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Values of the Dedekind Eta Function at
Quadratic lrrationalities

Alfred van der Poorten and Kenneth S. Williams

Abstract. Let d be the discriminant of an imaginary quadratic field. Let a, b, ¢ be integers such that
b’ —4ac=d, a>0, ged(ab,c)=1.

The value of \n((b + \/E)/Za) | is determined explicitly, where 7(z) is Dedekind’s eta function

n(z) = e7riz/12 ﬁ(l _ e27rimZ) (im(z) S 0)

m=1

1 Introduction

The Dedekind eta function (z) is defined for all complex numbersz = x + iy withy > 0
by

1.1 n(z) = e/ ﬁ(l _ g2rim),
m=1

The basic properties of n(z) are given for example in [9, pp. 14-22].

Let F be an imaginary quadratic field. Let d denote the discriminant of F. Thus d is a
negative integer with d = 0 or 1 (mod 4), F = Q(+/d), and the largest positive integer m
such that m? | dand d/m? = 0or 1 (mod 4) ism = 1. Let a, b and ¢ be integers satisfying

(1.2) b’ —4ac=d, a>0, ged(a,b,c)=1.
Such integers exist as we may take
a=1 b=0, c=-d/4, ifd=0 (mod 4),
a=1 b=1 c¢=@1-d)/4, ifd=1 (mod4).

The main result of this paper is the explicit determination of |n((b + \/a)/Za)| (Theo-
rem 9.3). We describe briefly how Theorem 9.3 is proved. Section 2 is devoted to giving
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the basic definitions, notation and results necessary for the rest of the paper. In Section 3
we prove an explicit formula for the number Py (n) of proper representations of a positive
integer n by the class K of the form class group H(d) of discriminant d (Proposition 3.1). In
Section 4 it is shown (Proposition 4.1) that the following linear combination of the P_(n)
(L € H(d))

(1.3) Wi = o 3 H(K,LPL(n)  (see (2.23)

LeH(d)

(

is a multiplicative function of n for each K € H(d). The quantities w(d) (= 2, 4 or 6)
and f(K,L) (= a certain root of unity) are defined in (2.9) and (2.21) respectively. In
Sections 5 and 6 certain infinite products are examined which are needed in later sections.
In Sections 7 and 8 the behaviour of > ° VMS@ ass — 1" is determined (Propositions 7.1,
7.2 and 8.1) in terms of the infinite products discussed in Sections 5 and 6. Inverting (1.3)
we obtain

w(d)

(1.4 Pk(n) = h(d)

> LK) WL(n),

LeH(d)

see proof of Proposition 9.1. The total number of representations of n by the class K of
H(d) is denoted by R (n). Clearly

(1.9) Rk(n) = > Pc(n/e?) (see (25))

e2|n

so that by (1.4) and (1.5)

(L6) Z Re _ 55 )Z () _ C(ZS)w(d) SRR lzWL(n)

n=1 LeH(d)

see proof of Proposition 9.1. From (1.6) knowing the behaviour of >°-° Jﬁlﬂl ass — 1%

for each K € H(d), we can determine the behaviour of "2, Mnsﬂl ass — 1* in the form

3R 27r/\/\7 + ACK, )+ 05 — 1)

nS
n=1

for a certain constant A(K, d) (Proposition 9.1). On the other hand we can obtain a second
representation

Z Rk (n) _ 27T/\/_ +B(a,b,c) +o(s — 1)

S
nln

for a certain constant B(a, b c) where K = [a, b, c], by making use of Kronecker’s limit

formula for > %y-—o m)—, see Proposition 9.2. The equality A(K,d) = B(a, b, ¢)
(*y)#(0,0)
gives Theorem 9.3.
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Two numerical examples are discussed in Section 9. In Section 10 it is shown that the fa-
mous Chowla-Selberg formula for [Tp, , qen @ *In((b++/d)/2a)| (Theorem 10.1) is a
simple consequence of Theorem 9.3. In Section 11 it is proved that the Chowla-Selberg
formula for genera (Theorem 11.1) due to Williams and Zhang [10] in 1993 is also a
consequence of Theorem 9.3. In Section 12 an expression appearing in the evaluation of
In((b++/d)/2a)| given in Theorem 9.3 is discussed.

2 Notation

Let d be the discriminant of an imaginary quadratic field F. Let a, b, ¢ be integers satisfy-
ing (1.2). Thus
f = f(x,y) = ax? +bxy +cy?

is a positive-definite, primitive, integral, binary quadratic form of discriminant d. We call
f aform for short and write f = (a, b, ¢). Let I" denote the classical modular group, that is,

. r s o
F._{(t u)’r,s,t,uez, ru st_l}.

The class of the form f = (a, b, ¢) is the set of forms

[f]= {f(rx+sy,tx+uy)‘ (tr Z) er}.

We write [a, b, c] for [f] = [(a, b, ¢)]. With respect to Gaussian composition the set H(d)
of classes of forms of discriminant d is a finite abelian group called the form class group.
The number h(d) of classes in H(d) is called the form class number. The identity | of the
form class group H(d) is the class

[1,0,—d/4], ifd=0 (mod 4),
[1,1,(1—d)/4], ifd=1 (mod 4),

and the inverse of the class [a, b, ¢] € H(d) is the class [a, b,c]~* = [a, —b, c] € H(d).
A positive integer n is said to be represented by the form f = (a,b,c) if there exist
integers x and y such that

(2.1) n = ax® + bxy +cy?.

A pair (x, y) of integers satisfying (2.1) is called a representation of n by the form (a, b, c).
If ged(x, y) = 1 the representation is said to be proper. As d < 0 there are only finitely
many representations of n by (a, b, ¢). The number of representations of n by the form f is
denoted by R¢(n) and the number of proper representations by P (n). It is well known and
easily proved that

22) Ri(n) =Y Pr(n/e?),

e?|n
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where e runs through the positive integers whose squares divide n. If the forms f; and f,
belong to the same class K € H(d) then there is a one-to-one correspondence between
the representations of n by f; and those of n by f,, as well as a one-to-one correspondence
between the proper representations of n by f; and those of n by f,. Hence if K € H(d)
and f, f, € K then Ry, (n) = Ry, (n) and P, (n) = Py, (n). Thus we can define the number

Rk (n) of representations of n by the class of K of H(d) by

2.3) Rk(n) :=R¢(n) forany f e K

and the number Py (n) of proper representations of n by the class K by

(24) Pk(n) :=P;(n) forany f € K.
From (2.2), (2.3) and (2.4), we see that

(25) Re(n) = 3 Pi(n/e?)

e2|n

for any positive integer n and any K € H(d). We also set

(26) RM:= Y R(), PM):= ) Px(n),
KeH(d) KeH((d)
so that by (2.5) we have
(2.7 R(N) =Y _P(n/e?).
e2|n

It is known that

w(d), ifK =1,
2.8 Rk (1) =Px(1) =
(2.8) k(1) = Pk(2) {o, K £,
where
6, ifd= -3,
(2.9) w(d) = {4, ifd=—4,
2, ifd< —4.

The definition of the Legendre-Jacobi-Kronecker symbol (%) for a discriminant d and
a positive integer Kk is recalled in [5, p. 278]. If p is a prime for which (%) = —1 then
Rk (p) = Px(p) = Oforany class K of H(d). If (%) = +1 the congruencet? = d (mod 4p)
has exactly two solutions satisfying 0 < t < 2p. We let t denote the smaller of these and

define the class K, € H(d) by

(2.10) Kp = [p,t, (t* —d)/4p].
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The prime p is represented by the classes K, and K,;l of H(d) and by no others. If (%) =0
(equivalently p | d) then p is represented only by the class

(2.11) Kp =Kyt = [p, Ap, (\?p? — d)/4p],
where

0, ifp>2,d=0 (mod4),
orp=2,d=8 (mod 16),

1, ifp>2d=1 (mod4),
orp=2,d=12 (mod 16).

(2.12) A=

Moreover

0, if (§) = -1,
or(%) =0orlandK #Kp, Kyt
w(d), if(%) =landK =K, # Ky},
or(%):landK =Kyt #Kp,
or (%) =0andK = Kp(= Ky 1),
2w(d), if(§)=1landK =K, =K.

