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Abstract

We extend some results known for FC-groups to the class FC* of generalized FC-groups introduced
in de Giovanni et al. [‘Groups with restricted conjugacy classes’, Serdica Math. J. 28(3) (2002),
241-254]. The main theorems pertain to the join of pronormal subgroups. The relevant role that the
Wielandt subgroup plays in an FC*-group is pointed out.

2000 Mathematics subject classification: primary 20E34; secondary 20F14, 20F19, 20F24.

Keywords and phrases: generalized FC-groups, pronormality, Wielandt subgroup.

1. Introduction

Recall that an FC-group is a group with finite conjugacy classes. The theory of FC-
groups has been much studied, originally by Baer and Neumann, and it is clearly
described in [17]. An important class of generalized FC-groups, which we denote
by FC*, was recently introduced in [2]. The class FC" is defined recursively as
follows: FC is the class of finite groups and a group G belongs to the class FC"+! if
G/Cg((x)6) e FC" for all x in G. Finally,

FC* = U FC".

n>0

Clearly FC'-groups are just the FC-groups. It is easy to check that if the nth term
of the upper central series of a group G has finite index in G then G is an FC"-group,
in particular every finite-by-nilpotent group is an FC*-group. It is shown in [15] that
several theorems concerning the strong form of residual finiteness for FC-groups can
be extended to FC*-groups.

Our object is to extend to the class of FC*-groups the theory of pronormality
developed for FC-groups in [4] and in [5].

Let G be a group and let H be a subgroup of G. Following the notation introduced
in [4], we will say that an element x of G pronormalizes H if the subgroups H and H*
are conjugate in (H, H*). Moreover, H is said to be a pronormal subgroup of G
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if each element of G pronormalizes H. Obvious examples of pronormal subgroups
are normal subgroups and maximal subgroups of arbitrary groups; moreover, Sylow
subgroups of finite groups and Hall subgroups of finite soluble groups are always
pronormal. The concept of ‘pronormal subgroup’ was introduced by Hall, and the
first results on pronormality appeared in a paper by Rose [16]. The study of the
property of pronormality has been the object of many investigations by several authors
(see, for instance, [1, 5-8, 10, 13, 18]). In particular, the problem of the join
of pronormal subgroups has been considered. Here we will show that the product
of two pronormal permuting subgroups of a locally soluble FC*-group is likewise
pronormal (see Theorem 2.1), and that the join of any chain of pronormal subgroups
of a finite-by-nilpotent group is pronormal (see Theorem 3.7). In order to investigate
the pronormality of subgroup H of a group G, the notion of the pronormalizer of
H in G, that is, the set Pg(H) of the elements of G pronormalizing H, has been
introduced (see [5]). Thus a subgroup H of a group G is pronormal in G if and only
if Pg(H) = G. Also we recall that the intersection P(G) of the pronormalizers of all
subgroups of a group G is called the pronorm of G. We remark that the pronorm of the
alternating group As has order 40 so it is not a subgroup; moreover; in this example
the pronormalizer of any subgroup of order 2 is not a subgroup. In Section 2 we will
show that the pronorm of a locally soluble FC*-group is a subgroup of G.

It is easy to check that a subgroup H of a group G is normal if and only if it is both
pronormal and subnormal. In particular, every group whose subgroups are pronormal
is a T-group (that is a group in which normality is a transitive relation). On the other
hand, using some basic properties of 7T-groups (see [12]), it is shown in [4] that a
group whose cyclic subgroups are pronormal is a T-group (that is, a group whose
subgroups are T-groups). It is well known that for a finite group G the property T is
equivalent to saying that G has all pronormal subgroups (see [11] and [3, Lemma 9]),
but this fails to be true for infinite periodic soluble groups (see [9]). More recently
the same characterization has been extended to FC-groups (see [4, Theorem 3.9]),
and furthermore to FC*-groups (see [2, Theorem 4.6]). Clearly G is a T-group
precisely when w(G) = G. Here w(G) denotes the Wielandt subgroup of G, that is,
the intersection of all the normalizers of subnormal subgroups of G. In Section 3 we
will show that every FC*-group either is an FC-group or has a Wielandt subgroup
much smaller than G (see Theorem 3.3). In the same section we highlight some
other relevant properties of the Wielandt subgroup of an FC*-group (see Theorems 3.6
and 3.9). Among other results, some interesting properties pertaining to FC*-groups
are obtained.

