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Bisymmetric functions, Macdonald polynomials and
sl3 basic hypergeometric series

S. Ole Warnaar

ABSTRACT

A new type of sl3 basic hypergeometric series based on Macdonald polynomials is intro-
duced. Besides a pair of Macdonald polynomials attached to two different sets of variables,
a key ingredient in the sl3 basic hypergeometric series is a bisymmetric function related
to Macdonald’s commuting family of ¢-difference operators, to the slg Selberg integrals of
Tarasov and Varchenko, and to alternating sign matrices. Our main result for sl3 series
is a multivariable generalization of the celebrated g-binomial theorem. In the limit this
g-binomial sum yields a new sl3 Selberg integral for Jack polynomials.

1. Introduction

The g-binomial theorem, which was independently discovered by Cauchy, Heine and Gauss (with
special cases due to Euler and Rothe) is one of the most important results in the theory of ¢-
series; see e.g. [AAR99, GRO04] and references therein. Using the standard notation (a;q), = (1 —a)
(1 —aq)---(1—ag™ ') for the ¢g-shifted factorial, the theorem may be stated as

a0l = o~ (a3 - (az; @)oo
190 [,q, } : kz:% @D enm (1.1)

for |g| < 1 and |z| < 1. A well-known alternative representation of the ¢g-binomial theorem is as the
g-beta integral (for the definition of g-integrals, see [GR04])

Yty ~ Dy(a)Ty(8)
/0 t l(t%Q)ﬁ—l dgt = ﬁa

where 0 < ¢ < 1, T'; is the g-gamma function [GR04],
(a;9)
a;q)z =

(a9) (ag%; q) oo

and «, 8 € C such that Re(a) > 0, —(3 ¢ {0,1,2,... }. Assuming Re() > 0 and taking the limit
g — 17 it follows that the g-binomial theorem implies Euler’s beta integral [AAR99]

L B I'(a)L(B)
a—1 £—1 _
/0 t (1—t) dt—ir(a 5)

Building on the pioneering work of Milne and Gustafson on multivariable basic hypergeometric
series, many generalizations of the ¢-binomial theorem have been found in recent times. Most of
these are labelled by one of the classical root systems; see e.g. [GK96, Mil85, Mil97, ML95, BS98].

for z € C,
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A particularly interesting generalization of the g-binomial series is obtained when z* in (1.1) is
replaced by an appropriate symmetric function such as the Schur function or Macdonald polynomial;
see [BF99, Kan96, Mac, Mil92]. The latter case was independently considered by Kaneko and
Macdonald, who proved [Kan96, Mac| that

1q’o[f;q,t;$} = Zt"“ (a; q’ PA(l‘ q.t )_Hi(“x“q)‘”. (1.2)

i1 (@i @)oo

Here Py(x;q,t) is the Macdonald polynomial labelled by the partition A, n(A) = >_,5,(i — 1)A;,
and ¢} (¢,t) and (a;q,t)) (defined in §2.1) are generalizations of the g-shifted factorials (¢;¢q); and
(a; @)k, respectively. If x contains a single variable then the partition A is restricted to only one part,
and (1.2) reduces to the ordinary g-binomial theorem (1.1).

Analogous to the single-variable case, (1.2) may be transformed into a multiple g-integral. In
the ¢ — 1~ limit this implies the famous Selberg integral [Sel44]

n

Lal(] g o] a2 gy — TT Rt (= DNDB + (= )0y +1)
/ E P Kg@' i E D+ B+ n+i—2)y)(y+1) (1:3)

[0,1]"
for Re(a) > 0, Re(B) > 0, Re(y) > —min{1/n,Re(a)/(n — 1),Re(B)/(n —1)}.

In this paper we take the natural next step in the development of basic hypergeometric series
and prove an sl3 version of the Kaneko—Macdonald g-binomial theorem:

o (azt™ 1245 Q) oo (@zt™ % @)oo
1%[ gt y] 11 e H : (1.4)

Zl(tmlxzq tnz7q

for y = z(1,t,...,t" 1) and 0 < m < n. The series on the left (defined in §5) depends on two Mac-
donald polynomials, Py(x1,...,%m;q,t) and P,(y1,...,Yn; ¢, t), and — as a new ingredient — involves
a bisymmetric function related to Macdonald’s commuting family of g-difference operators [Mac95].

As in the previous two cases one may transform the sl3 basic hypergeometric series into a multiple
g-integral. The ¢ — 1~ limit then yields the sl3 Selberg integral of Tarasov and Varchenko [TV03]

n

hwy) [ T = vty
=1

o, =1

m n
< I e TT v — vl [T [ [l — wil 7 dzdy

1<i<j<m 1<i<j<n i=1j=1

ﬁ (Br + (i = DTG + B2 + (0 = 2)7)T((E = n = D9)T(iv)
TG+ (i+m—n=27(a+ b1+ G2+ (i +n—3)7)I()

la+ (i—DI6Ey) 71 T+ (i—1)y)
1] () | P

(1.5)

where C5""[0,1] is an integration domain described in §5, h(z,y) is the bisymmetric function

DI | e
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and (for generic n and m)

Re(a) >0, Re(f1) >0, Re(f2) >0,
_mim{l Re(a) Re(B1) _Re(f) Re(fh + 62)} < Re(y) < 0.

nn—-1"m-1"n—-m-1 m-2

1.1 Outline

In the next section we provide a brief introduction to Macdonald polynomials and the slo Kaneko—
Macdonald multivariable basic hypergeometric series. Then, in § 3, we define the bisymmetric func-
tion F'(z,y;t), which plays a key part in the sl3 basic hypergeometric series studied in this paper.
We prove several elementary results for F', and establish a connection with the bisymmetric func-
tion of Tarasov and Varchenko, and with alternating sign matrices. In §4 we obtain an identity
involving the ¢, t-Littlewood—Richardson coefficients and a specialization of the function F. This
identity is at the heart of our proof of the sl3 g-binomial theorem (1.4). Finally, in §5 we define the
sl3 basic hypergeometric series and prove several g-binomial theorems as well as a (more general)
g-Euler transformation. Taking the (¢,¢) — (17,17) limit of the sl3 g-binomial theorem (such that
(1 —-1)/(1 —¢q) — ) yields a generalization of the Tarasov—Varchenko integral (1.5) involving the
Jack polynomial.

2. Macdonald polynomials

2.1 Preliminaries

Let A = (A1, )2,...) be a partition, i.e. Ay > A9 > --- with finitely many \; unequal to zero.
The length and weight of A, denoted by [(A) and |\|, are the number and sum of the non-zero
\; respectively. As usual we identify two partitions that differ only in their string of zeros, so that
(6,3,3,1,0,0) and (6, 3,1, 1) represent the same partition. When |A\| = N we say that A is a partition
of N, and the unique partition of zero is denoted by 0. The multiplicity of the part 7 in the partition A
is denoted by m; = m;(\), and occasionally we will write A = (1"12™2 ... ).

We identify a partition with its Ferrers graph, defined by the set of points in (i,5) € Z? such
that 1 < 7 < \;, and further make the usual identification between Ferrers graphs and (Young)
diagrams by replacing points by squares.

The conjugate X of X is the partition obtained by reflecting the diagram of A\ in the main
diagonal, so that, in particular, m;(\) = Aj — X ;. The statistic n(\) is given by

n(A) =Y ([i-Dh=>_ <2/>

i1 i>1
The dominance partial order on the set of partitions of NV is defined by A > pif A\ +---+ X\, >
p1+ -+ p; foralli > 1. If A > pand A # p then A > p.

If A and p are partitions then p C A if (the diagram of) p is contained in (the diagram of) A,
ie. pu; < A for all ¢ > 1. If 4 C A then the skew diagram A\ — i denotes the set-theoretic difference
between A\ and u, i.e. those squares of A not contained in pu.

Let s = (i,7) be a square in the diagram of . Then a(s), a/(s), I(s) and I'(s) are the arm-length,
arm-colength, leg-length and leg-colength of s, defined by

CL(S) = >\Z _ja (1/(8) = .7 - 17
I(s) =X, —i, U'(s)=1i—1,
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This may be used to define the generalized hook-length polynomials [Mac95, Equation (VI.8.1)]

(g t) = [ = g, (2.1a)
SEA

Alg,t) =[] - ¢"& W), (2.1b)
SEX

where the products are over all squares of A\. We further set
calg,t
br(gq,t) = % (2.2)
Observe that if A contains a single part, say k, then
iy (a:t) = (4 Q-
For N a non-negative integer the ¢-shifted factorial (b;q)y is defined as (b;¢q)o = 1 and
(bsq)nv = (L= b)(L —bg)--- (L —bg" ). (2.3)

We also need the ¢-shifted factorial for negative (integer) values of N. This may be obtained from

the above by
1

b;q) N = ——.
t:9) v (bgN:q)n
This implies in particular that 1/(q;q)—n = 0 for positive N.
The definition (2.3) may be extended to partitions A by
1N

(brq.t)n = [J(1 = b @) = T (0t 59,

SEA i=1
With this notation the polynomials (2.1) may be recast as [Kan96, Proposition 3.2]