(213) Rk(p) = Pk(p) =

More generally in Section 3 we give an explicit formula for Px (n) for any positive integer n
and any class K of H(d), see Proposition 3.1. This formula for Px (n) is given in terms of
the quantity N (n) defined in Definition 2.1.

Definition 2.1 Let n be a positive integer. Let K € H(d). Suppose first that n > 1.
Letn = p§*--- p? be the prime power decomposition of n, that is, p, ..., pr are r(> 1)
distinct primes and ay, . . ., a, are positive integers. If (%) = —1forsomei (1 <i<r)we

set Nk (n) = 0. If (%) =0orlforeveryi(1<i<r)weset

Nk (n) := number of (gq,...,&r) € {—1,1}" such that

(2'14) aje are
(Kp )t -+ (Kp )™ =K.

Now suppose that n = 1. In this case we set

1, ifK=1
2.15 Nk (L) =<4 ’
(2.15) @) {o, ifK £ 1.
We note that
(2.16) > Ni(n)=2".
KeH(d)
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We let the type of the finite abelian group H(d) be (hy, ..., hy). The positive integers
hy, ..., hy are called the invariants of H(d) and are such that

(217) hlhg:h(d), 1<h1|h2||h[

Moreover there exist A, ..., A, € H(d) such that ord(A;) = h; (i =1,...,¢) and for each
K € H(d) there exist unique integers ky, . . . , ky such that

(2.18) K=A .. AR 0<kj<h (j=1,...,0).

We fix the choice of the generators Ay, . .., A, of H(d) once and for all. The nonnegative
integer k; is called the index of K with respect to the j-th element of the ordered set of
generators A = {Ay, ..., A/} and is written

(2.19) indp,(K) =k; (j=1,...,0).
For K,L,M € H(d) we set

l
da, (K) inda, (L
(2.20) [K,L] = Z M
j=1
We note that [K,L] = [L,K], [K,I] = 0, [KL,M] = [K,M] + [L,M] (mod 1), and
[K", L*] = rs[K, L] (mod 1) for integers r and s. Then we define

(2.21) f(K, L) := e?mIKH,

If it is important to indicate the basis A we write [K, L] for [K,L] and f4(K,L) for
f(K,L). Clearly f(K,L) = f(L,K), f(K,I) = 1, f(KL,M) = f(K,M)f(L,M) and
f(K",L%) = f(K,L)™ for any integers r and s.

Simple calculations show that

h(d), ifK =1,
0, ifK£I,

h(d), ifK =L,
0, ifK £L

MeH(d)

> f(K,M) = {
(2.22)

> f(K,MF(M, L)t = {

MEH (d)

Next, for a positive integer n and K € H(d), we define

(2.23) Wk (n) > f(K,LP(n).

LEH(d)

(d)
We note that

(2.24) Wk (L) = > K DP(D) = f(K, ) =1

LeH(d)

W
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and that

@) Wi = S DR = o > P = L.

LeH(d) LeH(d)
We will also use the following notation:

7(n) := number of distinct prime divisors of the positive

(2.26) .
integer n (so that 7(1) = 0),

(2.27) n* ;= radical of n = H p (sothatl* =1),

pin

. 1 1

~ = Euler’sconstant = lim <1 +-+.-.-+=—log n>
(2.28) n— oo 2 n
= 0.57721566 (approx),

(2.29)

. . =1
¢(s) == Riemann zeta function = =
n=1

-1
=11 ( - _s> (s>1) (sothat¢(2) = 7%/6),

p

L(s,d) := Dirichlet’s L-series for discriminant d
(2.30)

I'(x) := gamma function :/ t*“le~tdt (x> 0)
(2.31) 0

(sothat I"(n) = (n — 1)),

q@=I] (1-5;) G=-100

p
(2.32) ()=
(s that t_; (@)to(@ta(d) = [ ] (1 _ %) LR
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(2.33) (K, d):= ] <1+ w> (K € H(d)).
p
($)=0

With regard to (2.33), we note that writing (m, n) for gcd(m, n) from now on

(%>_0:»Kp_+<pl

= Kp - HAJ(Z‘hj)7 C] - 07 a(27 h]) 17 J = 17 767
=1
i3 L h S 2y
= f(K,Kp) =¢ el (_1)1:21 W

so that £(K, d) is real. Also

- T (10 1K)
P

( 0

ol
~
Il

|
=
/N
[EN
+
—
~
A
© | X
o
~
AN
N—

—~

Sia
T
o

|
=
/N
[y
+
—
)
A
o |-
Za)
o
~
SN—

—~

Sla
T
o

as f(K,Kp) = %1, so that
(2.34) K1 d) = 4(K, d).
3 Formula for Py (n)

We prove

Proposition 3.1 Let n be a positive integer and let K € H(d). Then

018 () (£ (2o

g[n

where the prime (') indicates that the (positive) divisors g of n are restricted to be squarefree.

Proof When n = 1 the right hand side of the asserted formula is w(d)Ng (1), which is
equal to P (1) by (2.8) and (2.15). Thus we may assume that n > 1.
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If n has a prime factor g such that g% | n, q | d then it is easy to show that n cannot be
represented properly by any form of discriminant d so that Pk (n) = 0. Set n = g°n;, where
gfniand 8 > 2. Then

()~ (o) = (&) ()

showing that the asserted formula holds in this case.

Further, if n has a prime factor r such that (%) = —1then again it is easy to show that n
is not properly represented by any form of discriminant d so that Px(n) = 0. Setnh = r7ny,
wherer tnyand v > 1. Then

SO 2 G-

gln g1 [N

so the asserted formula works in this case too.
Hence we may suppose that n has a prime factorization of the form

a a
n:pll... rrql...qs7

where the p; (i = 1,...,r) are distinct primes with (%) =1,theq (i =1,...,5) are
distinct primes with (%) = 0 (equivalently g;|d), and the a; are positive integers. In the
ring of integers Or of F = Q(+/d) we have (see for example [1, p. 142])

piOr =PiP; (i=1,...,r),
where P; and Pj are distinct conjugate prime ideals with N(Pi) = N(P;) = pi, and
inF:Qi2 (izl,...,S),

where Q; is a self-conjugate prime ideal with N (Q;) = g;. Thus the prime ideal decompo-
sition of the principal ideal nOg is

NOg = PP ... PP/ Q ... Q2.

A nonzero ideal A of O is said to be integerfree if kOg | A, where k is an integer, implies
that k = +1. From the prime ideal decomposition of nOg, we see that all integerfree ideals
A of Og with norm n are given by

(3.1) A = PPpTU . pIpA—UQ; ... Q,,
where each u; = 0 or a;. For K = [a, b, c] € H(d) we set
Ik (n) := number of integerfree ideals A of O with

(3.2) . b+ \/H]

N(A) =nandA = |a, 5
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Here A denotes the class of the ideal A in the ideal class group. We note that Iy (n) is well-

defined for if K = [a,b,c] = [, b/,¢'] then [a, =23¥4] — [a/, =0+, see for example
[2, Theorem 7.7]. From (3.1) and (3.2) we deduce that

Ik (n) = number of r-tuples (ug, ..., ur) with

each u; = 0 or a; such that

2

—b+
R LR R

As P;P! and P'® are both principal ideals in O, we have

PiP, =P, = P@ = F)'©,

so that
PO, =1
Set
o= 1, ifui:ai,
Tl -1, ifuy =0.
Hence
sUis/a—u _ gui+h(d)—1)(a—u)
P:J Pia u _ P:J ai—U
. ﬁﬁi, if ui = aj,
Py, ifui =0,
— ﬁ&a.
Thus

Ik (n) = number of (ey, ..., &) € {—1,1}" such that

=€ =Erdr —b+ \/_
Pllal" an Qs* [ 3 2 ]

As Q2 is principal, Q; = Q; * so

Ik(n) = —number of (e1, ..., er+s) € {—1,1}" such that
(3 Berar _Er+ r+s _b + \/_
Pllal . Pr a Qi 1 . Q: _ [ , 2 ]
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Let « be the isomorphism between the form class group and the ideal class group given by

_b+\/a

a(fab,cl) = [a, >

see for example [2, Theorem 7.7]. Then

a(Kpi):a([pi7ti7(ti2_d)/4pi]) = lpi,;

and
ae) = ([ e O3 — 4] ) = [ =

see for example [1, pp. 144-145], so that

1
Ik(n) = > number of (¢1, . . ., r+s) € {—1, 1} such that

f181 | KERKEM | KErs —
Kp: Ko Kes Ke™ =K

1
= gNK(n)-

Now each integerfree ideal A of O with N(A) = nand A = [a, %ﬁ] gives rise to exactly
w(d) proper representations of n by K = [a, b, c], see for example [2, pp. 137-142], so that

Pk(n) = w(d)lk(n).
Thus

) - 4O

_ w(d)

T oors

= V;Si) ( fin—l.(.j. p?,—1> irl <1+ <%>)
(2)-5(2)-»

w(d) / d ' (d
(5 E (o

gln

Nk (n)

2rNK(n)

as asserted. This completes the proof of Proposition 3.1.
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4 W(n) is a Multiplicative Function of n

In this section we use Proposition 3.1 to prove

Proposition 4.1 Let n be a positive integer and let K € H(d). Then Wi (n) is a multiplicative
function of n.