Most of our notation is standard and can, for instance, be found in [14].

2. Pronormality in FC*-groups

Recall that two subgroups H and K of a group G are said to permute if HK = KH,
and this is precisely the condition for HK to be a subgroup. In particular, H and K
permute if HX = H.
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A result of Rose [16] shows that the product of two pronormal subgroups H and K
of G such that HX = H is still pronormal in G. More generally, Legovini proved
in [10] that in a finite soluble group the product of two pronormal subgroups that
permute is also pronormal. Recently, de Giovanni and Vincenzi proved in [5] that in a
locally soluble FC-group the product of two pronormal subgroups that permute is also
pronormal. The proof of this property makes use of the fact that if G is an FC-group,
the factor G/Z(G) is periodic. Even if this property is no longer true for FC"-groups
(examples can be found in [15]), we will extend the above result as follows.

THEOREM 2.1. Let G be a locally soluble FC*-group. Let X and Y be pronormal
subgroups of G that permute. Then the product XY is a pronormal subgroup of G.

PROOF. Assume G to be an FC"-group, where n is a positive integer. Put H = XY,
and let g be an element of G. In order to prove that H and H¢ are conjugate in
(H, H#), it can obviously be assumed that G = H{¢(g). Since g pronormalizes X,
there exists u € [g, X] such that X8 = X*. The element u pronormalizes X, then
there exists v € [u, X] <[[g, X], X] such that X" = XV. Iterating this process, we
find an element a in y,4+1(G) such that X& = X, and similarly X&' = X® with b in
Yn+1(G). With the same argument for ¥, we have that Y8 = Y and ye ' = Y?, where
c and d are elements of y;,41(G). All the elements a, b, ¢ and d are periodic and lie in
the F'C-center of G by [2, Theorem 3.2 and Corollary 3.3], so that N = (a, b, c, d)G
is finite by Dietzmann’s lemma. Remark that for each z € Z, X 8" = X% where a; € N,
and Y& = Y? where by € N, thus H®) < NH. This means that H has finite index
in H'¢). If there exists a positive power of g lying in H(€', then |H ¢ (g) : H(&)|
is finite and H has finite index in G = H'¢)(g). Arguing in the finite soluble factor
G/Hg, we have that H/Hg = (XHg/Hg)(Y Hg/Hg) is pronormal in G/ Hg by the
quoted result of Legovini. Therefore we may assume that g has infinite order and
G = (g) x H'®. As N is finite, there exist two distinct integers i and j such that
X8 = X&' and so g* lies in Ng(X) for some s € N. Similarly, there exists ¢ € N such
that g’ lies in Ng(Y). Put m = st; it follows that g™ normalizes H. If x is an element

of G = (g) X H'$) then x .=g"gA’"jyh, where i =0,...,m—1, je€Z, ye N and
h € H. Tt follows that x = g'y’ g™ h, where y’ is a suitable element of the finite normal
subgroup N. It turns out that the finite set 7 = {g'y:i =0,...,m —land y € N}

is a left transversal of (g”)H in G, and for each r € N we may claim that (g"')H
has finite index in G. Put J; = ({(g™")H)¢ and consider the finite factor G/J,. By
hypothesis, XJ;/J; and Y J;/J; are pronormal subgroups of G/J; and so HJ;/J; =
(X J;/J)(Y Ji/Jp) is pronormal in G/J; so that H J; is a pronormal subgroup of G,
again by Legovini’s result. It follows that (H J;)® = (H J;)”, where y = jz with j € J,
and z € (H, H8). Since (H, H8) is a subgroup of HN, then z€ HN N (H, H8) =
H(NN{(H, H8)). Put NN{(H, H8) ={uy, ...ug} so that (HJ;)8 = (HJ;)" for
some u;. For each r <, let 2, be the subset of N consisting of all integers n such that
(HJy)8 = (HJy)" . Clearly, there exists i < s such that ; is infinite. The relation

