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EXAMPLES OF WEAK HOPF ALGEBRAS ARISING
FROM VACANT DOUBLE GROUPOIDS

NICOLAS ANDRUSKIEWITSCH AND
JUAN MARTIN MOMBELLI

Abstract. We construct explicit examples of weak Hopf algebras (actually face
algebras in the sense of Hayashi [H]) via vacant double groupoids as explained
in [AN]. To this end, we first study the Kac exact sequence for matched pairs
of groupoids and show that it can be computed via group cohomology. Then
we describe explicit examples of finite vacant double groupoids.

Introduction

Tensor categories have many important applications in several areas
of mathematics and theoretical physics. A source of examples of tensor
categories is the theory of Hopf algebras; namely the category of represen-
tations of a Hopf algebra is naturally a tensor category. However, there
are important linear tensor categories that do not arise as the category
of representations of any Hopf algebra. Some fifteen years ago, Ocneanu
proposed the notion of paragroup to encompass these examples. In this
direction, Hayashi introduced face algebras in 1991; eventually, he showed
that a suitable linear tensor category arises as the category of represen-
tations of a face algebra (canonical Tannaka reconstruction). See [H] and
references therein. Weak Hopf algebras were introduced in [BNS], [BS]; face
algebras are weak Hopf algebras with commutative target subalgebra.

Recently, it was explained how to build up weak Hopf algebras (actu-
ally face algebras) starting from a matched pairs of finite groupoids and
a suitable pair of cocycles [AN]. The purpose of the present paper is to
exhibit explicit examples of weak Hopf algebras in the framework of this
construction (that we recall in Subsection 2.3). For this, we need to give
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explicit examples of matched pairs of finite groupoids (what we do in Sec-
tion 3), and to compute the corresponding 2 cohomology group (the so-
called Opext). As said in [AN], see also [BaSV], an efficient way for this
last task is through the Kac exact sequence, a generalization of the anal-
ogous sequence for matched pairs of groups. We elaborate on Kac exact
sequences in Section 2, relating to cohomology of weak Hopf algebras, which
we discuss in Section 1.

The reader interested in the construction of explicit examples might
find useful the Summaries 3.3, 3.5, 3.7 and 3.10. We include along the way
some calculations of the Opext groups, by reduction to group cohomology.

NoTATION. We shall denote by K a commutative ring and by k a field
of characteristic zero. If R is an algebra, we denote by rM the category of
left R-modules. If X is a set, we denote by K& the free K-module with basis
(X)xex. We shall use Sweedler’s notation but omitting the summation sign
for coalgebras: A(z) = z(;)®x(g), if A is the comultiplication of a coalgebra
C, z € C. For any ring R we shall denote by R* the group of invertible
elements in R.

Acknowledgments. We thank Sonia Natale for many conversations.
Part of the work of the second author was done during a visit to the Univer-
sity of Rheims in the framework of the project ECOS. He is very grateful
to Jacques Alev for his kind hospitality.

§1. Cohomology of groupoids
1.1. Weak Hopf algebras

We first recall the definition of weak Hopf algebras, or quantum group-
oids [BNS], [BS]; see also [NV]. Weak Hopf algebras over commutative
rings, like groupoid algebras, are considered in [BW]. A weak bialgebra is
a collection (H,m,A), where (H,m) is an associative K-algebra with unit
1 and (H,A) is a coassociative K-coalgebra with counit &, such that the
following axioms hold:

(1.1) A(ab) = A(a)A(b), Va,be H.
(1.2) A1) = (Ao 0A1) =12 AD)NAL) @ 1).
(1.3) e(abc) = e(ab(1))e(b2)c) = €(ab))e(bayc), Va,b,c € H.
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A weak bialgebra H is a weak Hopf algebra or a quantum groupoid if
there exists a linear map S : H — H satisfying

(1.4) m(id © 8)A(h) = (¢ ®id)(A(1)(h @ 1)) =: &, (h),
(1.5) m(S @id)A(h) = (id @ e)((1 ® h)A(1)) =: e4(h),
(1.6) m?(SwidoS)AD =S,

for all h € H. The maps €;, €; are respectively called the source and target
maps; their images are called the source and target subalgebras, and we
denote them respectively by Hy and H;.
The weak Hopf algebra H is an H;-bimodule via z.h.w := zhw for h €
H, z,w € H; and the target subalgebra H; has a left H-module structure
given by:
h.w = ¢(hw),

for all h € H, and w € H;. This action when restricted to H; gives the left
regular action [NV, p. 215]. The following Lemma will be useful later.

LEMMA 1.1. Let be H a weak Hopf algebra, Hy its target subalgebra,
M a left Hi-module and N a left H-module. Then H @p, M has a left
H-module structure via multiplication on the first tensorand and there are
natural isomorphisms

Hompy (H ®p, M, N) ~ Homp, (M, Resf;, N).
For any projective Hy-module M, the H-module H ®p, M is projective.
Proof. The desired natural isomorphisms are defined by

¢ HOHIH(H K H, M, N) - HomHt(Mv Resgt N)7 d)(f)(m) = f(l ® m)a
¢ : Homp, (M, Resfi N) — Hompy(H @y, M,N), 1¥(g)(h @ m) = hg(m),

for all h € H, m € M. The last claim follows from the first one. 0

Remark 1.2. If K = k is a field then by [NV, Prop. 2.3.4] the target
subalgebra is separable and therefore semisimple and thus every H-module
is projective. In this case, if H; is commutative then H is a face algebra in
the sense of Hayashi [H].
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1.2. The Bar resolution for weak Hopf algebras

Let H be a weak Hopf algebra with target subalgebra H;. We define
the cohomology groups of H with coefficients in M € g M by

H"(H, M) = Ext?,(H,, M).