(G

@t = t"a, )y [ i (2.40)
Jj—i+1.
1<i<j<n (t LSV
) . (g5 q)a -,
Algt) = (" gt ] @D : (2.4b)
1<i<j<n q y 4 Ai—Aj
where 7 is any integer such that n > [()).
Finally we introduce the usual condensed notation for ¢-shifted factorials as
(a1,... ap;q)n = (a3 Q)N -+~ (ar; QN
and
(al7 ey Qg QJt))\ - (CLl; QJt))\ e (aka q7t))\’
2.2 Macdonald polynomials
Let &,, denote the symmetric group, acting on = = (z1,...,2,) by permuting the x;, and let
Ay =Zxq,. .. ,xn]G” and A denote the ring of symmetric polynomials in n independent variables
and the ring of symmetric functions in countably many variables, respectively.
For A = (A1,...,\,) a partition of at most n parts the monomial symmetric function m) is

defined as

’I’)’L)\(ZL') = Z$a7

where the sum is over all distinct permutations « of A, and z* = z{*--- 4. For [(\) > n we set
m(z) = 0. The monomial symmetric functions my for [(A\) < n form a Z-basis of A,,.
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For r a non-negative integer the power sums p, are given by po = 1 and p, = m,) for r > 1.
Hence

pr(z) =) af. (2.5)
i>1
More generally the power-sum products are defined as py(x) = pa, () - - - px, ().
Following Macdonald we define the scalar product (-,-)4,: by

<p>\,pu>q,t = 5>\MZ>\ H m,
i=1

with z), = Hi>1 m;li™ and m; = m;(\). If we denote the ring of symmetric functions in n variables
over the field F = Q(g,t) of rational functions in ¢ and ¢ by A, , then the Macdonald polynomial
Py\(z;q,t) is the unique symmetric polynomial in A,, r such that [Mac95, Equation (VI.4.7)]

Py(w;q,t) = ma(z) + Y tnulg, my () (2.6)
pn<A
and
(Px,Pu)gr =0 if X# p.
The Macdonald polynomials Py(z;¢q,t) with [(A) < n form an F-basis of A, p. If [(A\) > n then
Py(z;q,t) = 0. From (2.6) it follows that Py(x;q,t) for [(\) < n is homogeneous of degree |A|:
Py(z5q,t) = 2 Py(254,1), (2.7)

with 2 a scalar.

When g =t the Macdonald polynomials simplify to the well-known Schur functions:

Py(z;t,t) = sy(z). (2.8)
The latter are defined much more simply as
5x(z) = deticijen(zy ") deticijen(m” ™) (2.9)
deti<ij<n(@; ) Afz) 7

where

1<i<j<n
is the Vandermonde product.
For f € A, 7 and X a partition such that [(\) < n the evaluation homomorphism ug\n) Apr—F
is defined as
uSV(F) = F 22 0). (2.10)

We extend this to f € F(z1,...,2,)®" for those f for which the right-hand side of (2.10) is well
defined. According to the principal specialization formula for Macdonald polynomials
[Mac95, Example VI.6.5],

_ a (s)4n—1'(s) n.
u(()n) (P)\) _ tn()\) H l—¢q t — tn(A)M (2.11)

L3 1= e ex(@1)

For more general evaluations we have the symmetry [Mac95, Equation (VI.6.6)]
W (Bl (Py) = ul (Pl (P,), (2.12)
275
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(n)

provided I(A), I(p) < n. It will also be convenient to define the homomorphism u) ., as

Ul () = Flag™ " 2R ), (2.13)

For homogeneous functions of degree d we of course have
u{(f) = 21l (f). (2.14)

Thanks to the stability Py(z1,...,2n;q,t) = Px(x1,...,2p,0;q,t) for [(A\) < n, we may extend
the Py to an infinite alphabet, and in the remainder of this section we assume that z (and y) contain
countably many variables so that we will be working in the ring Ap = A ®z [ instead of A, . By
abuse of terminology we still refer to Py(x;¢,t) as a Macdonald polynomial, instead of a Macdonald
function.

For b an indeterminate, the homomorphism €,; : Ap — [ is defined by its action on the power
sums p, as [Mac95, Equation (VI.6.16)]

1-b"
ept(pr) = T (2.15)
According to [Mac95, Equation (VI.6.17)]
1— bqa/(s)t—l’(s) (b q t))\
Py) = "W e A Ry 2.1
Eb’t( )‘) ¢ H 1— qa(s)tl(s)—i-l t C)\(q,t) ( 6)

SEX

We also note that, for any symmetric function f,

e (F) = ug” (f) = F(Ltoo.. ") (2.17)
compare for example (2.11) and (2.16).
The ¢, t-Littlewood—Richardson coefficients are defined by

Pyu(w;q,1) Py (w; g, t wa q,t)Px (5, 1), (2.18)

and trivially satisfy
Faa,t) = £,(a,1)

and
fa(g,t) =0 unless [A| = [u] + |v]. (2.19)
It can also be shown that [Mac95, Equation (VI.7.7)]
f;‘l,(q,t) =0 wunless p,v C A (2.20)

The g, t-Littlewood—Richardson coefficients may be used to define the skew Macdonald polyno-
mials

P)\/u x;q,t quu q7 .’E Q7t) (221)

By (2.20), Py/u(x;9,t) = 0 unless p € A (in Whlch case it is homogeneous of degree || — |ul).
Equivalent to (2.21) is

(z,y;0,t ZP)\/;L ;4,1 Puly; 4, 1). (2:22)

Finally we need the KanekofMacdonald definition of sly basic hypergeometric series with
Macdonald polynomial argument [Kan96, Mac]

.. P iq,t
T+1@T at, ar—l—l :| Ztn )\ xrq, ) (al7 y Ar4154, ))\. (223)

bl,...,b C)\ q;t) (bla"'7b7“;q7t))\
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In the single-variable case, * = (z), this reduces to the classical ,;1¢, basic hypergeometric
series [GRO4]:

[o¢]
al,---,ar-l,-l ((11,...,(17«+1;Q)k k al?"‘?aT+1
+1P 10, Z] = 25 =t 110 14,2
" " bl?"')bT ’ ' 7() kZ:O(quly"‘)bT;q)k " " bl?"'7b7‘ ’ '

The main result for Kaneko—Macdonald series needed in this paper is the g-binomial theorem
(see [Kan96, Theorem 3.5] and [Mac, Equation (2.2)]; see also [Mac95, p. 374])

1P {f q,t;x] =11 (a%i; Qoo (2.24)

which is (1.2) of the Introduction. Those familiar with Macdonald polynomials will recognize the
intimate connection with the Cauchy identity [Mac95, Equation (VI.4.13)]

(tz3Y53 @)oo

(mz‘yj; 7)o ' (2.25)

> ba(g.t)Pa(xiq, ) Pa(yia.t) = [
A

ij>1

with by (g, t) defined in (2.2). Acting with the homomorphism €, on the left (with €, acting on y)
and using (2.2) and (2.16) immediately gives the above 1P series, so that (2.24) is equivalent to

Ea,t( 11 (txiyj;q)oo> _ HM (2.26)

s @i dee ) iy (@i30)e
3. The bisymmetric function F

Unless stated otherwise m and n are integers such that 0 < m < n, and x = (x1,...,2;,,) and
y=(y1,-..,Yn). Given such = we set

7 7i27"'7i — . . . . . .
g2 IN) = () 1 T 1y Ty 1 Tigdds - s Tig—1s Tig il - -+ » Ton)

for integers 1 < i1 < io < -+ < iy < m. We further use the shorthand notation
(x(P-FI,...,m)’Om—P) = (21,...,2p, 0,...,0),
m—p times
and apply the same notation to y = (y1,...,Yn)-

The symmetric group will feature prominently in this section, especially in the proofs. In total
we employ the symmetric group acting on four different sets of variables, sometimes of the same
cardinality. To avoid ambiguity we write

instead of the more common

Z w(f(z)) = Z f@wys oo 2w,

weS, weES,
with similar notation for other sets of variables.
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3.1 Definitions and results

Let r be a non-negative integer not exceeding m. Macdonald introduced the commuting family of
g-difference operators D, as [Mac95, Equation (VI.3.4),]

_t Z Htl‘g T Hqu”

Clm] <€l i e
|1|—r iel
where [m] = {1,2,...,m} and
Toz:(f(x) = fl@1, . s Tim1,qT5, Tig1, - s Tn)
is the g-shift operator acting on x;.
Defining the generating series

D(u;q,t ZD

Macdonald [Mac95, Equation (VI.4.15)] showed that for I[(A\) < m the Py are the eigenfunctions of

D(u;q,1):
D(u;q,t)Px(x;q,t) = g(u; q,t) Pa(; ¢, 1), (3.1)
with eigenvalue
a(usg,t) = [T(1 —ut™ ™).
=1

In [KN99, Equations (1.12) and (1.13)] Kirillov and Noumi combined the Cauchy identity (2.25)
with (3.1) to obtain

n

1y (triys
> " balg t)ga(u; g, £) Pr(w; ¢, ) Pa(y; g, 1) = F(us 2, y; t HH WL (3.2)

3 l‘zij

where the bisymmetric function F(u;x,y;t) is given by

m tr;, —x — XTiYj
Flupz,yit) = > (= wllel2) || ]Illll—t:c ’ (3.3)
IC[m] % iel j=1 iYj
J

In §5 we define two types of sl3 basic hypergeometric series featuring particular specializations
of F. In our study of these series several elementary results for F' are needed. Proofs of all claims
may be found in §3.3.

