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THE GROUP OF EXTENSIONS AND 
SPLITTING LENGTH 

E. H. TOUBASSI 

This paper is concerned with the internal structure of Ext(Q, T) where Q 
is the group of rationals and T a reduced ^-primary group of unbounded order. 
In [1] Irwin, Khabbaz, and Rayna define the splitting length of an arbitrary 
abelian group A, written 1(A), to be the least positive integer n, otherwise 
infinity, such that A (g) . . . ®A (n factors) splits. The concept of splitting 
length has been induced on Ext(Q, T), see [2; 5]. For E £ Ext(Q, T) where 
E:0->T-+X-+Q-*0, define 1(E) = l(X). In [2] it was shown that 

n=co oo 

Ext (Q, T) = F © 1 = £ Cn, F=Y,Cn 
n=2 n=2 

where the nonzero elements of F are of finite splitting length, the nonzero 
elements of / of infinite splitting length, and the nonzero elements of Cn are of 
splitting length n. Moreover, the Cn, 2 ^ n ^ °°, were shown to be nonzero 
for a particular ^-primary group T. This was improved in [5] where the Cn, 
2 rg n ^ °°, were shown to be nonzero for an arbitrary ^-primary group T 
and that there are at least c non-isomorphic extensions of T by Q for an 
arbitrary splitting length n, 2 ^ n ^ °°, where c is the cardinality of the 
continuum. In this paper we show that in fact for every splitting length n, 
2 ^ n S °°, there are at least He nonequivalent extensions of T by Q where 
X is the final rank of a basic subgroup of T. 

Throughout the paper we shall use the notation of [5]. In addition, the values 
of the ^-height function h will be taken to be either non-negative integers or 
the symbol °°. 

We begin by recalling a special case of a definition and a theorem from [6]. 

Definition. For a mixed group G of torsion-free rank one with a ^-primary 
torsion subgroup, the height-slope of G is defined by 

h.s. G = sup mih(pia)/%. 
a£G i 
o(a)==oo 

The following theorem relates height-slope to splitting length. 

THEOREM 1. Let G be a nonsplitting mixed group of torsion-free rank one with 
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height-slope a, its torsion subgroup, T(G), p-primary and G/T(G) is p-divisible. 
Then 1(G) = n if and only if one of the following holds: 

(i) a belongs to the open interval (n/(n — 1), (n — l)/(n — 2)), or 
(ii) a = n/(n — 1) and for some element a Ç G of infinite order h(pla) > 

a(i + f(i)) for all i Ç Z+, where f is a function from Z+ —» Z+ which is non-
decreasing to infinity. 

We now prove two preliminary lemmas. 

LEMMA 1. Let 

0-^A^B 

be p-pure exact, 

E :0->A^X-*G-^0 

an exact sequence, and define N = {(—a(a), /3(a)) 6 B © X\a £ A\. Then 
r\ : X —> B ® X/N given by rj(x) = (o,x) + N is a p-height preserving 
homomorphism. 

Proof. Suppose rj(x) = (o, x) + N = pn(b, Xi) + N. Hence (—pnb, x — 
pnxi) € N. Let a £ A be such that a (a) = pnb, /3(a) = x — pnXL Since 

O->A^>B 

is p-pure exact we may write a = pna± for some a± £ A. Now # — pnXi = 
0(a) = $(pnai) = pn^(a1), so that x = pn(x± + /3(ai)) as desired. 

Remark 1. If in Lemma 1, A and 5 are p-primary groups and X is an exten­
sion of A by Q then we can conclude that h.s. X is equal to h.s. B®X/N, 
if h.s. X is finite. We shall use this fact later on in the paper. 

Remark 2. The homomorphism rj in Lemma 1 does not distinguish between 
elements of infinite height. For example the image of an element of height 
co does at times become of infinite height in the generalized sense. 

LEMMA 2. Let B = ^yBy where the summands are X in number and each 
By is the direct sum of cyclic p-groups of unbounded order. Then 

n=co 

Ext (Q,B) = F®I= £ Cn 
n=2 

contains at least He nonequivalent extensions for every splitting length n, 
2 g n S °°. 

Proof. If Xc = c then the result follows from Theorem 2 of [5] and the remark 
following the theorem. So suppose X > c. Again by Theorem 2, for each 7, 

««CO 

Ext (Q, By) = £ Cn 
«=2 
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where all the Cn are nonzero. Let £1 <G Ext(Q, Ba), E2 € Ext(Q, Bs) where 

E1:0-*BaQxa-+Q-+0, £2 : 0 -^Bs ^Xs -+ Ç-+0 

andZ(£i) = « = Z(E2). Then 

7+a 7#« 

£ / : 0 -»• £ A © ^ J - ^ - ^ 1 E -ST © Z5 -> C - • 0 
74=5 7+5 

are elements of Ext(Q, 5 ) of splitting length n. Moreover, £ / , E2' are non-
equivalent extensions. Suppose the contrary. Then there exists an isomorphism 

6: E By®Xa-> J2 By@X8 
y^a 7+5 

such that 0(1, pi) = (1, p2). Now 6 induces an isomorphism 

ê-.Xa^Y. By®X,/o('E By) =Ba®^. 
74=5 ' \74=a / -Db 

This implies that Xa splits, a contradiction. Thus, EÎ and E2 are nonequi-
valent. Since the summands By are X in number our conclusion follows. 