These cohomology groups can be computed by means of a “normalized
bar resolution”. Let H be the H;-bimodule H /Hy; and let h be the class
in H of h € H. Note that H ~ H, ® H as left H;-modules, since H; is the
image of a projector which is Hy-linear, cf. [BW, Ch. 6]. Let us assume that
H (or equivalently H) is a projective H;-module. If N € y M and n € Ny,
we set

Bn(HaN) ::H®Htﬁ®Ht '”®Htﬁ®HtN'

n-times

Then B,(H,N) is a left H-module via multiplication on the first tenso-
rand, and if N is a projective Hi-module then B, (H,N) is a projective
H-module thanks to Lemma 1.1. Let us define maps € : Bo(H,N) — N,
Op : Bp(H,N) — Bp,_1(H,N), n >0, and s,, : B,(H,N) — B,4+1(H,N),
n > 0, by

e(h®m) = h.m,
O(h®@h @+ @hy@m) =hhy @hy @ --- @ hy, @m
n—1 . L . o
+) (-D'heh @ @hihin ® - @b, ®@m

=1
+(-1)"h@h @ - @ hp_1 @ hyom,

and
s (h@M @ @h,@m)=1Rh@h @ - ®h, @m,

for all h, hy,...,h, € H and for all m € N.

LEMMA 1.3. For any n > 0, we have

i) the maps O, are well defined H-module homomorphisms,
i) 0p—10, =0, and

iii) Ont15n + sp—10, = idp, (5,N)-

https://doi.org/10.1017/50027763000025642 Published online by Cambridge University Press


https://doi.org/10.1017/S0027763000025642

EXAMPLES OF FACE ALGEBRAS 5

Proof. We verify i). Assume that h; € H; for 1 <1i < n then

On(h®hi ® -+ ® hy, ©m)
= (_1)iflh®...®m®...®m
+(-1)'h® - @hihiy1 ® - ®@m
= (-1)""h®- @ hi-1 ® hihit1---®m
+(-1)'h@- ®@hhis1 @ @m = 0.
The second equality follows since we are taking tensor products over Hy.
For i = 1, n the proof is similar. Hence 0,, is well-defined, and it is clearly a

H-module homomorphism. The proof of ii) is standard and iii) follows by
a straightforward calculation. 0

Lemma 1.3 says that the complex

- — Bp(H,N) 2 B, (H,N) — - --
— By(H,N) -2 By(H,N) % By(H,N) - N

is acyclic. Thus, we have a projective resolution of the H-module N and
we can compute the Ext groups Ext (N, M) for any M € gM, as the
cohomology groups Ext (N, M) := Ker(9")/Im(0"~!) of the complex

0 — (v, M) L otv, vy L
—s O"(N, M) L5 YN, M) — -

where C"(N, M) := Hompy (B, (H,N),M).

1.3. Groupoids

Recall that a (finite) groupoid is a small category (with finitely many ar-
rows), such that every morphism has an inverse. We shall denote a groupoid
by ¢,s5 : G = P, or simply by G, where G is the set of arrows, P is the set
of objects and ¢, s are the target and source maps. The set of arrows be-
tween two objects P and @ is denoted by G(P, Q) and we shall also denote
G(P) := G(P, P). The composition map is denoted by m : G xsG — G,
and for two composable arrows g and h, that is ¢(g) = s(h), the composition
will be denoted by juxtaposition: m(g, h) = gh.

A morphism between two groupoids is a functor of the underlying cate-
gories. If G = P, and H = Q are groupoids, and ¢ : G — H is a morphism
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of groupoids, then for any @ € P, ¢(idg) = ide(g(ia,)), and ¢ induces a map
¢ : P — Q, namely ¢°(Q) = ¢(¢(idg)). Thus e(¢(g)) = ¢°(e(g)), for any
g € G. If ¢ and v are two morphisms of groupoids then (¢1)? = ¢%°.

We recall a well-known definition.

DEFINITION 1.4. Two morphisms of groupoids ¢, : G — H are simi-
lar, denoted ¢ ~ 1, if there is a natural transformation between them; that
is, if there exists a map 7 : P — H such that

P(g9)7(e(9)) = 7(s(9)¥(9), g€G.

Observe that “similarity” is an equivalence relation since every natural
transformation between two groupoid morphisms is necessarily a natural
isomorphism.

Two groupoids G, H are similar, and we write G ~ H, if there is
an equivalence of categories between them. In other words, if there are
morphisms ¢ : G — H, ¥ : H — G such that ¢ oy and v o ¢ are similar to
the corresponding identities.

A basic operation between groupoids is the disjoint union. Namely, if
g = P, H = Q are two groupoids, the disjoint union is the groupoid whose
set of arrows is G [['H, and whose base is the disjoint union of the bases:
PI[Q IfG~G and H~H then G][G ~H]][H.

Let us define an equivalence relation on the base P by P ~ (@ if
G(P,Q) # 0. A groupoid e,s : G = P is connected if P ~ @ for all
PQeP.

Let S be an equivalence class in P and let Gg denote the corresponding
connected groupoid with base S; that is, Gs(P, Q) = G(P, Q) for any P,Q €
S. Then the groupoid G is similar to the disjoint union of the groupoids
Gs: G~ [lsep)a s-

A subgroupoid H of a groupoid G is wide if H has the same base P as
g.

LEMMA 1.5. Let G be a groupoid.
(i) If G is connected, then G ~ G(P) for any P € P.
(ii) If S is a system of representatives of P/~ then

(1.7) g~ ] o).

PeS
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Proof. (i) Let us fix P € P. For any Q € P, denote by 7¢g an element in
G(P,Q) such that 7p = idp. So, we have defined a map 7: P — G. Define
the following maps ¢ : G — G(P), ¥ : G(p) — G by ¢(g9) = Ts(g)gTe_(gl),
¥(h) = h. In fact these maps are morphisms of groupoids. Since we have
required that 7p = idp then ¢ o 1 is the identity map. By the definition
of ¢ we have that (1) 0 ¢)(g)7Teg) = Ts(g)9> and then ¥ o ¢ ~ id. Part (ii)
follows from (i). U

DEFINITION 1.6. Given a groupoid G and a map p : £ — P, a left
action of G on p is a map >: G X, & — & such that

plg>x) =s(g), g>(hvz)=ghvz, id,ybr=u1,

for all composable g, h € G, x € £. We shall say in this case that (£,p), or
E,is a G-bundle.
A right action of G on £ is amap <: £ ,xsG — &£ such that

px<ag) =e(g), (z>g)>h=x<agh, x<didy,) =7,
for all composable g,h € G, z € £.

