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1. Introduction. This paper considers the consistency 
of the two-sample empty cell test suggested by S. S. Wilks [2]. 
A description of this test is as follows: Let a sample of n 

1 
independent observations be taken from a population whose 
cumulative distribution function F ( x ) is continuous, but 

1 
otherwise unknown. Let X. J . < X . „ . < . . . < X. , be their 

(1) (2) (n ) 
order s ta t i s t ics . Let a second sample of n observations 
be taken from a population whose cumulative distribution 
function is F (x), assumed continuous, but otherwise unknown. 

Define cells I . . . . , I a by 
1 n . + l 

1 

(1.1) I. = (X.. . . . X. . J , i = l , . . . , n + 1 , 
i ( l - l ) ( I ) 1 

where X , ^ = - oo and X, a. = + oo . 
(0) ( i^+l) 

Let r , . . . , r be the number of observations of 
1 n. + l 

1 
the second sample that lie in I . . . . , I . respectively. 

1 n + r 
1 

Let S be the number of I , i = 1, . • . , n + 1 which a re 
o i l 
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such that r . = 0, tha t i s , the n u m b e r of e m p t y c e l l s . Unde r 

the h y p o t h e s i s tha t F = F , Wilks in [2] and [3] g ive s a s o m e ­

what c o m p l i c a t e d ana ly t i c d e r i v a t i o n of the p robab i l i t y function 
of S and ob ta ins the r e s u l t 

o 

n . + 1 fru - 1 

(1 .2 ) P(S = s ) = 
o o 

o M l n . - s 

n i + n 2 
= P(8 ) 

o 

w h e r e the s a m p l e space of S i s given by 
o 

_-^/= [k, k + 1, . . . , n ] and k = m a x [0, n +1 - n ] . 
1 x Ct 

A s impl i f ied proof of (1 . 2) m a y be found in [4] . 

Us ing ( 1 . 2 ) , it can be e a s i l y shown tha t 

E(S } 
o 

(1-3) <r2
(S ) = — - i - f - - + _ L - L _ - _ i - J 

1 2 

( F o r t h e s e r e s u l t s see Wilks [2] and [3] w h e r e the m e t h o d of 
f a c t o r i a l m o m e n t s i s u sed to obta in t h e m . ) 

If we le t n_ = pn + O ( l ) , p > 0, t h e s e r e d u c e to 
2 1 

E(S ) = n 
o 1 

1 1 * 
1+p n 4 

(1 .4 ) 
2 P 1 

o- (S ) = n *—— + 0 ( — ) 
\(1 + p) 1 I 
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which in turn imply that 

E | s ° 
n +ij 1 + p 

and 

2 
(T 

/ s \ 

° L o 
\ n l + 1 . 

as n , n -> oo, and by Tchebychev' s inequality, these resul t s 
1 

imply that S /n +1 converges in probability to — — , if 
o 1 1 + p 

F 1 = F 2 -

We can use these resul ts to make a test of the hypothesis 
F = F at the approximate 100a 7* level. This is given by 

f Reject if s > b 
(1.5) <̂  

1 Accept otherwise 

where b is such that 

n 
1 

P(S > b) = 2 p(s ) < a 
o - o -

s =b 
o 

(1.6) 
n i 

P(S > b - l ) = S p(sQ)>a . 
° s =b-l 

o 

Tables of (1. 6) have been tabulated by the authors for 
a = . 01 and . 05 and published in Technometrics [4]. 

2. Consistency. The form of the test (1.5) follows from 
the following considerat ions. Let G be the c lass of pairs of 
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cont inuous c u m u l a t i v e d e n s i t y func t ions ( F (x), F (x)) such 
- i * z 

tha t F (x) = F (x). Le t F (u) be the i n v e r s e of the c. d. f. 
1 2 1 

F (x) and le t G be the c l a s s of p a i r s of con t inuous c . d . f . ' s 
1 1 

( F ( x ) , F (x)) sa t i s fy ing: 
1 Z 

- 1 
(i) F ( F (u)) h a s a d e r i v a t i v e , say g(u), for a l l u on 

2 1 
(0, 1) excep t pos s ib ly for a se t of p r o b a b i l i t y m e a s u r e z e r o . 

- 1 - 1 
(ii) The d e r i v a t i v e s of F ( F J (u)) and F (FJ ( u ) ) = u 

2 1 1 1 
wi th r e s p e c t to u on (0, 1) differ ove r a se t of p o s i t i v e 
p r o b a b i l i t y . 