Proof Let n; and n, be positive integers with (ny,n,) = 1. It follows immediately from
Definition 2.1 that for all K € H(d)

(4.1) Nk(ninz) = > Ni, (n)Nk,(n),
KiK=K

where the sum is over all pairs (Ky, K,) of classes of H(d) with K;K, = K.
From (2.23) and Proposition 3.1, we obtain

Wi (n) = 2—1(n) <%) <Z' <g>> S F(K,DNL().

gln LeH(d)

Since each of 4, (n/%), Zé‘n(g) is a multiplicative function of n, to prove that W (n)

is a multiplicative function of n, it suffices to show that ZLeH(d) f (K, L)NL(n) is a multi-
plicative function of n. We have

> f(K, DN (nny)

LEH(d)

= > (KL > Ny ()N (o)

LeH(d) Lilo=L

Z Z f(K, L1L2)NL, (n1)N, (n2)

LeH(d) Lil=L

> > (K L) F(K, LN ()N, (n2)

LieH(d) L,eH(d)

D> K LONL () D (K LN, (ny),

LieH(d) LoeH(d)

which completes the proof of

Wi (ninz) = Wi (n))Wk(nz),  (ng,nz) = 1. -
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5 Estimation of a Certain Infinite Product

Our aim in this section is to prove the following result. We make use of the ideas in [4,
pp. 346-353].

Proposition 5.1 Let K € H(d). Let w be a complex number with |w| = 1. Then there exists
a nonzero complex number C (K, d, w) depending only on K, d and w such that

11 (1 - %) = (s — 1)*/*Cc(K,d,w)(1 +o(s — 1)), ass— 1",
p

(=t

Kp=K

where p runs through prime numbers.

This proposition will be used in the proof of Proposition 6.1. In order to prove Propo-
sition 5.1 we require a number of lemmas. For x € R and K € H(d) we set

a0 = > 1,

p<x
Kp=K

Oka(x) = _ logp,
p<x
Kp=K

kig() = > logp,

p<x P
Ko=K

Mo = 3

p<x
Kp=K

where p runs through prime numbers.

Lemmab5.2 LetK € H(d). Then

1 x X
0 iy iogn "0 (i)

where the constant implied by the O-symbol depends on K and d, and not on x.

Proof From the prime ideal theorem with remainder for ideal classes, see for example [7,
Corollary (i), p. 369], and the relationship between the ideal classes in F = Q(+/d) and the
form classes of H(d), we have

N

2h(d)ﬁi(x) + OKjd(xe—b(K,d)\/@x

TKd(X) =
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for some positive number b(K, d) depending only on K and d. As Zi(x) = @ + O(ﬁz—x)

and e PKDvlogx — o, d(jogrz): the asserted result follows. [ ]

Lemma5.3 LetK € H(d). Then

1 X
s = g0 (1)

Proof By partial summation we have

X
a0 = mealogx— [ "Bt x>2
2

see for example [4, Theorem 421, p. 346]. The result now follows on using Lemma5.2. &
Lemmab.4 LetK € K(d). Then

Kk d(X) = log x + Ok ¢(log log x).

2h(d)

Proof By partial summation we have

0 Ok a(t

a0 = d( ) / K d( ) gt
The result follows on using Lemma 5.3. ]
Lemmab5.5 Let K € H(d). Then there exists a constant ¢(K, d) depending only on K and d
such that )

logl +c¢(K,d)+0 — ).
Mal®) = g5 109100+ o(K. ) + O (o)

Proof Set

kK, d(X) = log x + 7k 4(X).

2h(d)
By Lemma 5.4 we have 7 4(x) = Ok q(log log x). Next, by partial summation, we have

_ ka0 X F»K,d(zt) dt
log x 2 tlog°t

Appealing to Lemma 5.4, we obtain

1 log Iogx> /X K4 (t)
Mkd(X) = =—=<+0 loglogx — loglog 2) + : dt

As T 4(t) = Okgq(loglogt) the integrals [, Tf;g(dt) dt and [ T‘f—(;’g(zt—i dt are convergent.
Moreover

/ Tk 4 (t) dt ( 1 )
———5— =0y )
«  tlog’t log log x
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S0
1
Ak d(X) = 2h(d) loglog x + c(K, d) + Ok g (W) ,
with ( )
e HK,d(t) 2h(d) logt
c(K,d 1 —1loglog?2) + dt. ]
(K.d) = 2h(d)( glog2) /2 tlog’t

Lemmab5.6 LetK € H(d). Then

1
Zp: i 2h(d) log(s — 1) + (c(K d) — 2h(d)> +o(s—1),

Kp=K

ass — 1%,

Proof Let § be a real number satisfying 0 < § < 1/4. By partial summation we have

Z 1 )\Kd(x) 5/ )\Kd(t) x> 2.

pl+(5 t1+($

p<x
Kp=K

Let X — +oo. By Lemma 5.5 we obtain

s < Ak d(t)
pl+0 t1+(5

Set

Aa(X) = 5 loglogx + ¢(K, d) + Ex g(X).

2h(d)

By Lemma 5.5 we have Ex 4(x) = OK,d(m), say

e(K,d)
<
|EK,d(X)‘ >~ IOgIOgX, )
for some positive number e(K, d). Then
1 0 * loglogt ¢(K,d)  Ek g(t)
Z pr 2h(d) f, i dt + 25 +5/2 t1+o dt,

Kp=K

asd [, & = L. Now

log lo Z llog |l
‘ / g gt ‘ / M dt = constant
t1+5 1 t
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so that )
loglogt
6/1 - dt = O(9).

Further, puttingt = e*/%, we obtain
oo Ioglogt <
6/ {75 —/0 “Iog(é) du
:/ e‘“logudu—log&/ e~V du
0 0

—logd,

/ e Vlogudu = —,
0

see for example [3, p. 602]. Hence

> loglo t
5 / ?1+5g —log§ + O(5).

as

Now set T = e!/V? so that

logT =1/v6, loglogT = %|Iog5|, T>é.
We also set g(K, d) = fe [E<s®l . Then
’ / Exa(®) ‘
t1+5

<5/e LRI 5/ B0l g 5 [~ O

ti+o tito

e? T o]
ga/ Exo® 4, , 5 8K d) [T dt ek [ dt
) loglog(e?) Je t¥*9  “loglogT J; t1*0
e(K,d) Tgﬂse(K,d)i
loglog T §T?
( d) e(K,d)
log 2 lo T+Iog|ogT
2e(K, d)
[log 4|
2e(K,d)
llogd]

< 6g(K,d) +9

<dg(K,d)+4§

< 0g(K,d) +26e(K,d)log T +

= g(K, d)d + 2e(K, d)V/6 +
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so that S
5/ :idé Yat = o(s), asé 0"
2
Hence
1 1
Z o = 2h(d) (—'y —logd + 0(5)) +c(K, d)(l + 0(6)) +0(6)
Kpp:K
= —Llo o+ | c(K,d) — v +0(6)
BRFLC ™ 2h(d) ’
as & — 0*. Finally we set's = 1 + § to obtain the asserted result. n

Lemma5.7 LetK € H(d). Let w be a complex number such that |w| = 1.

