
ON A THEOREM OF NIVEN 

Kenneth S. Wi l l i ams 

( rece ived October 27, 1966) 

In 1940, I. Niven [Z] p roved that the g a u s s i a n i n t ege r 
z = x + i y i s the sum of two s q u a r e s of g a u s s i a n i n t e g e r s if, and 

1 1 
only if, y is even and not both of —x and —y a r e r a t i o n a l 
odd i n t e g e r s . In th is note we ca l cu la t e the to ta l n u m b e r g 7 (z ) 

of r e p r e s e n t a t i o n s of z in this f o r m . Now 

2 2 
(1) z = (a+ib) + (c+id.) , 

w h e r e a, b , c, d a r e r a t i o n a l i n t e g e r s , if and only if 

(2) z = {(a-d) + i(b+c)} {(a+d) + i (b-c)} . 

Thus 

g 2 (z) = Z 1 B L 1 

VZ2 Vz2 
Vz = Z Z 1 Z 2 = Z 

(a-d) +i(b+c) = zA R e ( z J + R e ( z J = 0 (mod 2) 
1 1 2 

(a+d) + i (b - c ) = z Im(z ) + Im(z ) = 0 (mod 2) 

a, b , c, d r a t . in ts , 

z
d l z 

Re(z J + R e ( z / z J E 0 (mod 2) 
1 1 

I m ( z J + I m ( z / z ) = 0 (mod 2) 
1 1 
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We c a n w r i t e z i n t h e f o r m 

(3) z = e ( l + i) IT, 
1 \ q i 

w h e r e e = +1 , + i ; a >_ 0 , a. > 0 (j = 1, 2 , . . . , k ) , P . > 0 
J J 

(j = 1, 2 , . . . , I ) , 7T . = u . + iv . (j = 1, 2 , . . . , k) w h e r e u . H 1 ( m o d 2 ) , 

2 2 
v . = 0 ( m o d 2) a n d u . + v . = r a t i o n a l p r i m e = 1 ( m o d 4) and 

q. (j = 1, 2 , . . . , 4 ) i s a r a t i o n a l p r i m e = 3 ( m o d 4) . N o w if 

z Iz w e c a n w r i t e z , i n t h e f o r m 
1 1 

v 71 7k S 5 i 
(4) z± = 6 ( l + i) TT1 . . . i r k q d . . . q^ , 

w h e r e ô = j ^ l , jf i , 0 <_y <C a , 0 <C >/. £ a. (j = 1, 2, . . . , k) a n d 

0 < 6 . < p . (j = 1 , 2 , . . . , 4 ) . H e n c e 

a 1 

S 2 . (5) g (z) = 2 E 2 . . . Z S . . . Z ' 1 , 

1 *1 k 1 i 

w h e r e t h e d a s h ( ' ) d e n o t e s t h a t t h e s u m m a t i o n i s o n l y t a k e n 

o v e r t h o s e Ô , \ , y , . . . , y , 0 , . . . , 6 s a t i s f y i n g 
1 K 1 x. 

' y Y l 
R e ( ô ( l + i ) Y TT 

^ k 6 1 
* k q i 

V 
q„ ) 

+ R e ( e 6 " ( l + i ) " y TT 
.,«-v v*i v^k pr5i V 

(6) <̂  and 

y v i 
I m ( 6 ( l + i) TT . . . TT q 

1 K. i 

v k 6 i v 
q* ) 

+ I m ( e ô (1 + i) YTT 

) = 0 (mod 2) 

o û ' - v a - v ( 3 - 6 6 - 6 
.3 a - ^ i Y l k Y k H l 1 p i i 

1 k 4 1 
) = 0 (mod 2 ) . 
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Hence 

(7) g (z) =4 S S . . . S S . . . S» 1 , 

<y=0 Y =0 Y, = 0 6 „ = 0 S =0 
Y *1 Yk 1 i 

where the double dash (") denotes that the summation is now 

taken over those v,v . . . . , v , 5 . . . . , 6 satisfying 
1 k 1 I & 

Re((i+i)* ^ • • • \ qd • • • qi ) 

+ Re(e(l+i) TT . . .IT, q. . . . q „ ) = 0 (mod 2) 
1 k 1 i 

(8) <̂  and 

Y Y l \ 5 1 6 i 
Im((l + i) ^ . . . ^ k qd . . . q̂  ) 

+ Im(E(l + i) Vir1 • • • T r
k ^ " " ^ ) = 0 ( m o d 2 ) . 