HS (Y HLS ()" xHCH

nEQ,- neQ;
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holds and hence all these terms coincide. Then

=) = = Qs

neg; ne; neg;

= (ﬂ<g’"”> ><H) i=H”l‘,

HEQ[
and hence H is a pronormal subgroup of G. O

Following [4], we will also consider the cyclic pronorm of G, that is, the subset
Pe(G) consisting of the elements of G that pronormalize every cyclic subgroup of G.
It is proved that the pronorm and the cyclic pronorm of a group G are subgroups
when G is a polycyclic group or a locally soluble FC-group (see [4, Corollary 4.7
and Theorem 4.9]). In the following we will show that also in the universe of
locally soluble FC*-groups both the pronorm and the cyclic pronorm of a group G
are subgroups.

THEOREM 2.2. Let G be a locally soluble FC*-group. Then the cyclic pronorm
Pe(G) of G is a subgroup of G.

PROOF. Assume G to be an FC"-group, where n is a positive integer. Let X be a finite
subset of Pgz(G) and let @ be an element of G. Since (X, a)G/Zn((X, a)©) is finite
(see [2, Lemma 3.7]), it follows that y;,41((X, a)%) is finite. Therefore Yn+1((X, a))
is a finite soluble group and so is polycyclic. On the other hand, the nilpotent factor
(X, a)/yn+1({X, a)) is also polycyclic so that (X, a) is polycyclic and Pg({X, a)) is
a subgroup of (X, a) (see [4, Corollary 4.7]). Clearly X is contained in Pg({X, a)),
thus every element of (X) pronormalizes the subgroup (a). The arbitrary choice of the
element a in G shows that P¢(G) is a subgroup of G. O

LEMMA 2.3. Let G be a group, and let K be a subgroup of G. Let Q2 be a chain of
normal subgroups of K such that K =\ Jy.q H. Let x be an element of G such that
x =ky, where k € K and y € G pronormalizes every element of 2. If the subgroup
[K, x] is finite, then both x and y pronormalize K.

PROOF. Let H be an element of 2; then HY = H? where z € [H, y]. Put [K, x] =
{y1, ..., ¥} and observe that [H, y] is a subgroup of K[K, x], so z=kpgy; with
ky € K and y; € [K, x]. For each i <t, let Q; be the subset of 2 consisting of all
subgroups H €  such that HY = H*#Y where ky; is a suitable element of K, and so

Q=QU---UQ.

Ki=UH

HEQ,'

For each i <t¢, put

so that K iy =K lk HYi I, J are indices such that K}, is not contained in K, there exists
an element H of €, which is not contained in K ;. By hypothesis €2 is a chain, so that

https://doi.org/10.1017/5S0004972710001668 Published online by Cambridge University Press


https://doi.org/10.1017/S0004972710001668

224 E. Romano and G. Vincenzi [5]

every element of 2; is contained in H, and hence also in Kj,. Thus K ; is contained

in Ky, and the finite set {K, ..., K;} is a chain. On the other hand,
K = U H:<K17-"’Kl)a
HeQ

so that K = K, for some n < t. Since every element of €2 is a normal subgroup of K,
we have that
K*=K) = U HkH)’n — U H)n = Kyn,
HeQ, He,
where y, is an element of [K, x] and so x pronormalizes K. On the other hand,
yn € (K, K*) = (K, K”) and so also y pronormalizes K. O

LEMMA 2.4. Let G be a locally soluble FC"-group. Then every subgroup K of G is
a pronormal subgroup of K y,,+1(KP¢(G)).

