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ON SOME COMBINATORIAL INTERPRETATIONS OF 
SLATER'S IDENTITIES 

BY 

R. P. LEWIS 

ABSTRACT. Four combinatorial interpretations of identities due to L. 
J. Slater that have recently been published are slightly incorrect. I show 
how they may be corrected and also provide a new interpretation of one 
of these identities. 

In [2] and [3], theorems are given that provide combinatorial interpretations of 
various of the identities found by Slater [1]. It seems to me that four of these theorems, 
namely 2.3 and 2.4 in [2] and 1.5 and 1.6 [3], are not quite correct as stated, though 
each becomes correct if an extra hypothesis is imposed. I have been in correspondence 
with M. V. Subbarao about this matter and it is at his suggestion that I write this note. 

With the notation of [2] and [3], I propose that the following hypotheses be included 
in the statements of these theorems: 

(1) [2] 2. 3 : as-\ ^ as + s(t = 2s - I) and as ^ as+\ + s - \(t = 2s). 

[2] 2.4 : as > as+\ ^ as+2 + s — \(t — 2s + 1) and 

as ^ as+i + s — l(t = 2s). 

(2) [3] 1.5 and 1.6: bs+{ ^ bs+2 + s - \{t = 2s + 1) 

(and, in 1.6, ".. .minimal difference 2"). 
Take, for example, [3], 1.5. This states that, for each positive natural number, n, 

u(n) = v(n), where 

u(n) :— the number of partitions ofn with parts = ±1 , ±4, ±6 or ±1 mod 16, v(n) := 
the number of partitions of n into an odd number of parts, say n = b\ + ... + bjs+x, 
which also satisfy 

fbi^bi+l+2(forl ^i<s), 

(3) < bs > bs+[ ^ s and 

I b( ^ bi+i ^ 1 (otherwise). 
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The proof given in [3] calls on the identity 

oo 2s(s+\) 

(4) ErT- = ^ 8 ; ^ 3 ; ^ 

X (q5; q*)oo(q2', <T)oo(<?14; qlb)ooiq\ q)£ 

([1], (86), p. 161). The coefficient of qn on the right-hand side of (4) is u{n). On the 
left-hand side, the coefficient of qn is the number of representations of n as 

(5) n = 2s(s + 1) + ci + . . . + C2s+i, 

with 

(6) cl^c2^...^c2s+l^0 

and the argument of [3] claims to build such a representation out of a partition n — 
b\ + • • • + b2s+\ (satisfying (3)) by taking 

(7) 

ct = bi-3s + 2i- 1 (1 ^ i ^ s \ 

cs+i = bs+\ — s, 

d = bi — 1 (otherwise). 

However, if bs+i < bs+2 + 5 — 1, then cs+\ < cs+2 and (6) is violated. For example, I 
find that w(13) = 14, whereas v(13) = 15; the culprit is the partition 5 + 3 + 2 + 2 + 1 
of 13. 

On the other hand, it is a simple matter to check that the inverse of the trans
formation (7) converts a representation (5) to a partition satisfying (2) as well as 
the conditions (3). So, if we include (2) among the conditions defining the partitions 
counted by v(«), then it is true that u(n) = v{n) for each positive natural number, n. 

Theorem 2.3 in [2], augmented with (1), follows from the identity 

0 0 2s2 

which is (83) in [1]. Another interpretation of (8) is: 

THEOREM. For each natural number, n, the number of partitions of n into an even 
number, say 2s, of parts in which the s largest parts differ from each other by at least 
4 is equal to the number of partitions of n into parts congruent to ±2, ±3 , ±4 or 
±5 modulo 16. 

I leave the proof to the diligent reader. 
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