LEMMA 3.1 (Stability). We have
F(u; 2, 43 ) oyt = Flusz™,y™;t) (3.4a)
and
P52, 43 1) =m0 = (1 = w) F (ut; 2™, ;). (3.4b)

The formulae (3.2) and (3.3) also make sense when y contains countably many variables (pro-
vided, of course, that we replace H?Zl by [ j}l). In the following we assume such y.

LEMMA 3.2. With €, acting on y = (y1,y2,...) we have

ol —
eupm—1¢(F(u;z,y;0) = || T—wtm 1o (3.5a)
i=1 !
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and

m 1— tl—z’
cat(F(Lz,y;t) = t(2)ay - cam ] T (3.5b)

It easily follows (see §3.3) that

cat(Flusz,yst) = D (= u)llt (2) H tx’_ ;j H p— (3.6)

1C[m] zgé
J

so that Lemma 3.2 is equivalent to the pair of identities

m m—i
11| (\I\ t%Z—IL’] 1—a;i _ 1— ut 37
Z (—u) H T — X ZI_I — ut™ Ly, 21;[1 1 —utm= g, (3.7)

IC[m] €]

JéI
and
Z (_1)‘I‘t(\£\)1—[tl’i_$]’ 1—x; :t(’;)ml...mmﬁl;‘”fl_z_ (3.7b)
Ll rp—xjp 11 —ax; ! 1—ax;
I1C[m)] zég icl 1=1
J

This shows that (3.5a) and (3.5b) are in fact equivalent: taking (3.7a) and making the substitutions
u— at™ 1 z; — 1/(az;) and I — [m] — I yields (3.7b).

The results that we will actually need in §5 correspond to the principal specialization formula,
obtained by choosing u = t"~™*! or ¢ = t" in Lemma 3.2 and using (2.17).

COROLLARY 3.1 (Principal specialization). With u(()n) acting on y = (y1,...,Yyn) we have
m i+n—m
(n) F(f—mtL. — 11
e ) = T
and
) ( (1 2.0 L
uy (F(Lyz,yt) = T H Tp——

These last two results are suggestive of

F(Lia,y;t) = ()G pn—m+t, gyt

=T
B
||'m:

but this is in fact only true for m = n as will be shown in (3.12) below.

The function F' may be connected to the bisymmetric function introduced by Tarasov and
Varchenko [TV03] in their work on sl3 Selberg integrals. To this end we define

w(,y;t) = F(La~ " yst), (3.8)
where 27! = (z7%,...,2;;}). From (3.3) it follows that
—tx; x
) — |I| (\1\ Ty 7 i )
wlayit) = 32 (DI T HHxl_ty (3.9)
I1C[m)] 1€l i€l j=1
JéI
PROPOSITION 3.1. Let k be an integer such that 1 < k < m. Then we have
n
_ Y Yi — tyl
w(z,y; t) =t ™1 —t w(z®) W 3.10
(2.350) =" (1= ) >xk_tyleZ_tylH (3.10)
z;ék: z;él
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Since w(—,y;t) = 1 we may use (3.10) and induction to find the following alternative multisum
expression for w.

COROLLARY 3.2. We have

n m n m
i — Y. =ty
y O R CEU LD DI | P i ] [I5—2 I = —n
ol i=1 8~ WY =1, =1 Yi yla 1<icjom 1T WG YL T Y
lﬁﬁlj i#l1,..000
(3.11)
Note that for m = n this is equivalent to
n
Yi Ti— Y Yi —ty;
e = Dow([[ 0 I 2ol w=i),
weS, i1 i~ Wi 1<icj<n V1 T tyj yi—y;
from which it readily follows that
w(z,y;t) = W(x_l,y_l;t_l) %
Ly
=1
or, equivalently,
n
F(Lizyit) = F(Liz oy 50 [ [ v
Since it follows from (3.3) that, for general 0 < m < n,
Fusz,y;t) = Flut™ "ol y=he™h),
we also have
n
F(liz,y;t) = F(t 2, ut) [ [ 2w (3.12)

when m = n.

Using Corollary 3.2 we may achieve the further rewriting of w as follows.

PROPOSITION 3.2. We have
tm(m—n) (1 _ t)n—i—m
(t; t)n—m(t; t)m

w(az,y;t) _ Z w< H ' yi-i—n'—m H yz —

x; —t _
weGox &, Vi1 Vi T Witn—m o, Yi

< 11 xf_yj+”‘m-xi_mj>. (3.13)

Ti — tYjyn— Ti— Tj
1<icjom Tt T Witn—m  Ti J

The representation of w(x,y;t) provided by (3.13) immediately implies that

(=7)"n!

=), w(u,v;7y), (3.14)

lim F(1;47%,¢% ¢") = lim w(g”, ¢ ¢") =
q— q—

where w(u, v;7) is the bisymmetric function of Tarasov and Varchenko [TV03, Equation (2.2)], and
¢’ =(q"--,q"), ¢" = (¢, q").

Depending on the respective values of m and n either (3.9) or (3.11) provides the most efficient
way of computing w(x,y;t). In the former we need to sum over all 2™ subsets of [m], whereas in
the latter we are summing over all (::L) m-subsets of [n]. A distinct advantage of the representation
(3.11) (and of (3.13)) over (3.9) is that it permits the computation of the ¢ — 1 limit, required in the

derivation of the sl3 Selberg integral (1.5). In particular, the bisymmetric function featured in that
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integral follows as

—m)! .
(n=m)! . wleyit)
n! =1 (1—t)™

n m
_ (n—m)! SO Y,
n! -z
Lodm=1 =1 Jl = T
il

h,y) = (~1)"

m

:ﬁ 3 w(HM> (3.15)

itn—m — T
WEG, xSy, i—1 Yi+n—m 7

Finally we mention that F'(¢;x,y;t) for m = n is nothing but the well-known Izergin—Korepin
determinant [Ize87, Kor82] in disguise.

LEMMA 3.3. For x = (21,...,2y,) and y = (y1,...,Yn) we have

1 > (1-=9" HZ]':1(1 — xiY;)
(L= 2y;) (1 = twiy;) ) Thicicjon (@i — 25) (Y — y5)

F(t; ;1) = det
(izpit) = et (
Since F'(0;x,y;0) = 1 this reduces to Cauchy’s double alternant when ¢ = 0; see e.g. [Kra99,
Equation (2.7)].
Several combinatorial interpretations of the Izergin—Korepin determinant are known, for example
as the partition function of square ice [Bre99, Las99]. Perhaps best known is its evaluation in terms
of alternating sign matrices [Bre99, Kup96]. This (together with (3.8) and (3.12)) implies that, for

m=n,
1=y yp ny_ n . ; n
oy t) = ST N, ()T TN Y ) TT (o — ).
Z’J:l(xl_ty]) A i=1 i,j=1
a;;=0

Here the sum is over all n by n alternating sign matrices A (matrices with entries a;; € {—1,0,1}
such that the ones and minus ones alternate along each row and along each column and such that
the entries in each row and column add up to 1), N;(A) is the number of minus ones in row i,
N(A) is the number of minus ones in column i, N(A) is the total number of minus ones, Z(A) is

the inversion number,
(A= ) > aijauy,
1</ <isn 1<j5<j’'<n
and

J i
Q5 = t if E Al = E Ay
k=1 k=1
and «a;; = 1 otherwise.

3.2 The rational functions W), and V),

Related to the bisymmetric function I’ we introduce two rational functions Wy, (u,z;q,t) and
Vap(u, 2;q,t) as follows. Let A and p be partitions such that [(A\) < m and () < n. Then

Wip(u, z3q,t) = u&?u&”)(F(u;x,y;t)) (3.16)
and
Vaulu, z;5q,t) = u&?u&”)(F(u;x_l,y; t)). (3.17)
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There is no need to consider the more general specialization ug\ Z) (") since

u ) (F (w2, y3)) = ull, ul (F(us 2, y5t)).

From (3.3) it immediately follows that

oA Ajpi—i+l n 1 — pglitujpmtn—i—j
. . N 1] 1 — gt zq
W, z5,8) = Y (—u) (%) H 1 HH TR g
1C[m] icl icrjo1 L
J
and
N Api—g 41 n 1— )\i—,u]-tj—z'—i-m—n
)1 () =l L—ghv™t 2q
VAH U, Z; q’ Z t H 1— q)\ -\ tz H H 1— Zq)\i—ujtj—i-l-m—n—l :
IClm zgg el j=1
J
Furthermore, from (3.17) and Corollary 3.1 we infer that
I N m 1— tm—n—i
Vao(" ™", 25q,t) = g™ H T ghgm—ni (3.18a)
=1
and
m .
1 — ¢m—n—i
(3.18b)

V)\,O(lv Z3 qvt) = H

S 1— Zq)\itm—n—i'

3.3 Proofs of the claims of § 3.1

Proof of Lemma 3.1. By taking z,,y, = 1 in (3.3) it follows that the summand vanishes if m € I.
Hence we need only to sum over I C [m — 1], resulting in

Fu;2,4 Olopy=1 = ) CORIE H - ;Z;J H<1 - ;2//22 H 1- tﬁi)

IC[m—1] i€l el
Je€lm]—1
_ B mt(m tr; — xj a:ly]
pOIEILIE) ey § ) s
IC[m—1] Z%g J el j=1
J

