,5), fu(W))
=@ W)PLA~Z,w,5), fu(W))

=, g W)PLL(—Z,w, ), (W)N (W)™ du(w)

= | PLL=Z,w,8)(fw)g,(W)N () )N (v)* du(w)

D,

= <PI\‘I‘I.V(_Z_7 w, s)a Fv(w»’

https://doi.org/10.1017/50017089500032365 Published online by Cambridge University Press


https://doi.org/10.1017/S0017089500032365

76 MIN HO LEE

where w = (w,...,w,), w;=u; +iv; and du(w)= I1 vt dudv. If F" =(F,... F}),
then by (3) we obtain =

<Pf,v(—z—) W,S), (q);gkfv)(w» = <Pf,v(_2_, w, S), Fcl(w»
Thus it follows from [3, p. 139] that

c(k, )B%f(z) = c(k,$)F(z)
for 1=v=h, where
ck,s)=2"@s=lj=rkpn(je 4 g —1)™",
Hence we have

Qi (z2) = F(z)

for all v, and therefore the proposition follows. [
By Proposition 3.2, given f € &, (¢, ), we have

Ppf=F"=(FV,...,Fil) e %(c. §),

and each F! e (T, ¥) has a Fourier expansion of the form

Fl2)= 2 aJé)e(éz). (5)

O<fert,

Letf=(f,....f,) and g=(gi,...,g) be as in Proposition 3.2 with

fl2)= 2 AJe(éx), gl2)= X B(&e(&x) (6)

0<fet, 0<fer,

for 1 = v =h. Then for ¢ e 1, we define the Dirichlet series L,(f, g, &, s) of Rankin type by

AL(E+ 1B,
anggJ)=0£2_-—%ﬂé?%§ﬂQ.

Tueorem 3.3. Let fe (¢, ¢) and g e F(c) be as above, and let a, (&) be the
Fourier coefficients of the component F! of ®¥f given in (5). Then we have

()

(k= 1)
O =y Tk - 1)

Lfg&k+1-1)

forlsv<shand0<¢el,.

Proof. By (2) we have

w©=C[ aleeienay,

(R
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where
3 (4”)"(k-—l)(N§)k—l
© Tke-1 ®)

Since F,(z) = f.(z2)g.(z)¥(Im z), if A, and B, are as in (6), we have

C

F(z) =2, a (&, y)e(éx)

= 52 A.(1)B.(n)e((n — m)x)e(i(n + n)y)Ny"

Using € = u — m or u = £ + 11 we obtain

a(&,y) =2 A&+ n)B.(n)e(i(£ +27)y) Ny

Hence it follows that

a(&)=C| 2 ALE+1)B.(n)e(2(E+n)y)Ny 2 dy

Ry m

=CYALE+mB,(n) | emERETmIRT2 gy
n (R )"

=CRA(E+m)B, () [] | e tr@rmmyk+i=2 gy,
n j=17Jo

Thus, using v; = 4n(& + n,)y; for 1 =j<n, we have

a€)=C S A+ mB 11 ([ emnp ) IT (g + mpy

j=1

= C 2 A(E+ BTk +1= 1) (4m)y" " ON(E + )™
n
Hence the theorem follows from this and the relations (7) and (8). O
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