() The series

converges.
(ii) Denoting the sum of the series in (i) by A(K, d, w), we have

> (Z nC:)ns> =AK,d,w)+o(s—1), ass—1%.

p n=2

P

Proof Fors > 1 we have

=1 1 1& 1 1o1p? 1
< < <z — =z < —
_annS_ann_Zan 21_1/p_p2’

so the series > » (3-02, n’“;)"m) is uniformly convergent for s > 1. Thus, in particular,
Kp=K

oo O, %) converges, proving (i). Moreover, the uniform convergence ensures that
Kp=K

e n > n
S|Lr711+ Z (Z nﬁns) = Z (Z nw—pn> =AK, d,w),
p n=2 p n=2
p= p=

proving (ii). We note that A(K, d, w) = A(K, d, w). ]

Lemma 5.8 Let K € H(d). Let w be a complex number with |w| = 1. Then there exists a
nonzero complex number B(K, d, w) depending only on K, d and w such that

H (1_%> =(s—1)7@B(K,d,w)(1+0(s — 1)), ass— 1".

P
Kp=K
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Proof Lets be a real number withs > 1. We have as |w/p°| < 1

n(-3)- e
p

p
Kp=K Kp=K
> log(l— %)
p
_ er:K
x N
- T S
n=1
—e K=K
1 S
v Y AT Sk
P pon=2
—e Kp=K Kp=K

e (— 7k 10g(s—1)+e(K d)— #gm+o(s—1)) —(A(K,d.w)+o(s—1))

(by Lemmas 5.6 and 5.7(ii))
= (s — 1)*/"@B(K,d,w)(1+0(s — 1)), ass— 1,

where
B(K, d,w) = e° (s ek D) AKS) o
We note that B(K, d, w) = B(K, d, @). ]
Proof of Proposition 5.1 Let K € H(d). If p is a prime with K, = K then (%) =0orl.
Hence
I (1-3)
m65)-5
PP 1 _w
p 5
(4)-1 D ( P )
Kp=K (8)=0
Kp=K
s — 1)/MDB(K, d, w)(1+o0(s — 1
= ( ) (K. d,w)( ( ) (by Lemma 5.8)
I (1-%) (1+o6-1)
(§)=0
Kp=K
= (s — 1)70C(K,d,w)(1+0o(s — 1)), ass— 1%,
where B(K. d
CK.dw) = 2Hdw) g
I (1-3)
(=0
Kp=K
We note that C(K, d, w) = C(K, d, ). ]
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6 The Quantity j(K,d)
In this section we make use of Proposition 5.1 to determine the limiting behaviour of the

infinite product
1 <1_ f(K,Kp)) <1_ f(K,Kprl)
pe pe

as
»

ass — 17 for K(# 1) € H(d). We prove

Proposition 6.1 If K(~ 1) € H(d) then

i 1 (- 959) (- 2

OF!

exists and is a nonzero real number which we denote by j(K, d).

Proof Lets be a real number with's > 1. Then

IT (- 55) (-5

(=1
H (1 e27ri[K,Kp]> (1 e—zni[K,Kp]> (by (2.21))
L ps p®
(5)=1

27i ﬁ:lindAj (K) indAj (Kp)/hj —2mi ﬁ%indAj(K) indAj (Kp)/hj
e 1= e j=
= H 1 - pS 1 - pS

p
($)-1
(by (2.20))
hy—1.. h—1 2 ékjbj/hj —2ri ékjbj/hj
= H H T I PR
by,....bs=0 (d;) p? p
dy_1
p
(by (2.19))
hi—1,....h,—1 L exp(2ri ik_b_/h_) 1
_ H (S_l)zh(d) = JC(Atl’l...A?é7d,exp<27ri2kjbj/hj>>
bi,...,b,=0 j=1
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¢
_1 —27i kibi /h;
(s — 1)2h(d) exp(—2mi 12:21 ibj/ J)C <A1

l
by | .A257 d, exp(—27ri Z kjbj/hj))
j=1
x (1+o0(s—1)) (by Proposition 5.1)

¢ h —1 —1

D (H( > exp(2ik; bj/hj))+H( Z exp(—2mik; bJ/hJ)))
— -1 i=1 6,20
hi—1,...h—1 ¢
X H C<A?1...A?é’d,exp<27riijbj/hj))
by, by=0 =1

l
x C (A?l A, d,exp(—2mi > k,-bj/h,-)) (1+0(s — 1)).
=1

AsK # | at least one of ky, ..., Kk, is nonzero, say k;, in which case 0 < kj < h; and

hj—1

> exp(2mikjb; /hj) = 0.
bj=0

I (- 55) (-5

Thus

(-1
hi—1,...,h,—1 l
- I C(Agl...Agz,d,exp(zwiZk,-bj/hj))
b,...,be=0 j=1

l
% C (A*{l A, d,exp(—2ri ijb,—/h,—)) x (1+0(s — 1))
j=1

= J[ c(t.d f(KL))C(Ld, f(K,L)™)(1+o(s—1)),
LeH(d)
ass — 1%, by (2.18)—(2.21). Hence
-1
im ] (1_ f(K,Kp)> (1_ f (K, Kp) )
s—1+ 5 pS pS
(=1

exists and is equal to

(6.1) J(K,d) = H C(L,d, f(K, L))C(L,d, f(K, L)*l).
LeH(d)
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Since each C (L, d, f(K,L)*!) (L € H(d)) is a nonzero complex number and

C(L,d, f(K,L)™") =C(L,d, f(K,L)) =C(L,d, f(K,L)),
we see that j(K, d) is a nonzero real number. ]
As f(K,L)™! = f(K~1, L) we see from (6.1) that
(6.2) jK.d)y= [] c(Ld, f(K,D)C(L,d, F(K™L)) = j(K™,d).
LeH(d)

It is convenient to set

t1(d)
6.3 m(K,d) := - , KeH(d),
(6.3) (K.0) = <o (@
where t;(d) is defined in (2.32). Thus, appealing to (2.32), Proposition 6.1, and (6.3) we
obtain
_ 1
I (1-%)
OF!
m(K,d) = ?
. — f(KKp)  f(KKp) !
Jim 0 (1= 465) (1252
(H=1
_ 1
sl—l[rl]* ]‘;[ (1 sz)
B (P=1
T _f(KKp) KK
Jim 11 (1-152) (- 52
($)=1
that is
(t-5) (1+3)
o p P
(6.4) m(K,d) = Sllﬁl H (1 B f(K,Kp)) (1 B f(K’Kp),l)-
P P
¢)=1
From (6.2) and (6.3) we deduce that
(6.5) m(K,d) = m(K~1,d).

7 Evaluation of 20 W@ 'y £ |

nS
In this section we prove the following result.
Proposition 7.1 Let K(s 1) € H(d). Then

i\NKT(n) :f(de)m(de)(1+0(S—1)), ass — 1%,

n=1
where ¢(K, d) is defined in (2.33) and m(K, d) in (6.3).
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Proof Let K(# 1) € H(d). Setk; = orda(K) (j = 1,...,4), so that (k... k) #
(0,...,0). Let p be a prime and let « be a positive integer.

First we consider those p for which (%) = 0orl Seth; = orda (Kp) (j = 1,...,4).
Letsy,...,s beintegerswith0 <s; < h; —1(j =1,...,£). Appealing to Definition 2.1,
we see that

Npst...ax (P%) = number of e(= +1) such that K= = A} - AY

= number of e(= +1) such that AJ:° ... AD*® = AY ... AY
= number of e(= £1) such that bjae =s; (mod hj)) (j=1,...,9)

2, if(A) sj=bja=—-bja (modh))(j=1,...,0
1, if(B) s;j=bja (modh))(j=1,...,¢)and
bja # —bja  (mod hj) for some j,
= or (C) sj=—bja (mod hy)(j=1,...,0)and
bjoe # —bjac  (mod hj) for some j,
0, if(D) s; # bja (mod hj) for some j
and sy  —bya  (mod by) for some k.

Hence

l
b1 he=1 i S b,
j=1

> fKDNL(p™) = e T Npa e ()
LeH(d) S1,...,80=0
ot
_ {ZZ+Z+Z}e2ﬂ'Ij§1kJ‘Sj/hj
®w ® ©
L
2mi 37 kjsj /hj
(D) (s
®  ® @  ©

¢
2i kjsj/h;j
_ Z + Z o 'J_Z;l isi/hj
(Au®B)  (AUE)

2mia S kisi/hy  —2mia 3 kjsj/h
i=1 =1

=e +e
=0“+60"“,
where we have set for convenience
l
27 3 kjbj/h; )
g=e it —e2mlKK] _ f(K, Kp).