This last expression is F/(u;z("™),y();t), establishing (3.4a).
In proving (3.4b) we make the m-dependence of gy(u;q,t) explicit by writing gg\m) (us;q,t).
Taking x,, = y, = 0 in (3.2) and using the stability of the Macdonald polynomials yields

m—1n—1
m m n tmzy 34 oo
> bala. 9™ (s q.) Paa ™ 0, ) PA(y ™5 0. 8) = F(us 2, 5:8)|aymyu—o | | H T e S
A i=1 ] 1 Zy]?
Since Py (z(™);¢,t) = 0 if [(\) > m we may assume that I(\) < m — 1. But then

o (s q,t) = (1 —w) [T (1 —ut™g™)
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so that
(1—u)) balg, 1)\ (ut; ¢, )Py (2 4, 1) Pa(y™; 0, 1)
A
o tﬂczy7
F(uw; 2,95 ) |2 =yn=0 HH AR 2
=1 j= xly]7

Summing the left-hand side (LHS) using (3.2) (with (n,m,z,y) — (n—1,m—1, 2™ (™)) completes
the proof of (3.4b). O

Proof of Lemma 3.2. Recall our earlier comment following (2.24) that the ®( series naturally
arises from the sum side of the Cauchy identity (2.25) by application of the homomorphism ¢, ¢
(acting on ). It is therefore an obvious idea to apply €, to the more general identity

(tziyy;
> balg, t)ga(u; ¢, t) Pr(w; ¢, 1) Paly; 4, t) = Flu;z,y; HH ) e

A i=1j5=1 Zy]7
Doing so and using (2.2), (2.16), (2.23), (2.26) and

(uqtm 1)Q7t)
2q, 1) = golu; ¢, t)~——2 222
g)\(ua q, ) go(u’ q; ) (Utm 1’ q, t)
yields
0, ugt™1 1 (a7 ) oo
) o P Ia A )00 3.19
go(u; q7 ) 2 ].|: Utm_l 7Q7 .T:| Eat( (U € y? E m“q) ( )
or, equivalently,
(F(usz,y31)) = go(us q,t) 2® Ut b ﬁ 25 Dex (3:20)
€ . . — . 5 X TN ’
at T golu;q,t) 2P utm—1 e paley (azi; q)oo

Taking a = ut™ ! the o®; reduces to a ;®g which may be summed by (2.24), so that

T (ugt™ i g) o
m—1 ¢ (F'(u; ;1)) = 1q,t :
Cut 1,t( (wiz,y;t)) = go(usg,t) H (Utm_lxi§Q)oo

i=1
m

N H 1— ut™™ ‘
1 —utm 1z’
in accordance with (3.5a).

To prove (3.5b) we have to prove identity (3.6) (see the comments immediately following
Lemma 3.2). Hence we need to show that

1 —zy; 1—-2
ea’t<H 1—tzyj> 1—az’

j>1

By taking the logarithm on both sides this is equivalent to

€at <Z(10g(1 — zy;) —log(1 — tzyj))) = 10g<11__;>.

j>1

Using the series expansion for log(1 — x), then interchanging sums and finally using definition (2.5)
of the power sums, this yields

(- 5 R ) =722

m>1
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By (2.15) this simplifies to

which is obviously true. 0

As an aside we note that (3.6) and (3.19) may be combined to yield the following generalization
of the Kaneko-Macdonald g-binomial theorem (2.24):

a, ugt™ 1 - .
2<I>1[ g1 ;q,t;x} [T — w7
=1
(m (axi; q) > (1) T t2i— 2
~(Tte) s o =2
i1 (@i /e iel 1_6”“

jel

Proof of Proposition 3.1. Since w(x,y;t) is symmetric in z it suffices to prove the proposition for
k=m.

It follows from (3.9) that w(zx,y;t), viewed as a function of x,,, has simple poles at z,, = z; for
1<i<m—1and z, = ty; for 1 <j < n. However, since w(z,y;t) is symmetric in x, the first set
of poles must have zero residue.

It also follows from (3.9) that
lim w(z,y;t) =0.
Im—00

Indeed, if wr(z,y;t) is the summand of (3.9) and if I C [m — 1], then
lim wr(z,y;t) = — lim_ wrypmy(z,y5t).
Ty — 00 Ty — 00

The above observations imply the existence of the partial fraction expansion

ooyt =S

=1 T — tyl7
with 4; = A;(z™),y:t) determined by
Ay = lim (z, — ty) w(z, y;t)
xm—>tyl
\I\ —tx;
= i —t () T
zmlinnfyl(mm u) Z (=1) H T — T HH T — ty
IC[m)] i€l el j=1

In the limit, only sets I containing m give a non-vanishing contribution. A straightforward calcula-
tion thus gives

n
1] Z; i— 1
A = (t—1)y, E : (—1 )|I|t( )—|I|+m—n+1 I | J tyl y]' - Yi
1C[m] jer 3T WSy Vi

mel j;él

<L B OqpEs e
ieI—{m} i iel—{m} j=1 i
Jg1
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Rewriting the sum as a sum over [m

— 1] this becomes

n
1] Ti— Y Y; — ty —tx
A==y Y () TT 22 pnrell | ]HH —.
s Xy =ty - Y — YL T T ty
I1C[m—1] s j=1 i€l el j=1
J#l J¢l
By
jg[x]_yl el j—= lx—ty zlx_yl iel j= 1x’_ty3
il

this finally yields

Y — 11, (12 T; — tm] Tp —
a= =y T L = =
=1 T _tyl 19 7Y e iel icr j=1 —ty
J?él jel J#l
— n
_ Ti — Yl Yj —ty
= (1 — )" "y (™, y ;) H p— ]'_ ,
i L Y1 j=1 Yj Yi
i

as required.

O

Proof of Proposition 3.2. We first symmetrize the right-hand side (RHS) of (3.13) with respect to

y and compute

m
Yitn—m yz - T — Yj+n—-m
R L | ]
weS, i=1" itn—m 4 i li<n Y i 1<ici<m T Jtn—m
To this end we write each permutation w as w = (01, ...,0n—m,l1,---,lm). In sSumming over w we
first sum over the o; for fixed l1,...,l,,. This yields
n—m m
Yi — T — Y —ty, Y; —tY;
NI I I | e R D SR (N )
U ydm=1 =1 i 521 =1 i 1<i<j<m i I I sesy  Mgi<i<n—m P I
1i#l;
where Y = (Y1,...,Y—m) = yl2tm) and where we have used the symmetry of the double
product involving Y; and y;; to pull it out of the sum over Gy . Carrying out this sum using [Mac95,
Ch. I11, (1.4)]
u; — tu; t;t
> w( I — 2>: f 1”n (3.21)
WEG, 1<icj<n 11T 1-1)
we obtain
Do > M T T s u
(1 —t n—m b i T tyz i1 ol yzj I<icjcm Ti T Wy Y, — Yy
Li#l;
If we denote the expression on the RHS of (3.13) by w(z,y;t), and use that

o Y~ ty,
};[1]1;[1 Yi—
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the above calculations imply that

LRI IS SR} | el I ey

iFl 7:7£llv m
X H Ti —try T Y, Y, — tyh)
Y
I<iciem TE T T Tty Y~y

where
tm(m—n)(l _ t)2m
(t;)m
The expression for w(z,y;t) given by (3.11) is also a sum over the [; but unfortunately the two
summands do not equate and some further manipulations of the sums are required.

k(t) =

To proceed we apply

S orwm= > Y wliw), (3.22)
lyelm=1 1<l < <lm<n wEGy,
li#l;

with v, = (yi,,--.,y1, ). Therefore

SCCCRTOID VI VIR0 1 i | | e

ISh < <m<n wEGZ X Gy, i=1

X H Ti —try Ti Yy Y, — tyh)
I<icjem T T T3 Ti W Y, — Yy

We now invoke the following lemma, which reduces to (3.21) for v = u.

LEMMA 3.4. For u = (uy,...,u,) and v = (v1,...,v,) there holds
n
Z 'LU(H ui—tuj'ui—vj'vi—tvj>
webs, N1 W T G, W = by v =
< L 1 UZ'—U]' Ui—t’Uj>
>l Il = 11 ' -
1 t ) Wi tv; i 1 cicicn u; — vy v — v,
Since
m n m
Yi — tyi;
e II 15—
i=1 i— i=1 Yi =Yy,
Z'#llrn,lm

is symmetric in y;, Lemma 3.4 (with (n,u,v) — (m,z,y;)) may be applied to yield

. t5)m i
w(x,y;t) Zﬂ(t)(i_i)t)m ) 2 (Hﬁ

1< <<l <n. wESy,

» H H T ylj H Ti — ylj ) Y, — ylj > ‘
o1 o1l Vi TG i siem T T i, Y, — Y
A lm
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Reversing (3.22) we finally get

S,y t) = r(t) (t;1)m z": ﬁ Y, ﬁ ﬁ yi — ty, 11 Ti—y, oy, —ty,
w(z,y;t) = k(t) ——= — - : .
(L=t bt i T T W G S YT e, T T W Y T Y
Ll A

Comparing this with (3.11) we see that w = w and the proof of Proposition 3.2 is complete except
for the proof of Lemma 3.4. ]

Proof of Lemma 3.4. Defining

1 ui—vj'vi—tvj

n
. t —
g(wvit) =]] "
=1
Proposition 3.2 states that

Z w<g(u,v;t) H z;—_t::) = (it’_t);;n Z w(g(u,v;t)). (3.23)

weG, xSy 1<i<j<n weSy

tv; w; —tv; vy —v;
Yigi<gig<n " J E J

The difficulty is that it is unclear that the RHS is symmetric in u. For example, when n = 2 it reads
(without the (u,v)-independent prefactor)

1 1 Ul — v U1 — t’Ug 1 1 U — U1 Vo — tvl

U1 —t’Ul ' u9 —tUQ (5] —tUQ (% —t’Ug (5] —t’Ug ‘ u9 —t’Ul U1 —tvl V2 —tvl’
which appears symmetric in v only, but is in fact equal to
(L +1¢)(tvivg + urug) — t(vg + v2)(u1 + u2)
(u1 — tvl)(ul — t’Ug)(UQ — t’Ul)(UQ — tUQ)

Let T}, , € &, by the kth adjacent transposition acting on u:

Tk,u(f(u)) - f(u17 ey Uk—1, uk+17 Uk, uk+27 s JUH)'

The T}, for 1 < k < n — 1 generate &,,, and to prove that the RHS of (3.23) is symmetric in w it
suffices to show that it is invariant under the action of the 7}, ,,. That is, we must show that

Tk,u< > w(g(u,v;t))> = > w(g(u,v;t))

weS, weS,
or, equivalently,
> w(Thulglu, ;1) = D wlg(u,v;t)), (3.24)
weS, weS,
since T}, ,, commutes with the v-symmetrization.