1.4. The groupoid algebra

The groupoid algebra KG is the K-algebra with basis {g : g € G}, the
product of two elements in the basis being equal to their composition if they
are composable, and 0 otherwise. The groupoid algebra KG has a weak Hopf
algebra structure via: A(g) = g® g, €(g) = 1, S(g) = g7}, for all g € G.
The target subalgebra of this weak Hopf algebra is KP := @p.p Kidp.

A G-module bundle is a G-bundle (£,p) such that £ = p~1(Q) is
a K-module for any @ € P and the map g : &
isomorphism for any g € G.

— ) is a linear

9) s(g

There is an equivalence of categories between the category of G-module
bundles and ggM.

The left KG-module associated to a G-module bundle (€, p) is given by
M = @gep g, and the action of G on M is given by g.m = go>m if
m € &gy and g.m = 0 otherwise. Note that the fiber £ might be zero for
some @ € P.

Reciprocally, let M be a left KG-module and set Mp =idpM, P € P;
then M = @ pcp Mp. Let

E:={(Q,m) € P x M such that m € Mg},
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let p: &€ — P be given by p(Q,m) = Q, and let > : G X, & — & be defined
by g (e(g),m) = (s(g),g.m). Then (&,p) is a G-module bundle.

ProposiTION 1.7. If G = P and H = Q are similar groupoids then
the categories xgM and ynyM are tensor equivalent. In particular the
groupoid algebras KG, KH are Morita equivalent.

Proof. By hypothesis, there are morphisms of groupoids ¢ : G — H
and ¢ : H — G satisfying that ¢y ~ idy and ¢ ~ idg; that is, there are
maps 6 : P — G and 1 : @ — H such that

(1.8) bo(g)0(e(g)) = 0
(1.9) ¢y (h)n(e(h)) = n(s(h))h,

forall g € G and h € H.
We define functors ¥ : xggM — yyM, @ : yyM — ggM by

\I/(M)Q = MwO(Q)’ and ‘I)(V)P = V(bO(p),

for all objects M € ggM, V € yyM and for all P € P, Q) € Q. The action
of H in W(M) is defined as follows: if € H and m € V(M )q then

0 otherwise.

xm_{wwmiMM—Q,

The action of G in ®(V) is defined as follows: if g € G and v € (V) p then

gﬂszwih@—P,

0 otherwise.

Clearly, these are indeed actions of the corresponding groupoids. We define
natural isomorphisms £ : Id — U® and ( : Y& — Id by

&V Vo = Viwgp @) Evo(v) = 0(Q)v  and
Cup 2 Mp = Mgypo(py,  Cup(m) = n(P)m

for all V € yyM and M € ggM. Equations (1.8), (1.9) imply that & and
¢ are morphisms; thus the functors ® and ¥ define an equivalence between
kgM and gy M. A straightforward verification shows that these functors
are in fact strict tensor functors. [
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Combining Lemma 1.5 and Proposition 1.7 we get

COROLLARY 1.8. If G is a connected groupoid then the tensor cate-
gories kgM and yg(p)M are tensor equivalent for any P € P. In particular
the groupoid algebra KG is Morita equivalent to the group algebra KG(P).

O

1.5. Groupoid cohomology
We briefly recall the well-known groupoid cohomology.

Let us fix a groupoid ¢,s : G = P. Define g .— {idg}gep, g = g,
and for n > 2

™ ={(g1,--,9n) € G" : qalgal -+ |gn—1lgn}-
Let (£, p) be a G-module bundle, and define
CUG.E) ={f:P—E:p(f(Q)=Q VQ e P},
C™G, &) ={f:6" = E: f(g1,....9n) =0, if some g; € G,
and p(f(g1,---.9n)) = 8(91) ¥ (g1,---,9n) € G},

The cohomology groups H"(G, £) of G with coefficients in the G-module
bundle (£, p) are the cohomology groups of the complex

(1.10) 0 — C°%G,&) o cl(g,&) I (g, 8) B ..
—s C™(G, &) I oG, E) — -
where
(1.11) d’f(g) = g> f(e(9)) — f(s(9)),
d"f(g0s--->9n) = 90> f(g1,-- -, 9n) + i(—l)if(goa o 9i-1Gis - -+ Gn)

=1
+ (_l)nJrlf(gOa o 7.gn—1)'

Let us denote as usual Z™(G, M) := Ker(d"), B"(G, M) = Im(d" 1),
n > 0. We next show that this groupoid cohomology coincides with the
cohomology of the weak Hopf algebra KgG.

ProroOSITION 1.9. If &€ is a G-module bundle and M 1is the associated
KG-module, then the groups H™(G,E) and H™(KG, M) are naturally iso-
morphic.
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Proof. Let C™(KP, M) := Homgg(B, (KG,KP), M) as in Section 1.2.
Let us define F), : C"(KP, M) — C™(G, &) by

Fo(f)(P) = f(idp), PeP,

Then F), are isomorphisms whose inverses are the maps G, : C"(G,€) —
C™"(KP, M) given by

Go(f)(9) = g> f(e(9)),
Gn(f)(go@’ﬁ@ ®g_n) :gol>f(917-~,gn)-
It follows from the definition of the maps d" that d"F, = F,0" for any

n > 0. Thus, the maps F,, induce isomorphisms H"(G,&) — H"(KG, M).
a

As a consequence, we show that groupoid cohomology can be derived
from group cohomology.

PRrROPOSITION 1.10. (i) Let £ be a G-module bundle and let S be a
complete set of representatives of equivalence classes in P. Then there are
natural isomorphisms— induced by the respective inclusions

H™G,&) ~ @ H(G(P),&p).

PeS

(ii) Assume that G is connected and let us fir O € P. Let € be a G-
module bundle and let H be a connected wide subgroupoid of G. Set G =
G(O), H ="H(O). Then the following diagram commutes:

H™G,E) —— H"(H,Resf,(&))

| l

H™(G,E0) —=— H"(H,Res(0)),
where the vertical arrows are the isomorphisms from part (i).

Proof. (i) Combine (1.7), Proposition 1.9, and the fact that the Ext
groups are Morita invariant. Here the well-known natural isomorphisms
Exti, g(M ® N,Ua V) ~ Ext}(M,U) @ Exts(N,V), n € N, are present,
where A and B are rings, M and U are A-modules and N and V are B-
modules.