Note that 6 depends on p, d and K, and that |§| = 1. If (%) = 1, from Proposition 3.1, we
deduce that

PL(p™) = W(dNL(p®) (L € H(d))
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so that
Wk (p?) = — w(d) > (K, LPL(p*)
LeH(d)
= Y (K, DN(p%)
LeH(d)
=g +oe
Thus
i Wk (p*) _ i g +6
~ paS ~ paS
__o/p 0~/p°
S 1-6/p0 1-671/ps
_o/p+07/p—2/p®
(1-0/p)Q—-0-1/p)
so that by (2.24)
iWK(p") _ 4 /0o —2/p
cops T -6/ - 671/p)
that is
— Wk (p)) 1-1/p* (d)
7.1 == , if (=) =1
) 2o @ aa-i e
If (%) = 0 then, by Proposition 3.1, we have
0, ifa>2
PL(p®) = -
L(p%) = {MN ), ifa=1

Hence

wK(p“>—— Z f(K, L)PL(p")
w(d)
H
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Thus

) ; 1 1
(72) SO WD 20RO (9> —0.
= p p

Now suppose that (%) = —1. By Proposition 3.1 we have P_(p®) = 0. Then, by (2.23),
we deduce that W (p®) = 0. Thus

(7.3) iw';(jfj) —1, if (%) — 1

j=0

Next, by Proposition 4.1, W, (n) is a multiplicative function of n so that

i W;s(n) - H(i W;(j?j))

n=1 p j=0

Appealing to (7.1), (7.2) and (7.3), we obtain

o~ Wi(n) _ a (9+9 )
2w *Ha— )(1—%:>H< )

(=1 (80
p

ole

We now consider the product

I (1-5) (- 5) = 1 (-757) (- 5)

j(K,d)(1+o0(s—1)), ass— 17,

by Proposition 6.1. Here we used K # 1.
Further

11 <1—%> =t(d)(1+o(s — 1)), ass— 1,
p

(=1
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where t;(d) is defined in (2.32). Also

Lo+07
2 =
H (1 * p® )

o (
p

pS

=

(1 . L(f(K,Kp) + f(K,Kp)_1)>

ol

)=0

) (L+0o(s— 1))

I
==

(1 L 3 (FKK) + F(K,Kp) ™)
p

=0

—~
ocla
~

|
==

f(K, Kp) B
<1+7p )(1+o(s 1))

($)=0

= 4K, d)(1+o(s—1)), ass— 1,

Sla
-~
Il

since d
(5) — 0= Kp = Kyt = F(K,Kp) ™t = F(K,K3Y) = £(K,Kop).

We have shown that

Wi (n)  ti(d)(1+0(s — 1))4(K,d)(1+0(s — 1))
D no (K, d)(1+0(s — 1))

n=1
= ((K,d)m(K,d)(1+o(s — 1)), ass— 1", [
The next result is a slight modification of Proposition 7.1, in a form convenient for use
in the proof of Proposition 9.1.
Proposition 7.2 Let K(s 1) € H(d). Then

(2s) i W’:]S(“) - %ZE(K, dym(K,d)(1+0(s — 1)), ass— 1",
n=1

Proof By Proposition 7.1 we have

SO i pmei,dh (140 — 1)), a5 1

n=1 n®
Also )
¢2s) = (1 +0(s — 1)) = %(1 +os— 1)), ass— 1%,
Hence
(2) nf; Wf]s(”) _ %ZE(K,d)m(K,d)(l ro(s—1)), ass— 1", -
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8 Evaluation of ) o, W0

In this section we determine ¢(2s) Y-~ Vﬂgﬂl ass — 1% in the excluded case K = I. This
is the companion result to Proposition 7.2.

Proposition 8.1

9y
n=1

2nh(d) 1

~ w(d),/Jd[s - 1
gl
4myh(d) | 2m(log2mh(d)
|
+{w(d)\/?|+ w(d)+/]d] mzl< ) Ogr(ld|>}

+0(s — 1),

ass — 1%,

Proof From (2.25) we have

P(n)
Wi(n) = w(d)
so that
W, (n) 1 P(n)
; ns w(d)Z ns ’
Thus

= W, (n) 1 = 1 PN
((Zs); = ZwZ@Z e

m=1 n=1
1 &1
- 3" =3 P
W(d);:;ﬁS ;
m2n=¢

1 m2|¢
1 RO
_W(d); s

by (2.7). Now, by Dirichlet’s formula (see for example [5], [6]), we have

RO -w@ X (§).

ell
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() = g +rrol 1),

where ~ denotes Euler’s constant, and

1

L(s,d) = L(L,d) + (s — L'(L,d) + o((s — 1)?),

so that

W.(n) L(1 d) ,

<(2>Z 1

+ (YL@, d) + L'(L, d)) +0(s — 1).

Now, from [1, p. 171] and [8, p. 110], we have

L(L,d) =

and

L'(1,d) =

2h(d)r(y + log 27)

27h(d)

w(d)+/]d]

|d]

w(d)+/]d]

so that

— W, (n)

(29>
n=1

2nh@d) 1

~ w(d)y/Jd[s - 1
47vh(d)

, 2m(log 2m)h(d)

() (),

VP>

|d]

: {w(d)m
+0(s — 1),

as asserted.
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9 Evaluation of [n((b + v/d)/2a)|

Let K € H(d). In this section we determine > .2, %Q(s > 1) in two different ways
(Propositions 9.1 and 9.2). First we make use of Propositions 7.2 and 8.1 to prove Proposi-
tion 9.1. Secondly we appeal to Kronecker’s limit formula to prove Proposition 9.2. Equat-
ing the expressions in Propositions 9.1 and 9.2, we obtain the main result of this paper
which gives a formula for [ ((b + v/d)/2a) | (Theorem 9.3).

Proposition 9.1 Let K € H(d). Then

Y R Z/_Vl‘ Lr AR d)+os— 1), ass— 17,
n=1

with

|d]

4wy 2n(log27) ww(d) (d) (m)
A(K,d) = — — |logT | —
KO =5 = hayia 2 \m) '

72w(d)
6h(d)

+

> f(L KL, d)m(L, d),
LeH(d)
LAl

where f (L, K) is defined in (2.21), 4(L, d) in (2.33), and m(L, d) in (6.3).

Proof Appealing to (2.22) and (2.23), we obtain
> LR = s Y LT S AL MPUG)

LEH(d) LEH(d) MeH(d)

1 _
= w@ 2 Pu® > fMDILK)T

MeH(d) LeH(d)
1
= — Pm(mh(d)
w(d) M%((d) M
~ h(d)
= @PK(n)
so that @
w _
P = 1) L;%d) f(L, K)~'W(n).
Hence

o~ Px(n) _ w(d) _1x- Wi(n)
> = ) > (LK) 1;7'

LeH(d) n=
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By (2.5) we have
Z R _ g )Z Pe(n)
n=1

so that

>0 3 o ey ).

n=1 LeH(d)

Appealing to Proposition 7.2 and 8.1, we obtain as f(I,K) =1

iRK(n):w(d) { 2nh(d) 1, 4mh(d)
ns hd) L w(d)/|d[s—1 w(d)/]d]|

, 2r(log2m)h(d) |

m
w2 () oor () o
+ 3 f K)‘l%E(L,d)m(L,d)(1+o(S—1))}

n=1

LeH(d)
LAl
20/l { 4ry | 2m(log2r)  7w(d) i( > <E>
s—1 Vd] VAl h)y/]d] £ |d|
L, T @) F(L, K)~Le(L, dym(L, d)} +0(s— 1),
6 h(d) L;;d)

LAl

ass — 1%, The asserted formula now follows as

> LKL dm(L,d) = > LT K)L, d)m(L, d)

i i

> LKL dmLhd) L LY
LeH(d)

LA

> (LKL, dm(L, d),

LeH(d)
LI

by (2.34) and (6.5). ]
Proposition 9.2 LetK = [a, b, c] € H(d). Then

ZRK(n) 27T/\/|F+B(abC)+0(5 1)

b , ass— 1%,

n=1
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(=)

where

SV Ve e

Proof We have forn > 1

Re(M) =R@pomM = Y 1= > 1
X,y=—00 X,y=—00
ax?+bxy+cy’=n (>< )’)76(0 0)

ax?+bxy+cy?=n

so that, by Kronecker’s limit formula (see for example [9, Theorem 1, p. 14]), we obtain

(X y)?é(o 0)

ax?+bxy+cy?=n

> 1
- VZ (ax? + bxy +cy?)
(X ¥)#(0,0)

- 27;/_7\/1H| +B(a,b,c) +o(s — 1),

b++/d
" 2a

ass — 1%, where

B(a,b,c) — 4my  2mlog|d] 8w log <a1/4

Vidoo Vid Vdl

Theorem 9.3 LetK = [a,b,c] € H(d). Then

(%)

(9.1) wa _mOVII g kL dmLd)

|d| ( ) gh(d) ~  48n(d) LeH(d)
= (2r[d])~"/* Hr<d|> g L ,

where f (L, K) is defined in (2.21), ¢(L, d) in (2.33), and m(L, d) in (6.3).