A direct computation shows that

(wr — ug41) (Vg1 — tog)
(wr — vit1) (U1 — tog)
Acting with &, it thus follows that (3.24) holds if

> w(h(u,v;t)) =0 (3.25)

Tk u(g(u,v;t)) = g(u,v;t) — glu,vit).

’LUGG'U
for
(Vg1 — tog)
h(u,v;t) = g(u,v;t).
( ) (wp — Vp41) (W1 — tvg) ( )
Given an arbitrary permutation w = (wy,...,w,) € 6, let v’ € &, be given by
'l,U, - ('LUl, L 7wk—17wk+17wk7wk+27 L 7wn)-
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Another direct computation shows that
w(h(uv U3 t)) = _w/(h(uv U3 t))

Therefore

> wlh(u,vit)) = = Y w(h(u,vst)),

weS, weS,
from which (3.25) follows.

Now that the u-symmetry of the RHS of (3.23) has been established the rest is easy. By (3.21)

we have
U; — tu]'
RHS (3.23) = —_— it
23 = 3 w(=0) ¥ wloluvin)
wWEG, weS,
- ¥ w(ug(u,v;t)> = LHS (3.23),
U; — Uj

WEG, X6y

completing the proof of Lemma 3.4. O

Proof of Lemma 8.3. The entries of the determinant may be expanded by

(1- wy)tl —tzy) i [a;r 1}t(“}y)a’

a=0

where
[N} _ (@)
kly (@
is a ¢-binomial coefficient. By multilinearity this gives

(e}
. a+1
det (--- ] = det (y5) 2
1<i,ej<n< > Z Olgi,ejgn(y? Je [ o L’

A1,y @n=
where
[a—l—l} _ﬁ [aﬁ—l]
a o oglboa lf
Since the summand vanishes when two (or more) of the summation indices coincide and since the
product of t-binomials is symmetric in «, this may be rewritten as

[o¢]
_ +1
det (- )= det (¢ )zw(@ [@
1<z‘,ej<n< > Z 1<z‘,ej<n(yﬂ 2 a |,

a1>>an >0 weS,

_ - o a+l1 w(a)
- > e 6|0 X etwe

ay>->an 20 weGy
oo
, L la+1
= Z det (y¥) det (257) ,
1<ij<n ) P 1gi <n” Y a |y
o> >00 20
where €(w) in the second line denotes the signature of the permutation w.
Setting a; = A; +n — i+ 1 and using (2.9) this becomes

det <> = A@@)A(y) Y sa(@)sa(y)
A

SN Fn—i+1
1<i,j<n " "

- )\i+n—i

(2

288

https://doi.org/10.1112/5S0010437X07003211 Published online by Cambridge University Press


https://doi.org/10.1112/S0010437X07003211

sl3 BASIC HYPERGEOMETRIC SERIES

Recalling that m = n we have

12[ Ni+n—i+1] g\ttt
AL Ndn—d o (@-t)n

so that
. 1
2t Hn@nw = (1-1) ‘“( : ) A@AY)

By (2.8) the LHS may be recognized as the LHS of (3.2) for m = n, ¢ =t and u = ¢. Hence it may
be replaced by the corresponding RHS, leading to

(1= 2y,
Pl ) = (=" o () e

as claimed by the lemma. O

4. An identity for g, t-Littlewood—Richardson coefficients

In our proof of the sl3 g-binomial theorem in (1.4) we require the following identity for the g, t-
Littlewood—Richardson coefficients.

THEOREM 4.1. Given integers 0 < m < n, let A and p be partitions such that [(A) < m and
I(n) < n. Then we have
(gt " Yq,0),

,(q,t)

gt Py (@
:t”o\)—m\#\v}\ u,l;q,t u(”) P (q y 4 Mg'
u (B = g

Zt”” A (a0, ) Vi (us L g, )ul™ ™™ (Py)

Since f),(¢,t) =0if w Z A and P, =0if w Z p we may add the restrictions w C A and w C p
to the sum over w. It may in fact also be shown that the summand on the LHS vanishes unless

Ai = fian_m for1<i<<m. (4.1)

In other words, if p* is the partition formed by the last m parts of p (i.e. p* = (fin—mt1s---»n)),
then the summand vanishes unless pu* C .

To see this we recall from [Mac95, Equation (VI.7.13")] that
Pu/w(xlv <oy In—m; G, t) = ZwT((L t)xT7
T

where the sum is over all semistandard Young tableaux T of skew shape p — w over the alphabet
{1,...,n —m}; 27 is the monomial defined by T" and +r € F. For the shape y — w to have an
admissible filling it must have at most n — m boxes in each of its columns. Hence w; > ptj1n_m for
1 < i < m. Since we have already established that the summand vanishes unless w C A, a necessary
condition for non-vanishing of the summand is thus given by (4.1). Since 1/(q;¢)—n = 0 for N a
positive integer, it is easily seen that also the double product on the RHS of the theorem vanishes
unless (4.1) holds.

Proof of Theorem 4.1. We start with (3.2) with A replaced by n and apply the homomorphisms ug\";)

(acting on z) and ufln) (acting on y). Using the homogeneity (2.7) of the Macdonald polynomials
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and recalling (3.16), this leads to

3 2llby (g, gy (0, ™ (Bl (P)
n
m tn+m 7 tn—i—m i— ]7(])

7q 00 i+
- W)\M(u z:q,t H ztm z HH Ztn+m i—j+1. Q))\ —. (4'2)
=1 i=1j= 1 e

The summand on the LHS vanishes unless {(7) < m. Assuming such 1 we may twice use the

symmetry (2.12) to rewrite the LHS as

(m) (n) (m) (n)
P P P, P
LHS(4.2) E:z"ﬂb 0 g (s g, ) ( A)U?m)( o (Po)ug” (Py)

Next we apply (2.22) as well as (2.7) to get
uf (Py) = Pu(gm "™ gt T Lt L, )
A

S P E,.)

Thus we have

(n—m) (m) (m) (m) (n)
n—m)|w uy | (Pupo)un (P )un (Po)ug™ (Py)uy” (By)
LHS(4.2) E zlgn=mlwly, n(a,)gn(u;q,t) 0 u/ ) ! o 0 o

n,w uy " (Paug” (Pp)

Next we use that

I
€3
>
—
=
=
3@

2
S

to rewrite this as

ul"™ (P )ul ™ (B )ul™ (P ul? (Py)

LHS(4.2) = Y 2=l g2 (g, )by (g, ) gy (u; 4, 1) — -
ug™ (Py)ug” (P)

By one more application of (2.12) this becomes

(n—m) (m) (m) (n)
LHS(4.2) = 37 =m0 12, (g, )y (g, )gy (05 g, )10 V0 L)
W,V U (PA)U() (Pu)

As a result of the previous manipulations, the sum over 7 corresponds to

S 2, (g, )9 (ws 0, 8)ul™ (Py)ul (Py)
n

Ju <Z b (g, t)gn (w3 4, 1) Py (259, ) Py (43 0, t)>

m n tl‘z :
gl (Pl T [T 20 ) (by (3.2)
;Y554

=1 ]21
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m—1. o gntm—i,
— (M) (n) Fl(u: -4 (Zt 7Q7t)l/ H(Zt ,q)oo
w5, ))(Zt"+m‘1;q7t)u L )

(2t g, t), T T )
=W, 1q,t . by (3.16).
vl 23 )(Zt”+m‘1;q,t)u 11 (2™ @)oo (by (3.16)
We thus arrive at
o (ztntm Z7q )oo
Ls(a2) = [ BT = Zt” el 12 (. )W, 210, 1)
=1 ’

(n—m)

ug™" (B )ug” ’<Py> (2t q.1),
T (m) ntm=1 g ),
ug” (Pug™ (P (3 10, )y

Finally equating this with the RHS of (4.2) yields

uén_m)(Pu/w) (m)(Pu) (zt™ 1 q,1),

Z t(n_m)|W|fqu)\(q7 ZL/)VVI/,O ('LL, z54, t)

& ug (Payug™ (Py) - (T 0Dy
e (T )y
— W)\N U, 2, q, H H Ztn+m i—jr1. q))\.—h]u‘. . (43)
i=1j5=1 ’ i J

Both sides of this identity trivially vanish if I(A\) > m. Furthermore, the summand on the LHS
vanishes if /() > m. Hence we may without loss of generality assume in the following that [(\) < m
and [(v) < m. (The latter of course refers to a restriction on the summation index.) We may also
assume that the largest part of v is bounded since f, = 0 if |w| + |A| # [v| and P/, =0 if w Z p.
In particular vy < |A| + |pl-

The above considerations imply that A,v C (N™) for sufficiently large N. Given such N we
can define the partitions A and /i as the complements of A\ and v with respect to (N™), i.e. \; =
N —pt1—iand 7, = N — 1 for 1 < i <m.