PROOF. Let K be a subgroup of G. Let
{B=Ko=Ki=- =Ky =Kpp1=--- =K, =K

be an ascending characteristic series with abelian factors of the locally soluble FC"-
group K (see [2, Theorem 3.9]). Assume that the lemma is false, so that some K, is
not a pronormal subgroup of K y,4+1(KP¢(G)), and o can be chosen to be smallest with
respect to this condition. Let x = ky, where k € K and y € Pg(G), be an element of
Yn+1(KPg(G)) which does not pronormalize K. As G is an FC"-group, the subgroup
[K, x] is finite (see [2, Theorem 3.2 and Corollary 3.3]). If « = 1, then K, is abelian
and so there exists an ascending normal series of K, say

{1}:HO§H1§"'§HM=K0U

whose factors are cyclic. Since K, is a normal subgroup of K, if x does not
pronormalize K, then y does not even pronormalize K,. Let § be the first ordinal
such that y does not pronormalize K. It is obvious that § > 1. If § were a limit ordinal,
then Hs = | p<s Hp and Hg is pronormalized by y for each B < 4. As the subgroup
[Hs, x] is finite, it follows by Lemma 2.3 that y pronormalizes Hj, a contradiction.
Hence § cannot be a limit ordinal and y pronormalizes Hs_1. Since the factor Hs/ Hs_1
is cyclic, there exists an element is of Hg such that Hs = Hs_1(hs). We can observe
that Hs_1 and (hs) are subgroups of G such that H(S(ﬁ‘sl) = Hj_1; moreover, Pg(G) is a
normal subgroup of G such that (hs) is pronormal in (hs) P¢(G) and the element y of
P¢(G) pronormalizes Hs_1, so that y pronormalizes Hs (see [4, Lemma 2.2]). This
contradiction shows that o > 1. If « is not a limit ordinal, we can assume that x
pronormalizes K,_1. Since the factor K,/Ky_1 is abelian, there exists a chain of
ascending normal subgroups of K, whose factors are cyclic, that is,

Hy=Ky-1<H <---<H,=K,.

Let A be the smallest ordinal such that y does not pronormalize H,. By assumption,
A > 0. Hereafter, we can argue as above to get a contradiction both in the case that A
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is a limit and not. Finally, assume that « is a limit; then K, =J;_, Ks and K5 is
pronormalized by x for each 6§ < «. Because of Ks is a normal subgroup of K for
every § < «, it follows that K is pronormalized by y for each § < «. The subgroup
[Kq, x] is finite, and a new application of Lemma 2.3 yields that x pronormalizes K.
This contradiction proves the lemma. O

THEOREM 2.5. Let G be a locally soluble FC*-group. Then the pronorm P(G) of G
is a subgroup of G.

PROOF. Assume G to be an FC"-group, where n is a positive integer. Let K be
a subgroup of G. By Lemma 2.4, Ky, 1(KP¢(G)) is contained in Pkp,(c)(K).
Moreover, Ky,+1(KP¢(G)) is a subnormal subgroup of KP¢(G); it follows that
Pkpy(G)(K) is a subgroup of KP¢(G) (see [5, Theorem 2.2]). We can observe that
Pkpe(6)(K) = Pg(K) N KPe(G).

On the other hand,
P(G)= () Po(K)= ( N PG(K>) N Pe(G) = () (Po(K) N Pe(G))
K=<G K<G K<G
and

PG (K) N Pe(G) = Pg(K) N KPe(G) N Pe(G) = Pgpy(6)(K) N Pe(G).

It follows that P(G) is a subgroup of G because it is an intersection of subgroups. O

3. The Wielandt subgroup of an FC*-group

It has already been noted (see [2, Theorem 4.6]) that any FC*-group with the
property T is an FC-group. Here we will show that if G is an FC*-group that is
not an FC-group, then the index |G : w(G)] is infinite.

The first results of this section are two basic properties of FC"-groups pertaining to
the terms of the successive normal closures series.

Recall that, if H is an arbitrary subset of G, the series of successive normal closures
of H in G is the descending series {H %%} between H and G defined inductively by

HO'=G, HO“H'=g""" ad HO =) HOF
B<i

where « is an ordinal and A a limit ordinal. It is well known that this is the fastest
descending series whose terms all contain H, and it is easy to show by induction for
every positive integer n that H G.n — H[G,, H]. For the convenience of the reader we
remark that the class of FC"-groups satisfies Max locally and also that every periodic
and finitely generated FC"-group is finite (see [2, Theorem 3.6]).