) .

a—1/4

Proof From Propositions 9.1 and 9.2, we deduce that

A(K,d) = B(a,b,c),
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so that
|d]

i PORIE

L Tw(d)
" 6h(d)

> (LKL, d)m(L, d)
_ A4my  2mlog|d| 8w o <a_1/4

LeH(d)
_ - (b + \/H>
N "\ "z

LA
Multiplying both sides by +/|d|/8x, and rearranging terms, we obtain

) o

_ mw(d)y/]d] S L K)AUL, dm(L, d).

48h(d) LEH(d)
LI
Exponentiating both sides, we obtain the asserted formula. ]

We close this section by illustrating Theorem 9.3 in the cases d = —15and d = —31.
First we treat d = —15.

Example 9.4 d = —15. In this case we have
H(-15) = {I,A}, A’>=1,

where
I=1[1,1,4], A=[21,72],

so that h(—15) = 2. The primes dividing d = —15 are 3 and 5. Appealing to formu-
lae (2.11) and (2.12) we obtain

K3 = [37332] = [2,_3a3] = [2?172] =A

and
Ks = [5757 2] = [27 _57 5] = [2a _17 2] = [2u 17 2] =A

Next (with A; = A, hy = 2, £ = 1) we have from (2.20)
[LI=[LAI=[A11=0, [AA]l=1/2
so that by (2.21)

f(,) =f(1,A) = f(AD) =1, f(AA) =—
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Then, by (2.33), we have

a9 (1 O9) (14 16K9) (1Y (128

Further, by (6.4) we deduce that

o (26
m(A, ~15) = lim 1;[ (1 ~ f(A,Kp)> (1 _ f(A,Kp)*l) '
pS

ps

(=1

As H(—15) is a cyclic group of order 2, by Gauss’ theory of genera, we have for p # 3,5

fAKp) =1+— Ky =1<¢+— <%3>

)
|

FAKp) = —1 ¢ Kp = A s <%3> _ <%
)

Il
A/
S| o,

so that

s—1*

(o
m(A, —15) = lim  []
p

As (Z2) = (3) = —1we have

-Ha-3

ENE

= — lim —
8 s—1+ ; (1_ A2) 1
15 . L(s, —3)L(5,5)

B am =

_ 151L(1, -3)L(1,5)

-8 €2

m(A ~15) = Jim - 11 (1-3)(1+3)

https://doi.org/10.4153/CJM-1999-011-1 Published online by Cambridge University Press


https://doi.org/10.4153/CJM-1999-011-1

208 Alfred van der Poorten and Kenneth S. Williams

15550 ()

) 72/6
= glog <1+2\/§> .

By Theorem 9.3, for K = [a, b, c] € H(—15), we have

a4

. (b + \/—15>’ _ (3070_1/4E1/se_#f(A,K)z(A,—ls)m(A,—ls)
2a ’

where
~ T(1/15)I'(2/15)I'(4/15)I'(8/15)

- T'(7/15)['(11/15)['(13/15)'(14/15)
Taking (a,b,c) = (1,1, 4), we obtain

1++/—=15 _ 1++/5
(5[ e (557
and with (a,b,¢) = (2,1,2)
(257 e (25)

Hence we have proved the following result.

—1/12

)

1/12
2—1/4

Corollary 9.5

" 1+ V=15 rijas
2

(557

—1/12

)

_ /2 (30,)~L/4EL/8 (1 +2\/5)

1/12
’n (1 + \/—15> ‘ _ (15m)V4EYS (1 + x/§>
4 2

Now we treatd = —31.
Example 9.6 d = —31. In this case we have
H(=31) = {I,A A%}, A*=1,

where
I = [13 178]3 A= [27 134]3 A2 = [27 _174],
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so that h(—31) = 3. Also

Ka1 = [31,31,8] = [8, —31,31] = [8,1,1]
=[1,-1,81 =[1,1,8] =1
Next, with A; = A, h; = 3, £ = 1, we have from (2.20)
LN =0,Al=[,A1=[AI1]=[A%1]=0,
[A,Al =1/3, [AA’]=[A%,A]=2/3, [A% A?]=4/3,

so that by (2.21)

f(1,1)=f(I,A) = f(I,A%) = f(A, 1) = f(A% ) =1,

f(AA) = f(A2A) =w, f(A A% = (A2 A) = u?,

where w = e?™/3 = 1(—1 +i+/3). From (2.33), we obtain forr = 0,1,2

-3 = ] <1+W> PRGN (GH)

; 31 31
(FH)=0
31 31
It is convenient to set

Lo i) =1K=1,
w, IF(EE)=1K,=A,

MPY=9 5 oy i 2
w*, |f(T):1,Kp:A,

0, otherwise.

Then, from (6.4), forr = 1,2 we have
(L-5)(1+7)
f(A,Kp) f(ATKp) L
(=2)=1 (1_ o ) (1_ b )
=lim [ (1_#) (1+#) :
2
) )
Appealing to Theorem 9.3 with (a, b,¢) = (1,1, 8), (2,1,4) and (2, —1, 4), we obtain
‘n (“— V2_31> ’ — (627) V4Ee R

m(A",—31) = lim ]
p

s—1*

s—1*

(FH=1
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and
(|- () o
where
31 31 1/12

m (T)
9.2) E.—{Hr(ﬁ) }
and

1 1
Y R )
' ' 279 s—>1+

(FH=1

Hence we have the following result.

Corollary 9.7
. 1+ V=31 _ rijoa
2

. <1 + \2/—_31> ’ _ e/ (627 /AR

and

) (1+ \4/—_31> _ ’n (_1+4\/—_31>’ _ (o ER

where E is defined in (9.2) and R is defined in (9.3).

10 Chowla-Selberg Formula
In this section we recover the Chowla-Selberg formula [8] from Theorem 9.3.

Theorem 10.1 (Chowla-Selberg formula)

b+/d d @)""
( >| (2n Id)““"/“{HF(w)} '

Proof Multiplying formula (9.1) together over the h(d) classes K = [a, b, c] of H(d), we

obtain
b+ Va 4 w(d)/8
+ h(d)/4 miy™
( A ) = 2n[d|)~ Hr dl

—ad > HLKALm(L)
KEH(d) LeH(d)
LA

a— /4

[a,b,c]€H(d)

H a—1/4

[a,b,c]eH(d)

X €
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The result now follows as

> LKL DML d) = Y AL dmL,d) Y f(LK)
KeH(d) LeH(d) LeH(d) KeH(d)
L#l LAl
:O’

by (2.22). n

11 Chowla-Selberg Formula for Genera

In this section we deduce from Theorem 9.3 the Chowla-Selberg formula for genera in the
case of a fundamental discriminant d. This formula was first discovered by Williams and
Zhang [10] in 1993, see also [5, formula (1.7)]. Note that in this formula A should be
replaced by d in 5 places and the subscript 1 in w(d;) should be deleted. For the basic
properties of genera and generic characters, the reader is referred to [5, Section 2]. We will
use the notation and terminology of [5] throughout this section.