(ii) Straightforward. U
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DEFINITION 1.11. Let A be a K-module. We shall denote by A the
G-module bundle such that Ap := A, P € P, with trivial action of G. That
is, A is the G-module bundle corresponding to the KG-module KP Q@ A.
By Proposition 1.10 (i), H"(G,A) ~ @pcs H"(G(P), A).

Observe that if A is a K-module then the set Z2(G, A) is identified with
the set of maps 0 : G .xsG — A such that

o(g,hf)o(h, f) = a(gh, f)o(g, h),
for composable g, h, f € G.

82. The Kac exact sequence for matched pairs of groupoids

2.1. Matched pairs of groupoids

We briefly recall the definition of matched pair of groupoids, and the
equivalent formulations in terms of exact factorizations or vacant double
groupoids, see [Ma] or [AN] for details.

A matched pair of groupoids is a collection (H,V,>,<), where b,t : V =
P and r,l : H = P are two groupoids over the same base P, > : H . x; V — V
is a left action of H on (V,t), < : H,x;V — H is a right action of V on
(H,r) such that

bz g) =l(z<g),
(2.1) x> gh=(z>g)((xag)>h),

zy<ag = (x<a(y>g))(y<yg),
for composable elements x,y € H and g,h € V. Here and below we use the

‘horizontal and vertical notation’: the source and target of H, resp. V, are
denoted [ and r (left and right), resp. ¢ and b (top and bottom).

Let (H,V,<,>) be a matched pair of groupoids. There is an associated
diagonal groupoid V <1 'H with set of arrows V px; H, base P, source, target,
composition and identity given by

s(g,z) =t(g), e(g,2) =r(2),
(g,:v)(h,y) = (g(:n > h)a (iL‘ < h)y)a idp = (idp,idp),

g,h eV, z,y e H, P € P. Then we have an exact factorization of groupoids
Y >xx'H = VH. Conversely, if D = V'H is an exact factorization of groupoids
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then there are actions <, > such that (H,V,<,>) form a matched pair of
groupoids, and D ~ V x1 'H.

There is also a vacant double groupoid associated to the matched pair of

B=H

groupoids (H, V). In simple terms, this is a collection of groupoids ||  [|

V=P

with the following meaning. A pair (z,g) in B := H, %V is depicted as a

T
box h D g where h = x1>g, y = £<g. The horizontal groupoid r,{ : B =V

Yy
has source, target, composition and identity given by

r(z,9) =g, l(z,9) =x>g, (v,9)(y,h) = (zy,h), id(g) = (idy),9)

x,y € H, g,h € V. The vertical groupoid ¢,b : B = H has source, target,
composition and identity given by

b(z,9) =z g, t(z,9) ==z, (xvg)(% h) = (z,gh), ld(iL') = (x7idr(x))7

z,y € H, goh € V. If A, B are two boxes we denote A|B if they are

A
horizontally composable, and 5 if they are vertically composable, that is

T z
if A=h[ ]Jgand B= f[ |k, then A|B if and only if g = f, and % if
Y w

and only if y = 2.

2.2. The Kac exact sequence

In this Subsection we shall review and complete details of the proof of
the Kac exact sequence for vacant double groupoids introduced in [AN].
Let (H,V,<,>) be a matched pair of groupoids. We begin by a non stan-
dard resolution of the diagonal groupoid, adapting ideas from [M1] to the
groupoid case. If 7, s € N, we denote by B[] the set of matrices

All A12 Als
RS K
Arl Ar2 Ars

such that
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. This condition is summarized in the
AiJrLj

o For all 7, j, Aj;|A; 41,

notation:

All A12 Als
A21 A22 A2s

Arl Ar2 e Ars
e If j < s then A;; is not a horizontal identity.

e If i > 1 then A;; is not a vertical identity.

Observe that if A = (A;;) is an element in BI"* then A is determined
by s composable elements x1,...,2s in H-those in the top of the array—
and r composable elements gi,...,¢, in V-those in the right side of the
array, with r(xzs) = t(g1). We shall denote it by

Let sy : KBl — KBI+1Ls! (vertical homotopy maps), oy’ KB —
KBI=1] and dy KB [rs] — gBrs—1 (vertical and horizontal coboundary
maps) be defined by

T1y...,Tg T1,...,Tg

T1,...,Tg

s—1 L1y 3 TjTj41y--+,Ts

- (_1)S_j_1 ‘ g1s---59r
Jj=1

L2y.o.sLg
+ (_1)871 \:| g1s---59r;
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Llye-.yLg
aas(zgh---,gr)

r—1 Lly.-.yTg
i—1
DT e i
1=1
L1y...,Tg

FEDTL e

A straightforward computation shows that the following diagram com-
mutes:

TS

Kglrs)  _%H_ ., gpglrs-1]

a"r/,sl J/a(‘/,s—l

r—1,s
aH

KB[T’—LS] _H KB[T—:[,S—I]'
Thus, we have constructed a double chain complex B°**:

|

KBB31 O

B — lav Jfﬁv

kB2 O kg2 O

R
kB O gph2 95 gpglsl
Note that B is a subset of the set B"*) defined in [AN]; and the
double complex presented here is different from the double complex in [AN].
However these will be reconciliated in Remark 2.5 below.
Let us now define an action of the diagonal groupoid V <1 H on KB,
r,s > 0. The P-gradation on KB!"# is given by:

Llye-.yXg
p<|:| 1y .- ,gr> =1t(g1) = r(xs).
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If h € V, y € H are such that r(y) = r(zs) = t(g1) = b(h), then we set

21, wey !
= Jyra,w<g)>ge, - (y<g1--9r—1) > gr,

r1<(my.. s> hY), L xgahT!
= ‘ ‘hglagQw“)gT'

LeEmMMA 2.1. (i) The rules (2.2) and (2.3) induce a structure of
KV 1 H-module on KB,

(ii) There are KV <1 H-isomorphisms:
o KBl ~ KV i H @rp KB =151 for any r,s > 1,
o KB ~ KV i H @xp KVU for any r > 0,
o KB ~ KV b H @xp KHE™Y for any s > 0,
where the action of KV 1t H on KV <t ‘H Qxp L is on the first
tensorand, for any L € gpM.
(iii) KB"*! is a projective KV < H-module for any r,s > 0.
(iv) The coboundary maps 0y°, 8% are morphisms of KV > H-modules.

r+1,s rs r—1,sqr,s .
(V) 8‘/ SV +SV 8V —ldKB[r,s].