LEMMA 3.1. Let G be an FC"-group. Then (x)°" is finitely generated for every
x eG.

PROOF. Let x be an element of G. Since the factor group (x)9/Zp_1({(x)9) is finitely
generated (see [2, Lemma 3.7]), then (x)6 <YZ,_1((x)9), where Y is a finitely

https://doi.org/10.1017/5S0004972710001668 Published online by Cambridge University Press


https://doi.org/10.1017/S0004972710001668

226 E. Romano and G. Vincenzi [7]

generated subgroup of G containing x. We will show that (x)%" <Y Z,_,,((x)%)
foreachm € {1, ..., n}.

By contradiction let » be the minimum positive integer less then n such that (x)¢"
is not contained in Z,_, ({x)9). Clearly r > 1, so that

)G,r (x>(x)G’r7' < (x)Yan(rfl)((x)G) < (<x>y)znf(rfl)(<x>G)

Y)Y, Zn -y (DT < ()1, Zi 1) (1) D]
< () Zyr ()9 <Y Zy ((2)©).

(x

IAIA

From this contradiction, it follows that (x)¢" is a subgroup of Y. As Y satisfies Max,
it follows that (x)©" is finitely generated. O

A result of Polovickii [14] states that a group G is an FC-group if and only if (x)¢
is finite-by-cyclic for every x € G. For FC"-groups we have the following result.

COROLLARY 3.2. Let G be an FC"-group. Then (x)C" is finite-by-cyclic and
Aut(x)C" is finite for every x € G.

PROOF. Since (x)¢" = (x)[G,, (x)], we have to show that [G,, (x)] is finite. By
definition, [G,; (x)] is contained in the periodic subgroup y,,+1(G) of G (see [2,
Corollary 3.3]). On the other hand, (x)6m is finitely generated by Lemma 3.1, so
that it satisfies Max. It follows that the subgroup [G,, (x)] is periodic and finitely
generated, so that it is finite. In addition, it is easy to show that if H is a finite-by-
cyclic group, then Aut H is finite. O

THEOREM 3.3. Let G be an FC*-group in which the Wielandt subgroup «(G) has
finite index. Then G is an FC-group.

PROOF. Let G be an FC"-group, where n is a positive integer. Let x be an element
of G. Since (x)C*" is a subnormal subgroup of G, it follows that

(G)(x)%" < N ((x)9")

and so |G : Ng({x)%™)| < oo. By Corollary 3.2, Ng ((x)%")/Cg((x)%") is finite and
50 |G : Cg((x)¢™)] is also finite. This proves that x is an FC-element. O

We remark that there are easy examples of infinite F'C-groups with trivial center in
which normality is a transitive relation. Thus an FC*-group whose Wielandt subgroup
has finite index may be not center-by-finite. A well-known theorem of Neumann states
that a group G is center-by-finite if and only if every subgroup has finitely many
conjugates. It follows that if G is nilpotent, then Z(G) has finite index in G if and only
if w(G) has finite index in G. This characterization can easily be extended to finite-
by-nilpotent groups. We will show this equivalence as an application of Theorem 3.3.

COROLLARY 3.4. Let G be a finite-by-nilpotent group. If |G : w(G)| is finite, then
G/Z(G) is finite.
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PROOF. By hypothesis, G/Z,(G) is finite for some positive integer n, in particular G
is an FC*-group, and hence it is an FC-group by Theorem 3.3. On the other hand,
Z,(G) Nw(G) is a Dedekind group, so that G is abelian-by-finite and hence G/Z(G)
is finite. O

Recall that a subgroup H of a group G is said to be ascendant if there is an
ascending series between H and G. Following the notation introduced in [5], we
will denote by 7(G) the intersection of all the normalizers of ascendant subgroups
of G. Clearly every subnormal subgroup is also ascendant, so that for any group G the
subgroup 7(G) is contained in w (G). Moreover, if G is a polycyclic-by-finite group,
ascendant and subnormal subgroups of G coincide, and hence t(G) = w(G). It was
proved by de Giovanni and Vincenzi in [5] that 7(G) and w(G) also coincide in an
FC-group. This property also holds for FC*-groups.