Let G be a genus of classes of H(d), that is, G is a coset of the subgroup H?(d) of squares
in H(d). The group of genera of discriminant d is denoted by G(d). The order of G(d) is
2, where t = t(d) is a nonnegative integer such that t + 1 is the number of distinct prime
divisors of d. Here we have made use of the fact that d is a fundamental discriminant. Each
genus contains La/C)] Jl classes, so that

6@ —
(11.1) |G| = h(d)/2".
By Theorem 9.3 and (11.1), we have

|d] () w(d)/8n(d)
b++/d m
—1/4 1/4
? ( 2% >| 11 {2 - {Hr<d|) }
K=[a,b,c1€G KeG

Z8h(d)

— TS T fLKULdmLd)
LEH(d)
LAl

|d]

. &)y 34
= (2r|d])~"@/2 {Hr<d|) }

O =5 (oL om)
e

b++d
K 2a

d @ ;%% w(d)/Td]
(271’|d|) h(d)/2'*? H r <|m> e_T 48h(d)‘ E

)

so that

H a4

[a,b,c]€G

(11.2)

m=1

https://doi.org/10.4153/CJM-1999-011-1 Published online by Cambridge University Press


https://doi.org/10.4153/CJM-1999-011-1

212 Alfred van der Poorten and Kenneth S. Williams

where

(11.3) E=>) oL dmL,d)d  f(LK).

LI KeG

In order to determine > ", . f(L, K) we recall from (2.17) and (2.18) that {Aq, ..., A}
is a set of generators of H(d) such that the h; = ord A; (i = 1,.. ., ¢) satisfy hy|hy| - - - |hy.
Thus we may suppose that hy, ..., hy, are odd and hy+1, ..., hy are even, where m is an
integer satisfying 0 < m < £. The genera of H(d) are given by

Al - APHA(d)
With rpsg, ..., 1 = 0 or 1. There are 2/~™ genera in total so that

(11.4) t=/¢—m.

We suppose that the genus G is given by

(11.5) G =Aim ... AYH?(d), whereeach emeg, ..., 50 =0o0r 1.

The classes K of the genus G are given by

(116) K= AR ARART o AT,
where
0,1,....,hj —=1; j=1,...,m,
(11.7) k=4 T el = e
0,1,...,(h;/2) -1, j=m+1,...,¢L

Thus, forL € H(d),sayL = A} --- A}, 0 <t; < hj, j = 1,..., ¢, we have

"tk = (2K + )
(118) [LKI=) 2+ 3 P,
J

=1 j=m+1

so that appealing to (2.17), (2.21), (11.4), (11.6), (11.7) and (11.8), we obtain

> (LK)
KeG
_ Z e2milLK]

KeG

m hj—1 2ritjk; 4 (hj/2-1 2mit (2Kj+e )
I {2 e )
j=1 “k;=0 j=m+l® k=0

m . L 2ritie; L Gi/D=1 i,
_ hj, iftj=0 A w
__H{o, iftj;éO}jHe IR

=m+1 j=m+1 kj=0
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l

B Z’h—,'ﬂ j, ift; =0 ﬁ hj/2, ift;=0orh;/2
= 0, iftj#0 fartet) 0, ift; #0,h;j/2

> ‘h— : :
e Em by hy /2 it =0(1 < j < m)
= andtj:%(m+1§j§€)
and each x; =0 or 1,
0, otherwise,
that is
> (LK)
KeG
(11.9) = xe
b gy L = H A2 where each x; = 0 or 1,
j=m+1
0, otherwise.

Hence, from (11.3) and (11.9), we obtain
h(d) xe oo ‘
(11.10) E— Z ( 1)1 m+1 g( H A?jxj/z,d)m( H 'A\?jxj/z,d)7
X1 5. Xg=! j=m+1 j=m+1

where the prime (') indicates that (Xm+1, - - ., X¢) = (0, ..., 0) is omitted.

Next we turn to the evaluation of the terms appearing in the sum on the right side
of (11.10). We denote the distinct primes dividing d by py, . .., pt+1 and the corresponding
prime discriminants by p3, ..., pf,;, see Definition 2.1 of [5], so that

(11.11) d=pi - pia-

We define the sets F(d), F..(d) and F_(d) as follows:

(11.12) F(d) :={dy [ d1 = p3" -~ pei™, Y1, -, Yesa = O0r 1},
(11.13) F.(d) := {d; € F(d) | d; > 0},
(11.14) F_(d) := {d; € F(d) | dy < O}.

Clearly, from (11.12), (11.13) and (11.14), we see that
(11.15) F(d) = F+(d)UF_(d), F.(d)NF_(d)=2, [F(d)|=2""
Moreover the mapping 0: F..(d) — F_(d) given by (d;) = d/d; is a bijection so that

(11.16) [F+(d)] = [F-(d)].
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Hence, from (11.15) and (11.16), we deduce that
1
(11.17) Fe(d)] = 5IF@) = 2"

Now set
X :={0,1}"™

so that by (11.4) and (11.17)
(11.18) IX| = 2™ = 2t = |F,(d)|,

and define a mapping

(11.19) Al Fe(d) — X

by

(11.20) A(d1) = (Xm+1, - - -5 %),

where

(11.21) v (A)) = (=1)%, x;=0o0rl, j=m+1,....¢

We show that ) is a bijection. By (11.18) it suffices to show that X is one-to-one. Let
dy, d; € F+(d) be such that
A(dy) = A(d)).

Then
Y0, (A) =y (Ap), J=m+1,... L

Hence

Ya@d) (Aj) = Yo, (Aj)) = 74, (A (A) =1, j=m+1,....L
This shows that
Ya@a)(G1) =1, forall genera G; of H(d).

Hence
A(d;d]) = 1ord,
that is
dll =d; or di = d/dl

The latter possibility cannot occur as d; > 0,d; > 0,d < 0. Hence A is a bijection. Thus
the inverse map A~*: X — F.(d) associates with each £ — m tuple (Xm+1, . . .,X¢) (each
Xj = 0 or 1) a unique positive fundamental discriminant di such that vq4,(A;) = (—1)%
(j=m+1,...,0). Further A=1((0,...,0)) = 1.

£

. 20 Xjgj
We now consider (—1)=™* . We have
l

X[: Xj€j .
(_1),-:m+1 _ H ((_1)x1)1

j=m+1
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L

IT e

j=m+1

4

I ")

j=m+1

(11 A7)

j=m+1

that is

— j:%j+1xj€j_ .
(11.22) (-1 =71(G)-

Next we consider £(]‘[fzm+l A2 d) Fors =1,...,t+ 1 we have ps|d so that K, =

J )
Kp.' and thus
4
_ hjujs/2
Ko, = T A7,
j=m+1

where
us=0orl, j=m+1,...,¢ s=1...,t+1

Hence
l l J4
f(TT AP K) = (T A2 TT AJ)
j=m+1 j=m+1 j=m+1

C o2 L b2
2ni[ 11 A2 1T AP

— e j=m+1 j=m+1
. (hjxj/2)(hjujs/2)
27 Z 17 ‘J i
—e j=m+1 nj

L

— (_1)]:%“ hjxj Ujs/z

14

H ((_1)Xj)hiujs/2

j=m+1

4

I (e (ap)™""

j=m+1

l
hiuis/2
’}/dl( H AjJUJ/ )

j=m+1
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= ’Ydl (Kps)

If s £ dy then o, (Kp,) = (£). If ps | dy then ps + d/dy and o, (Kp,) = /0, (Kp,) = (52).
Hence

L
o HCIA
= 1+ —
s=1 < pS )

t+1 ( ) t+1 (d/dl)
()

B
pstdy ps|di

& 4/dy
1) (-3)
old p p

a—%a+%
pin (1 Dy -

—)

that is

1 1
2 . Q-3A+5
(11.23) ( H Al )— lim L P~
s—1 (L) (G
j=m+1 p 1-— -2 1— 2L
(£)=0 ( ’ ) ( P )

hx,/2

Now we consider m(]_[J me1 A
Kp € H(d). Set

,d). Let p be a prime such that ( ) = 1so that

4
Ko=]J[A}, zi=0,1,...,hj =1, j=1,...,L
j=1

Then
- hj% . hjx;/2 Zj
f(HAj ,Kp>:f(HAj ,HAJ)
j=m+1 j=m+1 j=1
- Njxj/2 Zj
2 {JﬂﬂAJ [ ]
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ori Zi: (thJ/Z)(z

:e j=m+1

3
( 1)j:zm:+1 XiZi

l
= I (9)°
j=m+1
¢
-
=[] (a(Ap)”
j=m+1
Z .
= II @)
j=m+1
l
7
j=m+1
= 'Ydl(Kp)
() - ()
p p /)
Thus by (6.4) we obtain
‘ 1- A+ 3)
thj/Z L
(11.24) m(n Al ,d) = lim T & (m) .
j=m+1 p 1 1 —
($=1 v ¥
Since
(-5