T1,...,Tg

Proof. (i) Let A = :gl,...,gr e Bl let h e V, y € H,

such that r(y) = t(h) and b(h) = p(A). We claim that y.(h.A) = (y>h).((y<
h).A). We have

x14d(zo...xsbh™1), ... (zsah~ )y~ 1

y.(h.A) = ‘ ‘thgl,(thyl)Dm ----- (y<hgi...gr—1)Pgr;
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and (y>h).((y<h).A) =

219((2.0.5 (yah) o yoh) ) (y<h) () !
| | @oh) (yh)pg1),-oo (y<hg1 g1 oG-

Then y.(h.A) = (y>h).((y<h).A) by (2.1) and the identities
(y>h)'=(yah)p b, (yah) =y < (y>h).

(ii) Assume that 7, s > 1. Define the maps ¢ : KBl — KV 1 H Qgp
KBI=1s=1 . KV s H @rp KB~ 15— — KBS by the formulas

Lly-+-5Lg
¢<:> o)

21<(22...25>G1 )y, Ts—1<(Ts>G1)

&® ‘ ‘ (25991)>g2,- s (T 5491 . Gr—1)>Gr,

Tl .., T 1
w<<y,h>®:gl,...,gﬂ>

L1y 7$S—17id7‘(x571)
= (y)h)<‘ ‘idt(gl)uglw”)ng)'

These maps are morphisms of KV 1 H-modules and one is the inverse
of each other. The proof of the cases ¥ = 1 or s = 1 follows similarly.
Part (iii) follows from (ii) and Lemma 1.1. The proof of (iv) and (v) is
straightforward. []

Let A®* be the double chain complex obtained from B** by removing
the edges; that is A™° := BT Let M be a left KV 1 H-module
and thus a left KH-module and also a left KV-module. Define the double
cochain complexes B**(M), E**(M), A**(M) by

B (M) := Homgysar (KB, M),
A" (M) := Hompgypap(KBI 55T A7,

and £"°(M) consists only of the edges of B(M).
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Remark 2.2. Let M be a KV <1 ‘H-module. Lemma 2.1 (ii) implies that
there are natural K-linear isomorphisms: B7(M) ~ Homy (KBI"~1s=1 M)
for any r, s > 1, and there are natural bijections: 8™ (M) ~ CU=D(V,§),
B (M) ~ CCV(H,E) for any 7,5 > 0, where & is the module bundle
corresponding to M.

Remark 2.3. Let B be as in [AN]. Suppose that r, s > 1. We extend
any p € B (M) ~ Homg (KB4 M) to i € Homg (KBT—1s=1 M)
by 0 on B —1s=1) — Blr=1Ls=1 I other words, the elements of B7*(M) are
normalized by definition.

Now we can formulate the Kac exact sequence for groupoids.

THEOREM 2.4. ([AN, Prop. 3.14]) Let M be a KV 1 H-module. Then,
there is an exact sequence

0 — HYD,M) ™ HY(H,M)® H'(V, M) — H°(TotA**(M))
(24) — H*(D,M) ™ H*(H,M)® H*(V,M) — H'(Tot.A%*(M))
— H3(D,M) =% H3(H,M) ® H>(V, M) — - -

The maps denoted by res in the above exact sequence come from the usual
restriction maps.

Proof. The short exact sequence of double complexes 0 — A**(M) —
B**(M) — E**(M) — 0 induces a long exact sequence in cohomology. By
Remark 2.2 it is easy to see that

H™(Tot&*(M)) ~ H"(H, M) & H™(V, M)

for any n € Nyg. By Lemma 2.1 (v) each column of B** is acyclic. Hence
the associated total complex

(2.5) - — Tot(B), O, Tot(B)p—1 — -
— Tot(B)3 -2 Tot(B)s —— KP,
x
where € : Tot(B); — KP is given by the degree: e( D g) = l(x), is a
projective resolution of the trivial KV b H-module. See, for instance, [W,

Ex. 1.2.5]. Hence H"(TotB(M)) ~ H"(V > H, M) for any n € Ny, and
this finishes the proof. 0

https://doi.org/10.1017/50027763000025642 Published online by Cambridge University Press


https://doi.org/10.1017/S0027763000025642

18 N. ANDRUSKIEWITSCH AND J. M. MOMBELLI

Remark 2.5. Let now K = Z and A = k* and recall the meaning of
k> in Definition 1.11. Let us denote

Aut(kT) := H(TotA*>*(k*)), Opext(V,H) := H'(TotA**(k*)).

The group Z2(TotA**(k*)) can be identified with set of pairs (o, )
such that o is a normalized 2-cocycle with values in k* for the vertical
groupoid B = H, 7 is a normalized 2-cocycle with values in k* for the
horizontal groupoid B = V and

A B

(2.6) o(AB,CD) T< i

> — 7(4, B)r(C, D)o (4, C)a(B, D),

for any A, B, C, D such that él, f) Hence, Opext(V, H) coincides with

the group considered in [AN]. We have the familiar expression
0— H'(D,k*) = H'(H,k*) & H'(V,k*) — Aut(k7)
(2.7) — H*(D,k*) ™= H?(H,kX) @ H*(V,k*) — Opext(V, H)
— H3(D,K*) *% H3(H,kX) ® H*(V,k*) —
if

Notice that,
(2.6) that

(0,7) € Z?(Tot A**(k*)), then it follows from equation

O-((ids(g)ag)’ (ids(h)a h)) =1, g, h eV,
T((w,ide(x)), (y,ide(y))) =1, T,y <€ H.

2.3. Weak Hopf algebras arising from matched pairs of group-
oids

(2.8)

Here we recall the construction of a weak Hopf algebra— actually a
face algebra in the sense of Hayashi [H|- starting from a matched pair
of groupoids and an element of the corresponding Opext, given in [AN].
This motivates the discussion in this section as well as the computations
performed in the next one.