We now replace z — ¢!~ N /z A — X and v — ¥ in (4.3), and then eliminate the hats. For

this we need the easily established

Wi, (wd' =N 20, 0), = Vau(u, 7.4, ),

as well as [War05, p. 263]

(qt™5.q,), &4 (q, 1) ul™ (Py)

U .t :tn(y)—n()\) 311 1 ,
fm(q ) foula )(qtm—l;q’t))\cgj(q’t) uém)(Pl,)

with [BF99, Equation (4.1)]

(a5q,t)5 <b>IA (@50, ) (nvm) (¢ N1 /by g, )

(bia. )y \a) (big.t)m) (Nt asq,),

and
ug™ (y) = (NN (),
This last result follows from [BF99, Equation (4.3)]
Py(3,t) = (21~ 2m) Pa(z7 "5, 1)
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and the homogeneity (2.7). As a result we arrive at

- tml zgtmT g, 1),
()=l Vo, 2, ™™ (B, ) 4 ’
Z fw ¢, t)Vo(u, z;q, t)uy (Byuyw) c(q,t) (zqt™ 1t q,t),

th] hmen laQ))\ — W

(zqti—itm—n; S Q)N — 1

— (- m\u\v)\ (u, 2 ¢, )u, (”)(Pu) 7q’ HH

i=17=1

)

where we have also that f, = 0 if |w| + |v| # |A|, and

(@ @)n—r _ (a@)n (@ /b <§>k
O;a)n-r (N (N /a;q)k '

Finally specializing z = 1 completes the proof of Theorem 4.1. U

5. slg basic hypergeometric series

Below we will give two different definitions of sl3 basic hypergeometric series, denoted Type I and
Type II respectively. To cover both types at once we introduce the function Vy,(q,t) which is given
either by

Vau(g: 1) = Vau(1, 154, 0) Type L,
or by
Vau(g,t) = ¢ WA, (" 159,8)  Type I1.
Note that it follows from (3.17) and (3.8) that, for Type I series,
Va(a, ) = u™ul (@ (a, y; ).

From (3.18a) and (3.18b) we see that, regardless of our choice of V),(q,1),

m

H 1_tm—n—i B (tm n— 17q,t)

Vio(g,t) = : ;= :
) ) L 1— q)\ztm—n—z (qtm—n 17 q,t)

(5.1)

It is important to observe that V), (q,t) depends not merely on the partitions A and p but also
on the integers m and n. (We tacitly assume that [(A\) < m and () < n.) These integers are mostly
assumed to be fixed, but occasionally we will relate series labelled by (m,n) to those labelled by
(m—1,n—1). If we write V/\(Zq”n) (g,t) instead of V), (g, ) it follows from Lemma 3.1 that V)E;n’n)(q, t)
only depends on the difference n — m. Specifically, we have

Vi (g ) = v g ), (5.2)
provided of course that [(A\) < m — 1 and I(u) < n— 1.
To reduce the length of many of the subsequent formulae we introduce another rational function

Q)\u(qv t) as

t] i+m—n— l’ Q))\
Q)\u(q, t) = VAM(Q? ) " 7q7 )\ H H qt] i+m—n. Q))\ — (53)
1=175=1 —Hj
where A and p are partitions such that [(A\) < m and I(u) < n
Two easily established results for Q,,(q,t) are
Dolg:t) = ™" ) (5.4)
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and, displaying the (m,n) dependence,

(m,n) (m—1,n—1) ( 54, t)
Q) (g, 1) =, (q, )tMW (5.5)
for I(A\) < m —1 and (1) < n — 1. Equation (5.4) follows from (5.1) and

_ (@™ g, ),
u—o (@™ hg )y

ﬁ (qtj hmen laQ))\ —
a5,

and (5.5) follows from (5.2) and

— t\u\ (qtm 2) q, t) (tn_l; q, t)u
P— (@™ g, t)x (t"q,1),

ﬁ n (qtj_i+m_n_1;Q))\i—uj
(qti—tAm=n; $q) N — 1

i=1j=1
We can now state the main definition of this section.

DEFINITION 5.1 (sl3 basic hypergeometric series). Let x = (x1,...,2,) and y = (y1,...,¥yn) such
that 0 < m < n. Then

aty...,0r41
r+1<I>{ bl,...,lzr ;q,t;w,y]

- xu P)\ X Q7t) P, (y7Q7t) (ala"' Ar41,4, )
_ N +n(p H L¥e) 1), 5.6
g2 Q@D @D G bty e G0

where the sum is over partitions A and p such that I[(A\) < m, I[(x) < n and
Ai = pimman for 1 <i<m. (5.7)

Remarks. (i) The restrictions on the sum may alternatively be expressed by the inequalities [TV03,
Equation (2.4)]

A1 > A2 Z 2 A
\Y% WV WV
M1 Z 2 fpemdl 2 Pnemi2 = o =2 = 0.

(ii) The prefactor

ﬁ (5137;; Q)oo

U om0

in the definition has been included to simplify subsequent formulae, and implies that for a; = 1 the
slg series simplifies to 1; see Lemma 5.2 below.

(iii) The main reason for attaching the label sl3 to the series of Definition 5.1 is the connection
with the sl3 discrete exponential and continuous Selberg integrals of Tarasov and Varchenko; for
details, see below the proof of Proposition 5.2. We are currently developing a theory of sl,, basic
hypergeometric series [War07]. In such series, a Macdonald polynomial is attached to each vertex of
the sl,, Dynkin diagram, and the corresponding sl,, ¢g-binomial theorem may be expressed concisely
in terms of the data of the underlying Lie algebra.

(iv) Finally we remark that nearly all our results involve non-terminating sl3 series. To ensure
convergence we implicitly assume that

max{|q|, |t|7 |l‘1|, ) |l‘m|, |y1|7 ) |yn|} <1

whenever necessary.
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Our most important results for slg basic hypergeometric series are two generalizations of the
g-binomial theorem. First, however, we state several elementary properties of the series. In all of
the results below the parameters aq,...,a,41 and by, ...,b, act as dummies, and to shorten some
of the equations we abbreviate these sequences by A and B respectively.

LEMMA 5.1. We have

A
r+1q)r|:BQQ7t;$v (0")] =1

Proof. Since P,((0");q,t) = 6,0 we get

m

A (Zi59) 00 P T;q,
r+1‘1’r[3;q7t;%(0n)] ZH( 1, Z )\ qt))Q,\o(fL t).

i=1 A
Thanks to (5.4) this is

m—n—1

A (250
1@ | g tix, (0")] = 1@ 1 g, t; T TN
+1 [B ¢ t;z, (0 )] 1 o[ q m} z'I:ll (@™ q) o

where on the RHS we have used the definition in (2.23) of the sl Kaneko-Macdonald series.
Summing the ;®q series by the g-binomial theorem (2.24) results in the claim of the lemma. O

LEMMA 5.2. We have
17CL2, cees G

T ¢T
+ [ bi,.... by

;q,t;m,y} =1

Proof. When a; = 1 the summand vanishes unless @ = 0. The proof is thus a repeat of the proof of
Lemma 5.1. ]

The next two lemmas relate sl series with labels (n,m) and (n — 1,m — 1). Recall the notation
introduced in § 3.

LEMMA 5.3 (Stability 1). With ué"z) acting on y and ug:t;l) acting on y™, we have

n A - n— A m)  (n
U(()7,3 <r+1q)r|:BQQyt; (1‘( )70)7y:|> :u(();tzl) <r+1q)r|:B§Qat§x( ),y( ):|>

LEMMA 5.4 (Stability 2). We have

2fn—l

At z(m),ty(”)] :

A m n
T+1¢T|:B;QJt7 (x( )70)7@( )70):| :T+2@T+l|: tn,B

Iterating the two types of stability leads to

" A m - A n—m n
u?) <r+1¢>r[3;q,t; © )yD —uétmz)<r+1¢>r[3;q,t;y( s )D

o A,q ¢ (Om) (y(n—m—i-l,...,n) Om) _ b tn—m’
r4+1%r Y ) ) r+2%r+1 t”,B

Note that both RHSs involve the sly Kaneko-Macdonald series.

and

1, t; tmy("_m“"“’”)] :

Proof of Lemmas 5.3 and 5.4. Because we are comparing series for different (m,n) values, we write
Q™) ingtead of O
Au A
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If z,, = 0 only partitions of length strictly less than m contribute to the sum over A. But if
Am = 0 then the inequality 0 < u, < A, implies that also p,, = 0. Hence we may use (5.5) and the
homogeneity of the Macdonald polynomials to obtain

A
T+1q)1” |:B7Q7 ta (x(m)70)7 y:|

m—1 . (m). P . n—1 A:
B Mztn()\”_n(u) P)\(IL’ aq7t) ,u(tya Q7t) (t ) aQ7t)H (m—l,n—l)(q’t%

(2™ T ) Alat)  dlat) (" Bigt),

where the sum is over partitions A and p such that [(A\) < m —1, I(u) <n —1 and

i=1 A

Ai 2 fhimman for 1 <i<<m— 1.