LEMMA 3.5. Let G be an FC*-group. Then o (G) = 1(G).

PROOF. Let G be an FC"-group, where n is a positive integer. Let x be an element
of w(G), and let H be any ascendant subgroup of G. For every element h € H,
put N = (h, x)°. By [2, Lemma 3.7] the factor group N/Z,(G) is finite, thus
(HN N)Z,(G) is subnormal in N and H N N is subnormal in G. It follows that x
normalizes H N N, and hence 4~ belongs to H. The arbitrary choice of 4 in H yields
x € Ng(H). The lemma is proved. O

In order to study the properties of a special subclass of FC*-groups, the class of
finite-by-nilpotent groups, we introduce for any group G two descending normal series
related to the subgroups w(G) and 7(G).

Let G be a group. The lower Wielandt series of G is the descending normal series
whose terms w, (G) are defined inductively by positions

0(G) =G, wer1= [ oK),
KeQy(G)

where 2, (G) is the set of all subgroups of G containing w, (G), and
01(G) =[] wp(K)

B<A

if A is a limit ordinal. The last term of the lower Wielandt series of G will be denoted
by @(G). The lower t-series of G is the descending normal series obtained by
replacing in the above definition the Wielandt subgroup w (X) by the subgroup 7 (X)
for each group X. The last term of the lower t-series of G will be denoted by T(G).
Clearly w1 (G) = w(G) and 71(G) = t(G). The last term of the lower t-series of G
is a characteristic subgroup of G. It has been proved (see [4, Theorem 4.6]) that for
hyperabelian periodic groups, P¢(G) = 7(G). Application of Lemma 3.5 yields that
for FC*-groups T(G) = &(G).

THEOREM 3.6. Let G be a periodic FC*-group. If G contains a locally nilpotent
normal subgroup N such that the factor G/ N is locally nilpotent, then T(G) = 7(G) =
w(G).
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PROOF. Let K be a subgroup of G. In order to prove that the theorem is true, we show
that K N 7(G) is contained in 7(K).

Put L = K N t(G), and let X be any ascendant subgroup of K. Since N is a locally
nilpotent FC*-group, it is hypercentral (see [2, Theorem 3.9]), sothat Y = X N N is an
ascendant subgroup of G and L is contained in the normalizer of Y. The factor group
X /Y is isomorphic with a subgroup of G/ N, so that it is hypercentral and has a unique
Sylow p-subgroup X, /Y, for every prime p. In particular, X, is ascendant in K. In
order to prove that L normalizes X, it is enough to show that L is contained in NG (X )
for all p, so we may assume that X /Y is a p-group for some prime p. Let N =U x V,
where U is a p-group and V has no elements of order p, and write G = G/ V. Since N
is a p-subgroup of G_such that G/ ]\_/_ is locally nilpotent, it follows that G has a unique
Sylow p-subgroup P. Moreover, X is a p-subgroup of G, so that X < P and so X
is ascendant in G. It follows that X is normalized by L, and hence L < Ng(XV).
Therefore LY /Y lies in the normalizer of (XV N K)/Y = X(V N K)/Y. On the other
hand, the ascendant subgroup X /Y is a Sylow p-subgroup of X(V N K)/Y, so that
X /Y is characteristic in X(V N K)/Y and L is contained in Ng(X). This proves that
K N 7(G) is contained in 7 (K), for all subgroups K of G. Now, let K be any subgroup
of G containing 7(G); then 7(G) is contained in 7(K), so that 72(G) = t(G), and
hence 7(G) = 7(G). O

The last part of this section is devoted to the study of the behavior of the Wielandt
subgroup of a finite-by-nilpotent group. We shall prove that for this special subclass
of FC*-groups the join of a chain of pronormal subgroups is likewise pronormal,
moreover, if G is also metanilpotent, then the pronorm and the Wielandt subgroup
of G coincide.