B=H

Let (H,V,<,>) be a matched pair of groupoids and let 7 := || 1l be

V=P
the vacant double groupoid associated to (H,V). Let (o,7) € Z?(Tot.A%*
(k*)). Let ki 7T be the vector space with basis B and multiplication and
comultiplication defined on the basis B, respectively by
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A
e AB= O'(A,B)é, if I and 0 otherwise.

o A(A)=> 7(B,C)B®C, where the sum is over all pairs (B, C) with
B|C and A = BC.

THEOREM 2.6. ([AN, Th. 3.8]) (i) k27 is a weak Hopf algebra with an-
tipode defined by S(A) = 7(A, A")"Lo(A™, AM)~L A=1 A € B. The source
and target subalgebras are commutative of dimension |P|, thus k17T is ac-
tually a face algebra.

(ii) Let (v,n) be another normalized 2-cocycle on T with values in k*.
Let v : T — k™ be a map and let ¥ : k2T — kT be the linear map given by
U(B) =¢(B)B, B € B. Then ¥ is an isomorphism of quantum groupoids
if and only if

(2.9) 0(#) (4, B) = p(A)B(B)(A, B),
for all A, B € B such that g;

(2.10) P(CD)n(C, D) = ¢(C)p(D)7(C, D),
for all C, D € B such that C|D.

O

The category Rep k] 7 of finite-dimensional representations of the weak
Hopf algebra k77 has a structure of a k-linear rigid monoidal category
[NV]. Recall from [ENO] the definition of a multifusion category: this is
a semisimple k-linear rigid tensor category with finitely many isoclasses of
simple objects and finite dimensional hom-spaces. A multifusion category
is called a fusion category when the unit object is simple.

PROPOSITION 2.7. ([AN, Prop. 3.11]) Keep the notation above. The
category Rep kT of finite dimensional k7T -modules is a multifusion cate-
gory. It is fusion if and only if V = P is connected. 0

§3. Matched pairs of groupoids with connected vertical groupoid

Let D =2 P be a connected groupoid. We fix O € P and 7p € D(O, P),
P € P, 70 = idp. We denote by D the group D(O); thus D ~ D x P2
with isomorphism given by

D(P,Q) 3 z — (pz7,", (P,Q)).
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In other words, we pull back x to an arrow from O to O via the 7’s:

Different choices of families 7p € D(O, P), P € P, just amount to different
isomorphisms of groupoids D ~ D x P2.

3.1. Structure of exact factorizations
Let us fix an equivalence relation ~ g on P and a section o : P/~g — P
of the canonical projection. Then there is a bijection between

(a) the set of wide subgroupoids H of D with equivalence relation ~p,
and

(b) the set of collections ((Hy)yep /ap» (AP)Pep), Where Hy is a subgroup
of D, 4 € P/~p, and A\p € Hy\D, P € 4, with Aoty € Hy for any
e P/%H

Namely, from (a) to (b), if 4 € P/~y and P € 4, then we choose gp €
H(o (L), P) and set

Hy = TU(M)H(U(LI))TJ—(L), Ap = Ta(u)nglzl.
The choice of gp does not affect the class of Ap in Hy\D. By definition,
)\J(u) € Hy.

Conversely, if a collection ((Hy)yep/~y, (Ap)pep) satisfies the above
conditions then the wide subgroupoid H that this collection determines is
given by
T A\ Hydgro, if P~p Q, P,Q € &;

0 if Py Q.

In other words, cf. the equality ApTp = T,y gp, arrows z in H from P to

H(P7Q)_{

Q correspond to arrows T € Hy as in this commutative diagram:

To(u) gp
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By abuse of notation, we shall say that H is associated to ((Hy)gep/~y
(AP)Pep).

We reformulate the description of exact factorizations of a connected
groupoids given in [AN, Th. 2.15] in terms of the preceding discussion. Let
us fix equivalence relations ~y and ~y on P and sections p : P/~y — P,
o :P/~pg — P of the canonical projections.

THEOREM 3.1. Let H and V be wide subgroupoids of D associated re-
spectively to collections ((Hy)uep/ap, (AP)Per), (Vi)mer/~y » (LP) Pep)
as explained above. Then the following are equivalent:

(i) D =VH is an exact factorization.
(ii) (H,V) is a matched pair of groupoids and D ~V >x1'H.
(iii) The following conditions hold:

31) D= [[ VemurAg' Hu for all W€ P/~y, R € P/ay;
ReSIN®
(32) pp'Vowur N AR Hydp = {1},
forall 4 € P/~g, Re P/=y, PeUNA.
0

In the rest of this section we shall study matched pairs of groupoids
whose vertical groupoid is connected. These are exactly those such that the
tensor category Repk]7 is fusion, see Subsection 2.3.

We fix a vertical subgroupoid V of D determined by a subgroup V of
D and mp € V\D, P € P. Without loss of generality, we can assume that
up =1 for all P € P; just change the family (7p) by (up7p).

We shall say that H is an ezact factor of the subgroupoid V of D if
D = VH is an exact factorization.

COROLLARY 3.2. Let ‘H be a wide subgroupoid of D associated to
((Hu)sep/mp> (AP)Pep). Then the following are equivalent:

(i) H is an exact factor of V.
(ii) The following conditions hold:

(3.3) D =[] VAg' Hy, forall WeP/~y:;
Re sl
(3.4) VNgHyg ' = {1}, forall g€ D.
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Proof. Condition (3.2) reads now V N Ap'Hy\p = {1}, for all 8l €
P/=~p, P € s. In presence of (3.3), this is equivalent to (3.4). U

SUMMARY 3.3. To construct an explicit example of an exact factoriza-
tion D = VH with V connected, we need:

e A finite group D, a subgroup V of D and a finite non-empty set P.
We fix O € P and define D and V as explained above.

e An equivalence relation ~f in P.

e A family (Hy)yep/~,, of subgroups of D such that

(a) V intersects trivially all conjugates of Hy for all i € P/~p.
(b) There are bijections py : V\D/Hg ~ i for all 4 € P/~p.
We denote o(U) = py(V Hy) € 4.

e A section ¢ : 4 — D of the canonical projection D — V\D/Hy
composed with ¢y, such that () € Hy.

We set Ap = C;l for any P € P; and clearly A,y = C;(lu) € Hyg. Then
H is the wide subgroupoid associated to ((Hy)yep/ay, (AP)pep); it is an
exact factor of V by (a) and (b).