All terms on the RHS depend on n — 1 and m — 1 except for P,(ty;q,t), since y = (y1,...,Yn)-
Either we can make the obvious choice y, = 0 and use the stability of the Macdonald polynomial,

Pyt (y(n) 0);q,t) = (ty(”); q,t), to obtain Lemma 5.4, or we can specialize y. In the latter case
we may use that, for l( ) <n-—1,

WP 0. 0) = ol P, 0) S 6.9
sl

as follows from (2.11). Therefore

m—1
_ (xi; q)OO n(A)+n(w) P)\(l‘(m); q, t) uO;tz(Pu(y( )a q, t)) (A q, t)u (m 1,n—1)
o m—n—1 Zt / / B Q (Q7 t)a
in accordance with the RHS of Lemma 5.3. O

Our next result implies all four previous lemmas, but unlike the latter it is not elementary,
requiring Theorem 4.1 for its proof.

ProrosiTIiON 5.1. Fix o as

0 for Type I
> or Type I, (5.9)
1 for Type II,
and let X = (X4,...,X,,) be given by
X — gt lz; forl<i<m,
B R form+1<i<n
Then
A P )P, (X5q,t) (A5q,t
r+1@r[3;q,t;x,y] 3 gt tminl uly: 0 t) (n() 4. 1) (Bﬁq’ Ju | (5.10)
" g, t)us” (P (Bia:t

Note that by taking y = (0™) or a; = 1 the summand vanishes unless ;n = 0 leading to Lemmas 5.1
and 5.2. Also Lemmas 5.3 and 5.4 immediately follow from the proposition be it that the latter also

requires (5.8). For example, applying u(()nz) acting on y to (5.10) yields

U, T (I)T ) ,t,l’, z t .
°’Z< o [B huny Z (q,t) (Biq,t)u

Not only does this make Lemma 5.3 obvious but it in fact implies the following more general (and
more important) result.
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COROLLARY 5.1. With the same notation as in Proposition 5.1 we have
A A
ué”z) <r+1<I>r [B;q,t;x,yD =r+1Pr [B;q,t; zth]. (5.11)

Note that on the RHS we have the sl Kaneko-Macdonald series.
There is another important corollary of Proposition 5.1. If we take m = n then

Pu(X;q,t) = ¢ M P, (2;9,1),
Hence for m = n the series (5.10) is invariant under the interchange of x and y.

COROLLARY 5.2. Form =mn, i.e. x = (x1,...,%,) and y = (Y1, ...,Yn), there holds
A A
r+1¢r[3;q,t;m,y} =r+1¢r[B;q,t;y,x]

Using the above two corollaries it is straightforward to prove several g-binomial theorems for sl
series. First, however, we shall prove Proposition 5.1.

Proof of Proposition 5.1. Recalling the definition in (5.3) and using (5.1), Theorem 4.1 may be
rewritten as

Qg t) = S 4= Ormlil=lel 21 (g 1)l (g, 1)

X Vu,O(“yLQat) VAu(q’t) uén_m)(Pu/W) (tm " 17Qvt)
Vu,O(qa t) V)\u (’LL, 1; q, t) uén) (PM) Cy (Q7 t)

Taking u = 1 or v = t"~™*! so that

Voo(u,1iq,t)  Vau(g,t) g (M-I
Vu,O(qa t) V)\u (’LL, 1; q, t) ’

and using that ), = 0 if |w| + || # |A|, we obtain

(n—m)
n(v)—n( m w| ,—0o|w u (P OJ) T 17 7t v
(1) = 3 =il =k £, (g 1) (g, 1) 200 ( ¢1)

w,V uon)(Pu) CV(Q? t)
Substituting this in the definition (5.6) of the sl3 basic hypergeometric series leads to
A
r+1(I)r |:B g,y y:|
T (@) ( ol —
= H v dloo gl tn@)tmipl—|wl ool
4+m—n—1. Z
=1 (xlt ;Q)oo PNIRAB
(n—m)
Pu(y; 4, 1) (Asq, 1), v (Pw)tm’“ﬂy
w\d, R ym u (PM) 1/ q,
Now performing the sum over A by (2.18) yields
A
T+lq)7” |:B v 4, ta x, y:|

(n m)
_H (@0 5~ gty il ol Fuly :8) (A0, 26" ") (P
(@it™ " )00 clat) (Big,t) ug"><pu)

w,v,w
gt
W Pu($§ Qat)Pw(33§ q,t).
v )
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The next simplification arises by noting that the sum over v corresponds to a summable slo Kaneko—

Macdonald series:
m

l‘tm n— l )oo
;q,t;m} H .

=1

m—n—1

1q’0[

by (2.23) and (2.24). Hence

(n—m)
A. . n(p)+m wl —olwl b (y q,t) (A; q7t)u Up (Pu/w)
H_lq)r[B,q,t,x?y} :Zt (w)+m|p|—| | |w]

1w (th) (B’ q7t)l/« ’I,L(()n) (Pﬂ)

P,(x;q,1).

Next we use the homogeneity (2.7) of P, the definition (2.10) of the principal specialization uén_m)

and the definition (2.22) of the skew Macdonald polynomials to perform the sum over w:

Z(q"t)_‘“‘uén_m)(Pu/w) (z;q,t Zu(n ™) (Pyjw) P (q_"t_lm;q,t)

w

= Pu(X§ q, )7
where X = (¢~ %t 'z, t"~™=1 ...t 1). The resulting identity is (5.10). O

From Corollary 5.1 it is clear that whenever an sl series is summable this implies a corresponding
sum for sl3 series. The most obvious choice is to set r = 0 in Corollary 5.1 so that the RHS of (5.11)
may be summed by the Kaneko-Macdonald g-binomial theorem (2.24). Hence we get

(n) a - (azt™X;;
un q)0|: 7QJtam7 :|>: nd
0;2 <1 . y H (2t™X;; q)

i=1
_ﬁ azq ot 2 q) oo H (azt™ " ) oo
Pl (zq=t™ 1245 q) oo Pt (ztmtn—i )
THEOREM 5.1 (First sl3 g-binomial theorem). For x = (x1,...,2,,) and y = z(1,t,...,t"" 1) we

have

m
a (azt™ 1245 Q) oo (@zt™ % @)oo
Qo| gLyl =
1 0|:_ q y:| H (Ztm 11.Z q H Zt" 27(]

i=1 i=1
for the sl3 series of Type I, and
1 —1ym—1 n— 7,
a (azq™ 't i3 Q) oo azt
P 1q,tx I | I |
1 0|:7Q7 ’ 7y:| i1 Zq_ltm 1.T q J Ztn Z,q

for the sls series of Type II.

If we assume that m = n, then we may first invoke the symmetry of Corollary 5.2 to find a
second pair of g-binomial theorems.

THEOREM 5.2 (Second sl3 g-binomial theorem). For x = z(1,t,...,t" ') and y = (y1,...,yn) We
have

(azt™ 'yis @)oo
[ ” Zl;[l (2t yi3¢)oo
for the sl3 series of Type I, and

1 —1mn—1
a (azq " 'Yi3 @)oo
|:_7 Y 9 ,L];Tl zq_ltn_lyz;q)oo
for the sls series of Type II.
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Using further results for sly Kaneko—Macdonald series, many more identities for slg series may
be proved, such as ¢-Gauss sums, ¢g-Saalschiitz sums, etc. Below we restrict ourselves to just one
further application in the form of an sl3 analogue of Heine’s ¢-Euler transformation.

PROPOSITION 5.2. Let o be fixed as in (5.9), and let * = (z1,...,2y) and y = z(1,¢,..., "7 1),
Then we have

a,b c/a,c/b T (abzq i /¢ Q)00 (abzt" " /c; @)oo
d ;1 q,t; =90 3 q,t; b
2 1|:C 34, ax>y:| 2 1|: c 34, 7x7ay/cj|H H

i1 (Zq_gtm 11‘17 oo el Ztn z’q

—oym— 1

For b = ¢ the 2®; on the RHS is 1 by Lemma 5.2 and we recover the g-binomial theorem of
Theorem 5.1.