In [3] Wilks s t a t e s the following 

T H E O R E M . The t e s t defined by ( 1 . 5) and ( 1 . 6) i s 

c o n s i s t en t for t e s t i n g any ( F , F ) € G a g a i n s t any ( F , F ) € G 

a s n , n -*•<» so tha t n = n p + O ( l ) , w h e r e p > 0. 

To p rove t h i s t h e o r e m it i s suff ic ient to show tha t if 
( F . , F_) € G . , S / ( n +1) c o n v e r g e s in p r o b a b i l i t y to a n u m b e r 

1 2 1 o 1 
n 2 

g r e a t e r than l / ( l + p ) a s n , n — oo wi th • p > 0, for it 
1 2 n j 

1 
wi l l be r e c a l l e d f r o m (1 .4 ) t ha t 1/(1 + p) i s the quant i ty to 
which S / (n + 1) c o n v e r g e s in p r o b a b i l i t y if ( F , F ) € G . 

We r e c a l l t ha t r , . . . , r deno te the n u m b e r of 
1 n + 1 

1 
o b s e r v a t i o n s of the second s a m p l e tha t l ie in the n + 1 c e l l s 

1 
I , . . . , I , r e s p e c t i v e l y . F o r e a c h n o n - n e g a t i v e i n t e g e r r , 
1 n + 1 \ 6 & 

1 
le t Q ( r ) be the p r o p o r t i o n of v a l u e s a m o n g r . . . . , r 

n , 1 n + 1 
1 1 

wh ich a r e equa l to r . Then , in p a r t i c u l a r , we have 
S 

Q (0) = , the p r o p o r t i o n of e m p t y c e l l s . 
1 1 

60 

https://doi.org/10.4153/CMB-1964-008-x Published online by Cambridge University Press

https://doi.org/10.4153/CMB-1964-008-x


Under the conditions (i) and (ii) of this sect ion, J. R. Blum 
and L. Weiss in [ l ] prove that 

( 2 . 1 ) l im sup 

^ni ,n2ÎP* r ~ ° 

Q (r) - Q(r) 
n l 

= 0 = 1 

where l i m 

<V n 2 ; p ) 

denotes the l imit a s n -* oo, n -*»oo in such 
1 2 

a way that n In -*• p, p > 0, and 

(2 .2 ) Q(r) = p r / g (u) 

0 i [p + g(u)] r+1 
d u 

where g(u) i s the derivat ive of F (F (u)), satisfying 

conditions (i) and (ii) of this sect ion. 

A s a spec ia l c a s e of (2. 1) we have that 

(2.3) l i m 

^ n i , n 2 Î P * 

Q (0) - Q(0) 
n i 

= 0 = 1 

if (F , F_) « GJ , where we have now that 
1 2 1 

t \ 
(2 .4 ) Q<0) = / r * *"' d u 

Jn LP + g(u)J 

It i s a l s o impl ied by (2. 3) that 

( 2 . 5 ) l im P ( | Q ( 0 ) - Q ( 0 ) | > c ) = 0 

^ n i , n 2 ; p ^ n i 

for any € > 0, however smal l , if (F , F) € G. ; that i s 
S 1 2 1 

Q (0) =——- converges in probability to Q(0) ( express ion (2. 4)). 
ni V 1 

There fore , the t e s t defined by (1. 5) and (1 . 6) is cons i s tent for 
test ing any ( F . , F - ) € G against any ( F , , F J * G, if 

1 2 o 1 2 1 
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(2-6) { ¥ T i ô i r ] d u > i ^ • 

where we reca l l from (1.4) that 1/1+p is the quantity to which 
S 

Q /Q) _ converges in probability if (F . F_) € G . 
n n - H 1 2 o 

1 1 
The inequality of (2. 6) is proved as follows. We have by 

Schwarz' s inequality that 

(2.7) / ^ ^ / ( P + g ( u ) ) d u > ^ / , ^ .JTÏjM d u 
^ P + g(u) ^ K Vp + g(u) 

that is 

/ l^-z) (P + 1 )> i 
•J p + g (u ) / 

which gives 
1 Z( \A 

ç g (u)d u > p + g(u) 1 + p 

if g(u) differs from unity over a set of positive probability. 
This condition obtains if (F , F ) € G , since the derivat ives 

1 2 1 
-1 

of F_(F (u))= g(u) and u a re assumed to differ over a set of 
2 1 

positive probability on (0,1), and under this condition the 
above str ict Schwarz inequality (2. 7) holds. This completes 
the proof of the above theorem. 
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