Remark 3.4. If D is a finite group, V and H are subgroups of D with
double coset decomposition D = [[pcVC{pH, then [D : H] = Y po[V :
V N ¢pHCRY; if in addition V N gHg™! = {1} for all g € D then |D| =
#U|V||H|. See [AM, p. 76].

We shall next analyze explicit examples of exact factors H of V accord-
ing to the equivalence relation .

3.2. Case 1. The equivalence relation =~y is totally discon-
nected
Here ~p is the identity relation: if P =~y @ then P = (@ for any
P,Q € P. Wide subgroupoids ‘H with this equivalence relation correspond
to families (Hp)pep of subgroups of D.

SUMMARY 3.5. Let H be as above. Then the following statements are
equivalent:

(i) D =VH is an exact factorization.

https://doi.org/10.1017/50027763000025642 Published online by Cambridge University Press


https://doi.org/10.1017/S0027763000025642

EXAMPLES OF FACE ALGEBRAS 23

(i) D = VHp is an exact factorization for any P € P.

To construct an explicit example of an exact factorization D = VH
with V connected and ~py = id, we need a finite group D, a subgroup V
and a family (Hp)pep of subgroups of D (thus the index set P is the basis
of the groupoid) such that Hp is an exact factor of V for any P € P.

Given a finite group D and a subgroup V, we are thus faced to the
problem of finding all exact factors H of V. We observe that:

(0) Any conjugate of an exact factor of V' is again an exact factor of V.

(1) There exist a finite group D, a subgroup V' and exact factors H and
H’ such that H 22 H'. For instance, D = Sy, V = S3 (the subgroup that
fixes 4), H = ((1234)) ~ Z/(4), H = ((24)(13),(34)(12)) ~ Z/(2) ® Z/(2).

(2) There exist a finite group D, a subgroup V' and exact factors H and
H' with H ~ H' but H not conjugate to H'. For instance, D = S,,, n > 6,
V = A, H = ((12)), B = (12)(31)(56)).

(3) (Schur-Zassenhaus Theorem) If D is a finite group and V' < D is a
normal subgroup such that (|V|,[D : V]) = 1, then V admits exact factors,
which are all conjugate. The known proof of the conjugacy of the exact
factors relies on the Feit-Thompson Theorem (any group of odd order is
solvable).

(4) The list of all exact factorizations of S,, and A,, is given in [WW].

Let D = VH be an exact factorization with V connected and ~ g = id.
Then, by Proposition 1.10 (i), the Kac exact sequence (2.7) has the form

3.5)
( 0— H'(D,k*) = @ H' (Hp, k) & H'(V,k*) — Aut(k7)
pPeP
— H*(D,k*) == €D H*(Hp,k*) @ H*(V,k*) — Opext(V, H)
PcP
— H*(D,k*) == P H*(Hp,k*) @ H}(V,k*) — -
PcP

ExaMPLE 3.6. Let m € N, m > 5. Let D :=S,,, V = C, =
(1...m)), P:={1...m}, H; = sl = {o €Sy 10(i) =i}, 1 <i<m.

The groups S;, are conjugate to each other, indeed if 7;; = (ij) then
TUS,(%)TZ-;I = S,(%). We have exact factorizations S,, = CmS%) for any

1 <4 < m, hence we have an exact factorization of groupoids D = VH.
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Assume now that k = C. We rely on calculations done in [M2].
We claim that Opext(V,H) = ZJ'"'. It is known that H2(C,,,k*) = 0
that H%(S,,,k*) = Zs; that the restriction map res : H?(S,k*) —
H?(Sy,—1,k*) is bijective [M2, p. 579]; and that res : H3(S;,k*) —
H3(Spm_1,k*) ® H3(Cyy, k) is an injective map. Hence the Kac exact
sequence (3.5) gives 0 — Zo — Z5' — Opext(V,H) — 0 and the claim
follows.

3.3. Case 2. The equivalence relation ~y is connected

Here both =~y and =~ are connected. A wide subgroupoid H in this
case corresponds to a subgroup H of D and elements (Ap)pep € H\D,
such that \p € H.

SUMMARY 3.7. Let H be a groupoid as above. Then the following
statements are equivalent.

(i) D =VH is an exact factorization.

for any g € D.

To construct an explicit example of an exact factorization D = VH with
VY and H connected, we need a finite group D, two subgroups V and H such
that V N gHg™! = {1} for any g € D, and a section ¢ : V\D/H — D of
the canonical projection D — V\D/H such that ((VH) € H. The base of
the groupoids D, V and H is P := V\D/H, and (p = )\131 for any P € P.

Given a finite group D and a subgroup V', we have to find subgroups H
of D such that V intersects trivially all conjugates of H. We observe that:

(1) If the orders |V, |H| are relatively prime then this condition is
automatically fulfilled.

(2) If V admits an exact factor K and H is any subgroup of K then V
intersects trivially all conjugates of H.

Let D = VH be an exact factorization with V and H connected. Then,
by Proposition 1.10 (i), the Kac exact sequence (2.7) has the form
0— H'(D,k*) = H'(H.k*) ® H (V,k*) — Aut(k T)
(3.6) — H*(D,k*) ™= H*(H,k*) © H*(V,k*) — Opext(V, H)

res

— H3(D,k*) == H3(H, k™) @ H3(V,k*) — -
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ExamMPLE 3.8. Let m,k,r € N be such that k,» < m and &k > m —r.
Let X C {1,...,m} be a subset of cardinal r. Let D :=S,,,, V := C} =
((12...k)), H:=SY :={0 €Sy, : o(x) =x forall z € X} ~ S,,_,. Since
oSXo~l = s7%) for any o € Sy,, then Oy NoSXo~! = {e} for any o € S,,.
In this example #P =n(n—1)--- (n —r +1)/k.

Let us assume that we are in conditions of Summary 3.7. Theset VH C
D is a subgroup of D if and only if VH = HV. If this is the case, we have an
exact factorization that allows us to consider the group Opext(V, H). The
following example shows that the isomorphism Opext(V, H) ~ Opext(V, H)
does not necessarily hold.

ExAMPLE 3.9. In this example k = C. Let p,q,n € N, where p and ¢
are relatively prime, and set m = pgn. Let D :=Z/(m), V :=Z/(p), H :=
Z/(q). Let D,V and H the corresponding connected groupoids associated
to D, V and H respectively, with P = V\D/H of cardinal n.