Now as each TT . is of the form u. +iv. , where u. is odd and v 
J J J J J 

is even , the expression 

( 9 ) IT, 1 . . . TT. k 

1 k 

is of the same form, and as each q. is odd, so also is 
J 

, , m
 Y i Yk i i 

(10) Tr1 . . . TTk q± . . . q£ . 

H e n c e 

•y. v, 5 5 
(11) Re((l + i)Y

 TT1 . ..Trk q . . . q ) = Re((l + i)Y) (mod 2) 
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and 

"Y "y 5 ô 
(12) Im((l + i)V ^ 1 . . . ^ q±

 1 . . . q̂  l ) = Im((l + i)Y) (mod 2) . 

Similarly 

(13) Re(e(l + i) Tr1 . . . i T k q ' ' ' qo ) = Re(e(l + i r ) 

(mod 2) 
and 

(14) Im(e(l + i) Y TT1 • • • \ % • • ' % ) = Im(e(l + i) Y) 

(mod 2) . 

Thus 

a "l °k ^1 P i 
g (z) = 4 2 2 . . . 2 2 . . . 2 1 

Re((l + i)V) +Re(£(l + i)£V"Y) = 0 (mod 2) 

Im((l + i)Y) + Im(e(l+i)Q'"Y) = 0 (mod 2) 

and so 

(15) g2(z) = 4(^+1) . . . (ojK+l)(Pi + l) . . . (p +l )h( f f , e ) , 

where 

(16) h(*, e) = Z 1 

Y = 0 

Re((l + i)Y) +Re(E(l+if"Y) E 0 (mod 2) 

Im((l+i)Y) + Jm{e(l+if'y) = 0 (mod 2) 
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Now when 6 > 2 , Z | ( l + i) s o 

8 0 
R e ( ( l + i ) ) E Im( ( l + i) ) = 0 (mod 2) . 

When 6 = 1 

9 Û 

R e ( ( l + i ) ) = Im(( l + i) ) = 1 (mod 2) 

and when 9 = 0 

0 0 
R e ( ( l + i ) ) = 1 (mod 2) , Im( ( l + i) ) = 0 (mod 2) . 

Consequent ly the only t e r m s which con t r ibu te to the s u m in (16) 
a r e g iven by 

(17) o r = \ = 0 ; o r = 2 , Y = * ; 2<y<a-Z 

when £ = _+ 1 , and by 

(18) or = 2 , \ = 1 ; 2 < y < a- 2 

when e = jf i . Hence f inally we have 

(19) g (z) = 4 ( ^ + 1 ) . . . (c^+l)(P1 + l ) . . . ( P i + D h (*, e) . 

w h e r e 

h(0, +1) = 1 , h(0, +i ) = 0 , 

h ( l , e ) = 0 , 

h(2,£) = 1 

h ( a , £) = a- 3 (or> 3) . 

It is e a s y to see that g (z) = 0 if and only if h(cr, e) = 0 . F r o m 

the l i s t of va lues of h(a, e) we can ver i fy that this o c c u r s if and 
1 1 

only if y i s odd or y is even and both —x and —y a r e odd 
i n t e g e r s . This p r o v i d e s an a l t e r n a t i v e proof of Niven1 s t h e o r e m . 
Another proof has been given r e c e n t l y by Leahey [ l ] . 

and 
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