A NOTE ON GRIFFITH CRACKS't
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1. The problem of determining the distribution of stress in the neighbourhood
of a Griffith crack, defined by | x| £ 1, y = 0, which is subject to an internal
pressure varying along the length of the crack has been solved by Sneddon
and Elliott (3) and by England and Green (1). In the former paper a Fourier
cosine method is used to arrive at a solution while in the latter paper the problem
is reduced to an Abel integral equation by making use of integral representations
of the complex potentials given in Green and Zerna (2). Neither paper deals
with the calculation of the stress intensity factor
N = hm \/(x—-l)ay,(x, 0)
x—=1+

which is extremely important to workers in fracture mechanics.

In this note, simple expressions, equations (12) and (13) below, are derived
for N and the energy W required to open up the crack in terms of a general
pressure distribution f(x). The solution in (3) is obtained by use of Titchmarsh’s
solution of the relevant dual integral equations while here we make use of an
<lementary solution similar to that of Sneddon (4) for the pair of equations
arising in the problem of the penny-shaped crack.

2. Due to the symmetry of the problem we need only calculate the dis-
tribution of stress in the half space y = 0 when the boundary y = 0 is subject
to the conditions 6,,(x,0) = —f(x),0<x £ 1,0,,(x,0) = Oforall x,u,(x,0)=0

x>1, and f(x) = f(—x).
It is a simple matter (see pp. 405-406 of (5)) to show that, if we use the

notation

F A& ), E-x] =\/§;wa(€, y) cos (§x)dE
0

2~ .
FLIE, y); E-x] =\/;J J&, y) sin (¢x)dE
V]
to denote the Fourier cosine and sine transform of f(£, y) respectively, a solution
of the equations of equilibrium appropriate to the half-plane y = 0 is given by
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the equations

uy(x, y) = — 2(1; ) \/12‘ FLE A== E(Oe®; E~x] (1)
ux, y) = @—E*—”) \/ T F LA 2+ ) E-ox] @

where FE is the Young’s modulus and # is the Poisson’s ratio of the material.
We can easily deduce in this case that the stress field is given by

Oxx(X, ¥) = — \/ i Z WU —-Ep)e®; E-x] 3)
0y(X, ¥) = — \/ i F WO +Ey)e; E-x] @

and
axy = - \/’g y‘g,'s[é,’[/(é)e—iy; E—’X], (5)'

so that the boundary conditions are satisfied provided that () is determined
by the pair of equations:

di {ZLE7W©); x]p = \/Ef(x), 0<x<1 (6)
x 2
FLEWE); x]=0, x>1. (7y

The solution of these equations is quite straightforward.
It is given by

1
Y&y =¢ f 1p(1)J o(ED)dt 8y
0
where
_ " fwav .
0| e ®

3. From equation (2) we find

uyx, 0) = 2(1;’72) \/g FLEN(©); x].

Using (8) and the result that

Jw Jo(£1) cos (Ex)dl = (1* —x*) "*H(1—x)
0o

we have for 0 £ x<1,

_A0-n®) [ p(ddt )
uy(x, 0) = =— j T (10)
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"The normal component of stress along the line of the crack is given by equation
{4) as:

5y, 0) = — \/ UG
If we represent equation (8) in the form

0O = w1 @) | s, @va
and make use of the fact that

f " J (&t) cos (Ex)dE = 1? -

0o

xH(x~1)
tJ(* —x?)

we find that, for x>1,

2 _ 1 ’ 1 ,
a,,(x, 0) = 7—r{[x(xz— D™ =1]p(1)+x L 7(%5 dt— L p (t)dt}. (11

It is clear that if p(r) is differentiable in the neighbourhood of # = 1,
Lop(ndt
0 \/ (x*=1%)
and thus the stress intensity factor
N= lirfln+ Jx=1Da,(x, 0)

=0(1) as x—17

is given by the simple formula
2
3

‘Substituting from equation (9) we see that

_ 2 S
N= o J(1—0?) (12

4. The work done in opening the crack is easily seen to be

1 8(1—n?) ! ' _tp(nydt
e e N =

Interchanging the orders of integration and making use of equation (9) we see
that

— 8(1—’12) ! 2
W= — L t{p(0))at (13)

with p(7) given by (9).
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For example, if f(x) = P,, a constant, we see that

n
)= - P
p() > 0
201 _ 402
yielding N = i_ Py and W= nPy(1—n ).
\/2 E
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