THEOREM 3.7. Let G be a finite-by-nilpotent group, and let Q2 be a chain of
pronormal subgroups of G. Then | )y .q H is a pronormal subgroup of G.

PROOF. Since G is a finite-by-nilpotent group, there exists a finite normal subgroup N
of G such that the factor G/N is nilpotent of class n (n positive integer). In particular,
Yut+1(G) = {z1, ..., z¢} is finite. Let x be an element of G and let H be an element
of Q. Since x pronormalizes H, there exists y € [x, H] such that H* = HY. The
element y also pronormalizes H, so there exists z € [y, H] < [[x, H], H] such that
H* = H*. Tterating this process, it follows that H* = H% where z; is a suitable

element of y,+1(G) N (H, H*). Foreachi=1,...,1, let Q; be the subset of 2
consisting of all subgroups H € Q such that H* = H% and so Q=Q U---U ;.
Put K =|Jycq H and foreachi=1,..., ¢t put K; = UHEQi H, so that K = Kizi.

If i, j are indices such that K; is not contained in K;, there exists an element H of £2;
which is not contained in K, so that every element of 2; is contained in H, and hence

also in K;. Thus K] is contained in K;, and the finite set {Ky, ..., K;} is a chain. On
the other hand, K = UHEQ H=(Ki, ..., K;), sothat K = K; for some i <¢, and
K* = K=<, O

LEMMA 3.8. Let G be a finite-by-nilpotent group, and let K be a locally soluble
subgroup of G. If N is a normal subgroup of G such that X is pronormal in XN for
every cyclic subgroup X of K, then K is a pronormal subgroup of KN.
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PROOF. Let G be an FC"-group, where n is a positive integer. Let
{}=Ko<Ki < < Kpt@m+)) =K

be an ascending characteristic series with abelian factors of K of length at most
o+ (n — 1) (see [2, Theorem 3.9]). Assume that the lemma is false, so that it follows
that K5 is not pronormal in KsN for some ordinal §, and § can be chosen to be the
smallest with respect to this condition. Let x be an element of N which does not
pronormalize Ks. If § =1, then Ks is abelian. The ordered set £ consisting of all
subgroups of K;s pronormalized by x is inductive by Theorem 3.7, thus by Zorn’s
lemma £ contains a maximal element M. If Ks # M, we may consider y € Ks\M,
and the subgroup (y) is pronormal in (y) N by hypothesis, so that x also pronormalizes
(y)M by [4, Lemma 2.2]. This contradiction shows that § > 1. If § were a limit
ordinal, then K5 = p<s Kp and Kpg is pronormalized by x for each B < 4, and a new
application of Theorem 3.7 yields that x pronormalizes Ks. Hence & cannot be a limit
ordinal and x pronormalizes Ks_1. We can again use Theorem 3.7 to show that the
ordered set £, consisting of all subgroups of Kg containing Ks_; and pronormalized
by x, is inductive. Let M be a maximal element of £. Clearly M is a normal subgroup
of K5, and for every element y of K5 we have that (y)M is pronormalized by x from
[4, Lemma 2.2]. Therefore M = Ks, a contradiction. O

It has already been remarked in [2] that the Wielandt subgroup and the pronorm
coincide for polycyclic groups with nilpotent commutator subgroup and for periodic
groups with nilpotent and finite commutator subgroup. We can extend these results as
follows.

THEOREM 3.9. Let G be a soluble finite-by-nilpotent group. Then P(G) = Pg(G).
Moreover, if G is periodic and metanilpotent, then P(G) = o (G).

PROOF. Let G be an FC"-group where n is a positive integer. By Theorem 2.2, the
cyclic pronorm Pg(G) is a normal subgroup of G. Let K be any subgroup of G.
Then X is pronormal in XP¢ (G) for every cyclic subgroup X of K, and K is pronormal
in K Pg(G) by Lemma 3.8. Therefore P(G) = P¢(G). Suppose now that G is periodic
so that Pg(G) = 7(G) (see [4, Theorem 4.6]), and moreover if G is metanilpotent then
7(G) = w(G) by Theorem 3.6. The proof is complete. O
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