Remark 3. If in Lemma 2 the By are all equal then we can conclude that the 
same group is appearing in at least Xc nonequivalent extensions of B by Q. 
This indicates that the cardinality of Ext(Q, B) arises largely from this fact. 

THEOREM 2. Let T be a reduced p-primary group of unbounded order with B 
a basic subgroup of T with final rank X. Then Ext(Q, 7") = F ® I = Xnî? Cn 

contains at least X^ nonequivalent extensions of splitting length n, 2 ^ n ^ °°. 

Proof. By [5], Ext(Q, 7") contains at least c nonequivalent extensions for 
every splitting length n, 2 ^ n ^ °°, and so we may assume X > c. Since 
the final rank of B is X we may write B = J2y By where the B7 are X in number 
and each B7 is the direct sum of cyclic ^-groups of unbounded order. The exact 
sequence 

0->B-^T-^T/B->0 

gives us the exact sequence 

0 = Horn (Q, D -> Horn (Q, T/B) -> Ext (Q, B) ^ Ext (Q, T) -> 

Ext (Ç, T/B) = 0. 

By Lemma 2, Ext(<2, B) contains at least Xc nonequivalent extensions for 
every splitting length n, 2 S n ^ o°. By Lemma 1 the extensions having a 
middle group with a finite height slope are mapped under u into ones with the 
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same height slope. Thus , by Theorem 1, u preserves the split t ing length of 
those extensions having middle groups with finite height slope. I t remains to 
show tha t they are nonequivalent in Ext(<2, 7"). Let 

Ei,E2 e Ex t (Q,B) 

£i : 0 -> ]C By ® B« ̂  23 By®Xa^>Q-*0 

and h.s. Xa < oo, h.s. X { < oo. T h e images of Ex and £ 2 under i* are 

. T® Y, By@Xa 

*.(£i) : 0 -> r ^i ^ -> 0 -»• 0 ^ PI 74ra 

J> £ | y ^ l —> 
IV 2 

where A7* = { ( - 6 , p<(6))|6 € 5 } i = 1, 2. If i*(£i) = i*(£2) then there exists 
an isomorphism 

T © 23 £T © xa r ® £ #7 ® x« 
n . 7±« v 7=1=3  

iVi iV2 

such tha t 0pi = p2. This induces an isomorphism 

r © 23 ^T © xa / T © 23 B7 © x5 / 
7 pi(5«) ^ / * P I ( B « ) = 

iVi ' " i V a / iV2 

r © £ ^T © xh 
74=8 

iV2 
h(Ba). 

However, this is not possible since the first group splits while the second does 
not. This completes the proof. 

Remark 4. B y L e m m a 1 (or a direct computa t ion) the kernel of i* contains 
nontrivial extensions with middle groups having infinite height slope. 

Before we pose a concluding question we show t h a t |Ext (Q, T)\ = XKo 

where X is the final r ank of a basic subgroup of T (see also [3]). Le t B be basic 
in T and X the final r ank of B. Wr i t e B = ^nBn where Bn = J^Z(pn). Choose 
m G Z such t h a t r(pmB) = X and B = B' © B" where B' = ZJLi £,- and 
B" = Z?=m+iBi. ThusX = r(pmB) = \B»\. T h e n Ex t (Q , 5 ) ~ Ext(Q f JB") since 
5 ' is bounded. T h u s |Ext (Q, J5)| = |Ext (Q, B')\. T h e exact sequence 0 -> JB -> 
r —> r / J 3 —> 0 yields the exact sequence Ext(<2, B) —> Ex t (Q , T") —» 0. So 
|Ext(Ç>, B)\ ^ |Ext (Q, T ) | . Consider the exact sequence 0 -> B9 -> D -> Z>/£" 
—> 0 where D is the divisible hull of B". Th i s last sequence induces the sequence 
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Hom(<2, D/B') -> Ext(Q, B") -> 0 but 

\Hom(Q,D/B")\ £ \D/B'\** = |£>|Ko = | £ T ° -

Hence |Ex t«? ,5 ' ) | g |Hom(Q, £>/£') | £ \B'\*\ i.e., |Ext(Q, T)| ^ |5" |K o . 
Now from the exact sequence 0-> B"-* B"-^ B"/B"->0 we get 0-> 
Hom(<2, B»/B") -> Ext (Ç, £"). Therefore 

|Ext(<2,£")| è I Horn (Q, 5 7 5 ' ) | è |£"/£" | = \B'\ = \B'\**, 

the last equalities holding because \B"\ = X. Moreover, by Szele there is an 
exact sequence T —» B —* 0 which implies Ext(<2, J") —» Ext(<2, J5) —> 0; thus 
|Ext(<2, r ) | ^ \Ext(Q,B)\ = |Ext(Q, S")| è |S' |*°. Therefore |Ext(<2, F) | = 

Let J5 = J2T=i Z(pi). We know that Ext(<2, T) is isomorphic to 

Ext ((2, E s ) , 

both being rational vector spaces of dimension KKo. By Lemma 2, 

Extfe, E ^) = 2 c 

contains KKo nonequivalent extensions for each splitting length n, 2 ^ n rg o°. 
Since |Ext(<2, T)| = KKo hence for some n, 2 g n g oo, Ext(Ç, T) = 
XîP? Cn contains KKo nonequivalent extensions. The question we pose then is: 
does Ext(<2, T) contain KKo nonequivalent extensions for all n, 2 S n :g °°. 
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