(11.25) 11 & (d/dl) =1,
P (1- 1—
o () (-5

we deduce from (11.23), (11.24) and (11.25) that

‘ x/2 x/2 (1 _i)(l+l
] ] — h
€<H AY ) ( H AY ) 7s|l>n11+ ( (”1)> ( (d/d1)>
j=m+1 j=m+1 P 1- >
m L(S7 dl)a L(S7 d/dl)
st C(ZS) ’
that is
¢ ¢ 6
(11.26) e( I1 A?J‘Xi/z,d)m( 11 A'j‘ixi/z,d) = L )L, d/dy).
j=m+1 j=m+1
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Hence, by (11.22) and (11.26), we obtain

1
/

:2[3 Xi€i ‘ hjx;/2 : hjX; /2
S o e TT AP d)m( TT AP )

Xm1y---,Xe=0 j=m+1 j=m+1

% 3" 46 (G)L(L, dy)L(L, d/dy)

dieF, (d)
dy£L

L SRR COLC R CILD
™ o) " Vi w(d/dh)/[d/dy]

o PN /)
"y 4w

log &g, ,
1<d; €F(d)

so that by (11.10)

24h(d h(d,)h(d/d
— Y (@ e logca.
2/l |1<d1€F(d) 1
Finally

ww(@)y/19] _2an(d) n(eyh(E/dp)
—mw(d)+/1d] 1) 3> %, G)=u@ay 09 ed,
e @@ E—p¢ @ 2/l 1 v )

W(d)ﬁ'dl(G)h(dl)h(d/di) I
— g 1<hEFQ w(d/d)2'* “

W(d)rg, (G)h(d1)h(d/dy)

_ H e WE@EET

1
1<d; €F(d)

This completes the proof of the Chowla-Selberg formula for genera as given by Williams
and Zhang in the case of a fundamental discriminant.

Theorem 11.1 Let G be a genus of classes of H(d). Then

1o (25 o))

[a,b,c]€C
w(d)yg, (@)h(d)h(d/dp)
T w/al
X H €4,

)

d; €F(d)
dy>1

where g4, denotes the fundamental unit (> 1) of the real quadratic field Q(v/d1), v4,(G)(=
+1) is defined in [5, Section 2], F(d) is defined in (11.12), and t + 1 is the number of distinct
prime factors of the fundamental discriminant d.
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12 Concluding remarks

Let K € H(d). Itis clear from Theorem 9.3 that the sum

> (LKL, d)m(L, d)
e

does not depend upon the choice of basis A = {A4,...,A,} of H(d). In this section we
prove this assertion directly (Theorem 12.4). Let B = {By,...,B;} be another basis of
H(d) with ord(B;) = h; (i = 1,...,¢). Hence there exist unique integers ajj (i, ] =
1,...,£) such that

l

(12.1) BiZ]‘_[A?ij7 0 < aj < hj,
j=1

and unique integers b;; (i, j = 1,...,¢) such that

(12.2) A =T]B}, o<bij<h;

Now, by (12.2), we have

j=1 j=1
so that
(12.3) bijhi=0 (modh;j), i,j=1,...,¢
Also, by (12.1), we have
4 h 4
ajjn aij ' i
1A = (TTAY) =8 =1,
j=1 j=1
so that
(12.4) ai,-hi =0 (mod hj), i,jZl,...,f.
Further
¢ ﬁa.kb, ¢ ¢ ¢ ¢
= ajcbij aj\ Y bij
[Iac =TIIA™ =TI(ITA") " =187 = A
k=1 k=1 j=1 j=1 k=1 j=1

https://doi.org/10.4153/CJM-1999-011-1 Published online by Cambridge University Press


https://doi.org/10.4153/CJM-1999-011-1

220

Alfred van der Poorten and Kenneth S. Williams

so that
l
(12.5) > apbij =k (modhy), i k=1,...,L
j=1
Similarly we have
4 f;a”bjk ¢ ¢ b N b\ ) 4
i=1 iibi . i ajj
HBL :HHBKHKZH(HBQK) :HAJJ:B“
k=1 k=1 j=1 j=1 k=1 j=1
so that
l
(12.6) > aijbj=dw (modhy), i k=1,...,L
j=1

As K € H(d) we can define integerski (i = 1,...,0)and ki (i =1,...,¢) by
4 l ,

(12.7) K=JJA =T]Bf, 0<ki,K <hi
i=1 i=1

From (12.2) and (12.7), we obtain

¢ ¢ 0 kb
K b\ K 2 kibij
B,-‘:H( Bj’) =187
=1 i=1 =1 j=1
so that
L
(12.8) Ki=> kb (modh), j=1,...,¢
i=1

From (12.1) and (12.7) we have

o N . éki/aii
[TA7 =TI(ITA")" =TIA7
j=1 i=1 j=1 j=1
so that
L
(12.9) k=) Kkaj (mod hj).
i=1

https://doi.org/10.4153/CJM-1999-011-1 Published online by Cambridge University Press


https://doi.org/10.4153/CJM-1999-011-1

Values of the Dedekind Eta Function 221

Now let L € H(d) and define integers ¢; and ¢; (i = 1,...,¢) by

)4 l

(12.10) L=J]A"=][B" o<, g<h
i=1 i=1
Set
I4
(12.11) xi= > bilihi/hy, i=1,...,L
=1

By (12.3) x; (i = 1,...,£) is a nonnegative integer. Set

l
(12.12) L* = J[ A € H(@).
i=1

Lemmal12.1 [L*,K]4 =[L,K]s (mod 1).

Proof We have

l
iy buﬁ’,-:—; (by (12.11))

I
X

)

o

Lemma12.2 The mapping 6: H(d) — H(d) given by
o(L) =L~

is a bijection with 8(1) = 1.

Proof Suppose Ly, L, € H(d) are such that

6(L1) = 6(L2).
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Forr = 1,2 we set £j(r) = inda, (L) and E’j(r) = indg,(Ly), j = 1,...,£ Then, for
i=1,...,¢ wehave

£ l
Zbijélj(l)hi/hj = Zbijflj(Z)hi/hj (mod hi),

j=1 j=1
so that
l
(12.13) > i (4(1) - £5(2)) /hj =0 (mod 1).
j=1
Hence
l l
> A Y b (4 - £() /=0 (mod 1), k=1,...,¢
i=1 j=1
Thus
l e/ (1)

Z 6/(2))2 agbij=0 (mod1), k=1,...,¢

=1 i=1

Appealing to (12.6) we obtain

l / /
> (5@ - “2))5, =0 (mod 1),

j=1
that is 2D — (2
6 ~ 4Q) =0 (mod1), k=1,...,¢
hi
Hence ¢;(1) = ¢,(2) (mod h) (k=1,...,¢)sothatL; = L,. Thus @ is injective and so 0
is a bijection. It is clear from (12.10), (12.11) and (12.12) that 6(1) = I. ]
Lemma 12.3

(i) fa(t*,K) = fz(L,K),
(i) £a(Lr,d)={z(L,d),
(iii) mu(L*,d) = mg(L,d).
Proof
()
fa(L",K) =K (by (2.21))
= ?mMlLKIs (py Lemma 12.1)
= fz(L,K) (by(2.21).)
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(iD)
a1 (1+255) evess)
(L, K
=11 <1+793(p’ ")) (by (i)
-0
= fp(L,d) (by(2.33)).
(iif)
-+t
oL d) = i 0 ’ 1
Ma( ) sl[?" dp_ (1 _ fA('—pZ-Kp)) (1 _ fA('—*pvstV )
(4)=1
| (1-Ha+d) _
= Jﬂl(gfl (1 ~ fB(I’;;Kp)> (1 B f,B(Lbfp)ﬂ) (by (1))
= mg (L, d). n

Theorem 12.4 The sum
> (LKL, d)m(L, d)

LeH(d)
LAl

does not depend upon the choice of basis A.

Proof We have

D AL K)a(L, dyma(L, d)

LeH(d)
LAl

= 3t KL, d)ma(L*,d)  (by Lemma12.2)

LeH(d)
LAl

= 3 5L K)s (L, dmp(L,d) (by Lemma12.3).

LeH(d)
LAl
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