We claim that Opext(V,H) ~ Z/(n). Indeed, since H?(Z/(p),C*) =
H%*(Z/(q),C*) = 0 then Opext(V,H) =~ Ker(res : H3(Z/(m),C*) —
H3(Z/(p),C*)® H*(Z/(q),C*)) by (3.6). Now, it is known that H3(Z/(r),
C*) ~ Z/(r) for any r € N [AM, p. 61]. And it is not difficult to see that
the restriction map res : Z/(m) — Z/(p) ® Z/(q) via these isomorphisms
is the canonical projection, and thus Opext(V, H) ~ Z/(n) % Opext(V, H)
unless n = 1.

3.4. Case 3. Equivalence relations ~y with two classes

We assume here that ~ has two equivalence classes: {O}, and P—{O}.
We fix O € P — {O}. A wide subgroupoid H in this case corresponds to
a pair of subgroups Hi, Hy and a family (Ap)pep_joy in D such that
)\5 € Ho.

SUMMARY 3.10. Let H be a groupoid as above. The following state-
ments are equivalent.

(i) D =VH is an exact factorization,
(ii) (a) D =V H; is an exact factorization,

(b) D= HPeP—{O} VAR Hy and V N gHyg™' = {1} for any g € D.
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By Proposition 1.10 (i) the Kac exact sequence has the form
(3.7)
0— HYD, k)™= HY(H, k*) @ H (Hy, k™) @ H (V, k*) — Aut(k T)

— H*(D,k*) =5 H?(H,, k™) @ H*(Hy, k*) @ H*(V,k*) — Opext(V, H)
— H(D, k") = HP(Hy,k*) ® H°(Hz, k™) & H? (V. K*) — - -

Examples in this case are obtained combining the examples in the pre-
vious cases. We note a general way of obtaining collections as in Sum-
mary 3.10. If D = V H; is an exact factorization and Hs is a subgroup
of Hy, then V N gHag™' = {1} for any g € D. Let us discuss an explicit
example.

ExaMPLE 3.11. Let Hy be any group of order n, considered as a sub-
group of S,, via, say, the left regular action on itself. Set D = S, 41,
V={(12...n+ 1)) ~ Cpt1, Hi = S,, an exact factor of V. By (3.7),
we have

Opext(V, H) & H?(Ho,k*)/Im(res : H*(Sp41,k*) — H?(Ha,k*)).
There are also examples which are not of this form.

ExXAMPLE 3.12. Let n € N such that n = rs with r,s # 1, r,s € N.
Let D = S,, V = S,-1, Hi = ((1,...,n)) and Hy = (o), where 0 =
(1...r)(r+1...2r)---(rs —r+1...7rs). Then H; is an exact factor of
V, V intersects trivially any conjugate of Hy and o ¢ H;. In this case
#P =s+1.

REFERENCES

[AN] N. Andruskiewitsch and S. Natale, Double categories and quantum groupoids,
Publ. Mat. Urug., 10 (2005), 11-51.

[AM] A. Adem and R. J. Milgram, Cohomology of Finite Groups, Springer-Verlag,
1994.

[BaSV] S. Baaj, G. Skandalis and S. Vaes, Measurable Kac cohomology for bicrossed
products, Trans. Amer. Math. Soc., 357 (2005), 1497-1524.

[BNS] G. Bohm, F. Nill and K. Szlachdnyi, Weak Hopf algebras I. Integral theory and
C* -structure, J. Algebra, 221 (1999), 385-438.

[BS] G. Bohm and K. Szlachanyi, A coassociative C*-quantum group with nonintegral
dimensions, Lett. Math. Phys., 35 (1996), 437-456.

[BW] T. Brzezinski and R. Wisbauer, Corings and Comodules, Cambridge University
Press, 2003.

https://doi.org/10.1017/50027763000025642 Published online by Cambridge University Press


https://doi.org/10.1017/S0027763000025642

EXAMPLES OF FACE ALGEBRAS 27

[CE] H. Cartan and S. Eilenberg, Homological Algebra, Princeton University Press,
1956.

[ENO] P. Etingof, D. Nikshych and V. Ostrik, On fusion categories, Annals of Math.,
162 (2005), 581-642.

[H] T. Hayashi, A brief introduction to face algebras, New trends in Hopf Algebra
Theory, Contemp. Math. 267 (2000), pp. 161-176.
K] C. Kassel, Quantum groups, Springer-Verlag, 1995.

[Ma] K. Mackenzie, Double Lie algebroides and Second-order Geometry I, Adv. Math.,
94 (1992), 180-239.

[M1] A. Masuoka, Hopf algebra extensions and cohomology, Math. Sci. Res. Inst. Publ.,
43 (2002), 167-209.

[M2] A. Masuoka, Calculations of Some Groups of Hopf Algebra Extensions, J. Alge-
bra, 191 (1997), 568-588.

[NV] D. Nikshych and L. Vainerman, Finite quantum groupoids and their applications,
Recent developments in Hopf algebra theory, Math. Sci. Res. Inst. Publ. 43
(2002), pp. 211-262.

R] J. Renault, A groupoid approach to C*-algebras, Lect. Notes Math. 793,
Springer-Verlag, Berlin, 1980.

[W] C. Weibel, An introduction to homological algebra, Cambridge University Press,
1994.

[WW] J. Wiegold and A. G. Williamson, The Factorizations of the Alternating and
Symmetric Groups, Math. Z., 175 (1980), 171-179.

Nicolds Andruskiewitsch

Facultad de Matemdtica, Astronomia y Fisica
Universidad Nacional de Cordoba

CIEM - CONICET

Medina Allende s/n

(5000) Ciudad Universitaria, Cérdoba
Argentina

andrus@mate.uncor.edu

Juan Martin Mombelli

Facultad de Matemdtica, Astronomia y Fisica
Universidad Nacional de Cdrdoba

CIEM - CONICET

Medina Allende s/n

(5000) Ciudad Universitaria, Cérdoba
Argentina

mombelli@mate.uncor.edu

https://doi.org/10.1017/50027763000025642 Published online by Cambridge University Press


https://doi.org/10.1017/S0027763000025642