Proof of Proposition 5.2. According to (5.1) we get

b b
uf)"z) (2%[@; ;q,t;x,yD =2<I>1[a; ;q,t;zth}

In [BF99, Proposition 3.1] Baker and Forrester proved that

b b ba ] 1 (abzi/c;
2q)1 |:a’ 14, 33:| = Qq)l |:C/a’0/ 14, t; ﬂ:| H M)
c c o |G
so that we get

(n) a,b c/a,c/b abzt™ X | 1o (ab2t™X;/¢; q) oo
2| 2@ 1q, b =20 t;
uO,Z <2 1|: ¢ 74, am7y:|> 2 1|: c ;4,15 c E Zt X“q)oo

Again using (5.11) gives

n a,b n c/a,c b - (abzt™X; /c;
u((],2<2q)1|: ¢ 7q,t,aj,y}> :ué;gbz/c<2q)1|: / c / :|>H Zt X/ )q)
i=1 Z) o0

Eliminating X; completes the proof of Proposition 5.2. ]

Theorem 5.1 may be viewed as a ¢, t, z-analogue of a result of Tarasov and Varchenko, stated
in [TV03, Theorem 2.3] as an sl3 discrete exponential Selberg integral. To obtain the Tarasov—
Varchenko result we take ¢t = ¢” and a = ¢°*7(™=1 in the theorem, and let ¢ tend to 1. A standard
computation using (2.4) and (2.11) then leads to

ZZ“"?),\ P( M (z) - F(ﬁ+ﬂi)ﬁﬁr(1—74~r5\i—ﬂj)
0 ,\1/7)( m) ey P ) iy T+ A= i)

I (fii — )T (y + fii — fiy) N = M) + A
D=+ — ) \
= (1 — z)~Bt=1)7)(n—m) ﬁ(l — za;) PN (1 = gy) Tl
=1
T LB+ = 1) yp LENT(1L +4(i —n 1))
g 1]1 I'(v) 1;[1 T'(v) '

X

1<i<j<n

(5.12)

Here
Ni=Ni+v(m—i) and fi = pi+v(n—i),
298

https://doi.org/10.1112/5S0010437X07003211 Published online by Cambridge University Press


https://doi.org/10.1112/S0010437X07003211

sl3 BASIC HYPERGEOMETRIC SERIES

P)Ea) (x) is the Jack polynomial
(@) () — 1; )
Py (z) = %E}I?ll Py (z;t%,1),
and

U)\,u(’Y) = gl_I)n VA;L((L qW)

>\ ~ A+
— HH
3 oA A T
Clm] el i€l j= l
jel
Taking x = (w") and using the homogeneity of the Jack polynomials (so that P;El/ ”) (w™) =

w‘“‘P,El/ 7)(1m)) results in the Tarasov—Varchenko identity. To make the correspondence exact we
need to recall the difference in normalization exhibited in (3.14), and the fact that

HFl—F’y(z—n—l) Hr (i —n—1)).

=1
It is interesting to note that Tarasov and Varchenko obtained the x = (w™) instance of the series
(5.12) as the coordinate function of the hypergeometric solution of the sl dynamical differential
equation of [TV02] with values in the weight subspace Ly[A\ — na; — mas], A € CA;. Here L)y
is an irreducible sl3 highest weight module of weight A\, and a; and A; (i = 1,2) are the roots
and fundamental weights of sl3. The existence of identities such as (5.12) (with z = (w™)) and
their associated integral evaluations was anticipated by Mukhin and Varchenko, who formulated a
very general conjecture regarding g type Selberg integrals being expressible in terms of products of
gamma functions [MV00, Conjecture 1].

By a standard limiting procedure the sum (5.12) (with z = (w™)) may be transformed into an
integral, leading to the sl3 exponential Selberg integral of [TV03, Theorem 3.1]. More generally, if
we first transform Theorem 5.1 into a g-integral and then take the ¢ — 17 limit we get a more
general sl3 Selberg integral, not contained in [TV03]. More precisely, we take Theorem 5.1 (for
Type I series) and apply the homomorphism u(ﬁ,} acting on z. Thanks to (2.12) and (2.14) this
yields

ul™ (Py) uo(P,)
A(g,t) c;(q,t)

3 w060, (M (PY (a5 g, ), (g, 1)
A

m 2m—i—1 v, 2m—n—i—1 n— 7,
(awzt 4" @)oo (wit q"i q o azt
i=1

t2m i— lwquz’q)oo ( $m— zqul

z:l

Next we replace (a,w,z,t) — (¢t ¢f ¢#2=m7 ¢7) and use the definition of the g-gamma
function to interpret this as an (m+n)-dimensional g-integral. Taking the limit ¢ — 1 then yields an
slg Selberg integral involving the Jack polynomial. The precise details of this essentially elementary
calculation will be given in a future paper in which more general Selberg-type integrals will be
considered.

To give the exact form of the integral we need to borrow some notation from [TV03]. Let M be
a map

M:A{1,....m} —{1,...,n}
such that
M@GE) < M(i+1)
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and
1< M@E) <n—m+i.

It is easily seen that there are exactly

n+1

n—m+1/m+n
m

admissible maps M.
Let D™™[0,1] C [0,1]™" be defined as the set of points

P = (xla"'axmvylw"vyn)

such that
0 < 1 < T2 < 0 < Ty
IN N N (5.13)
0 < y1 < -+ < Yn-mt1 € Yn-mt2 < - < Yn.

The x as well as the y coordinates P € D""[0, 1] are totally ordered, but only a partial order exists
between the z; and the y;. We now write D" "[0, 1] as a chain,

D™, 1] ZDm"O 1],

where D}7"[0,1] € D™™[0,1] is defined by points P endowed with a total ordering among its
coordinates, by supplementing (5.13) with

Ym(i)—1 ST S YM, (i) for 1 <i<m,
where 19 := 0. We further define the chain
Cym0,1] = ) Fyp" () Dy "0, 1], (5.14)
M

where

Cesin(m(i +n —m — M(3) + D)

By () = 21;11 sin(m(i +n —m)y)

Up to a trivial transformation (corresponding to the variable change (5.15)), the above chains
coincide with those of [TV03].

Finally introducing the Pochhammer symbol

(a)yn =ala+1)---(a+ N —1)

and recalling the definition in (3.15), we are in a position to state the integral analogue of
Theorem 5.1.

COROLLARY 5.3 (sl3 Selberg integral). Let v be a partition of at most m parts. Then

P (2)h(, y) Hazﬁ1 1H — )"y A @) YAy IQVHHI% y;| 77 dady
cmn i=1j=1
vy [071]

- (G =i+ D)V ypDla+ (i = D)) T (B2 + (i —1)y)
- 1<i1<_gl<m (7 = DV)viv, 21;11 I'() 1;[ (a4 P2+ (i +n—2)y)

ﬁ DB+ (m =)y +v)T(BL+ Bo+ (m—i— 1)y +v)T((i —n— DNI(iy)
PB4+ @Cm—n—i—-1)y+v)l(a+ i+ G+ (m+n—i—2)y+v)(y)

)
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where
Re(a) >0, Re(B1) >0, Re(f:2) >0,
—min{ 1 Re(a) Re(B1) Re(B2) Re(f + 62)} < Re(7) < 0.

nn—-1"m—-1"n—-m-1 m-—2

The conditions on «, 81, 2 and 7 (which are only sharp when v = 0) are valid for generic n and
m and need small modifications when m = 0,1 or m = n. The conditions are correct for n = 1,
m = 2 or n = m + 1 provided 1/0 is interpreted as 4+oo. Conditions that are sharp follow by
demanding that the arguments of gamma functions appearing in the numerator on the RHS have
positive real part. We also note that without loss of generality one may assume that v has at most
m — 1 parts, since

P(yl,...,um)(x) = (:L'l ce xm)ynp(ul—ym,...,um,l—ym,o) (:L‘),
so that v,, may be eliminated by a rescaling of (3.

For m = 0 Corollary 5.3 is the Selberg integral (1.3) up to some trivial changes. Indeed for
m = 0 we get, after replacing (32 by g,

WH iy gy = T Rt 6= DD+ = D)D),

L - Na+p+ (G+n—2)7)I(y)
0<y1 <. <yn <1 i=1

Since the integrand is symmetric in y and
F H iy + 1
Tl I'(v+1)

this yields (1.3) with o and [ interchanged. (Alternatively, one may replace y; — 1 — y; for all
1 < i < m instead of replacing o < f3.)

n

i=1

When v = 0 all reference to the Jack polynomial P, 1/ 7(z) disappears from Corollary 5.3 and we
obtain the Tarasov—Varchenko integral (1.5). To make the connection with the integral of [TV03]
precise one needs to replace

I‘Z‘—>1—Si, yi—>1—tz
n— k‘l, m — k‘g, (5.15)
a— o+ 17 ﬁl e ﬁ27
and observe that
k1
h(l—=s,1—1) = (=1)* hpy oo (69) [ 157
i=1

where ﬁll,l%m(t; 5) is the function defined in [TV03, §5]. Then correcting a factor (—1)*2 missing in
[TV03] one obtains the integral

jkl,kg,kz (av ﬁl ’ 627 7)
given by the final two equations of that paper.

For v = (1") the Jack polynomial simplifies to the elementary symmetric function

Pury(z) = ex(z) = > Tiy * T,

1< <o < <ir <M

and Corollary 5.3 yields an sl3 version of Aomoto’s integral [Aom95].
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COROLLARY 5.4. For 0 < r < m, we have

cy"0,1]

where

ﬁﬂf = 1H yi)o ! ﬂz 1|A( 2 A®y) |27HH|$Z y;| 77 dady
=1 i=1

=1 j5=1
m\ 1 I'(a 2—1 T(iv) 1+ (B2 +(i—1)7)
<r>£11 L'(7) HFa+52+(z+n—2))
- L(B1 4 (m — i)y + x(i < 7))
XH( LB+ @2m—n—i—1)y+x(i <))
DB+ B2+ (m—i—Dy+x(E < ))F((Z—n—l)v)F(iv)>
Dla+ 61+ B+ (m+n—i—2)y+x(<r)'(y) ’

s

Re(a) >0, Re(B1) >0, Re(f:2) >0,
—min{ 1 Re(a) Re(B1) Re(B2) Re(Br+ ﬁg)} < Re(y) <0,

nn—-1"m—-1"n—-—m-1 m-—2

and x(true) = 1, x(false) = 0.

The comments made immediately after Corollary 5.3 still apply.
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