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§1. Introduction. The main result in this paper, contained in Theorem 1, is a generalisa-
tion of the inequality of the arithmetic-geometric means. A result of a similar character has
been proved by Siegel (2). The present result gives an improvement in the inequality in the
case when the variables involved are not all distinct, whereas Siegel's result does not. The
theorem is used in § 3 to obtain a result in connection with totally real and positive algebraic
integers.

§ 2. The main result. Let xx,... ,xn be real and positive and write

A= 2(xi-xjf,ns = ZXi,

n on
andj9= 77a1,. Then.4 =0ifandonlyifa;1=a;2= ... =xn, and then— =1, since we have assumed

i=i " P
each a;,->0. In what follows we exclude the case A =0.

THEOREM 1. / / fi denotes the root in the interval 0</2<l of the equation

(1)

We note:
1. Since A = (n-l)(2xi)

2-2n2xixj = (n-l)(ns)2-2n2xtxi, we have

so that f} is uniquely determined in the interval

1
2. if fW={TTp

then, in 0</}<l, for n^-2, /(/?) is a steadily increasing function of /?. For,

Also/(0) = 1, so that/09)>l for

3. For » = 2, (1) becomes ft2 = ̂  " ̂  = f1 ~ x*^, and the right-hand side of (2) equals
(Zs) (X1+x2)

1 1 { 2 )

so that the result is true with equality for n = 2. We can thus assume that
For the proof we use the following lemma :

L Q.M.A.
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LEMMA 1. / /
A = E (xt - Xjf

n
where Ex(=ns, (3)

nxt=P, (4)
i - l

with — > 1,
P

and xt>0 (i = l, ... , n), (5)
then

where { 1 + a ( w - l ) } ( l - a ) " - 1 ^ . and 0 < a < l .

For a given set of positive values of x3, ... , xn, the equations
n n

x1+xz=ns-( Zx{), x1x2=p(
t-3

completely determine xv x2 as the roots of the equation

if -{ns- Ix^y+pi 17x^=0.
i=3 i=3

The values of xv x2 are both positive if-and only if the following two conditions are satisfied

S xi<ns, {ns - Ex^^ip( 77a;,-)-1;
i=3 i=3 i=3

also xx, x2 are unequal, except when equality arises in the second condition. The two conditions
define a closed domain D in -Rn_2, its points having positive co-ordinates a;3 xn. The
boundary of D is given by x^ = x2.

Now A attains its maximum in D, and A = 0 if and only if xl = x2 = . . . = xn, so that at the
maximum not all of the xi are equal. Hence, by symmetry, we can suppose that A attains its
maximum in D at an inner point of D. The values of x( at this maximum must satisfy the
equations

for some A, /^;

that is 2n(xt-s)+X + — = 0 (i = l,... , n ) ;
xi

thai is Xi2 )

and so the xt satisfy a quadratic equation. Hence at the maximum we have k of the x{ equal
in value to x, say, and the remaining n - k of the x( equal to a second number y, say, where,

by symmetry, k is one of the integers 0 , 1 , > o > an(^ w n e r e> ^ r o m (3) and (4),

kx + (n-k)y=ns (6)
and xkyn~k —p (7)
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The corresponding value of A is
k)(x-y)* (8)

- s"For k = 0, A = 0 and we require y — s =p", i.e. — = 1, which we have excluded. Thus we have

to consider only k^l. From (6),
k(x-y)=n{s-y).

Thus (8) becomes

= 7i2s2 ( T -11 (1 -w)2, where y=its,

[j - 1 I, where a = 1 - u, .. .(9)

so that y = (l -a)s.

Now, from (6) and (5),

Thus

and so

From (6),

Thus, from (7),

and so

s.n
n-k

n
— OC " \ 7 ,

- A ?
n-k

x=s <-r - I T -

.(10)

{••.(J->)}'ci-.»--S.
where, by (10), we have to consider the roots of this polynomial in a in the interval

the - 1 arising when n is even, and k = - .

Let g(oe) = < 1 +a(-r ~ l ) f (1-«)"~fc-;^ > a nd consider this function in the interval

. We have ^(1) =g ( -J=—i-, so that

l>_l.

Also g (0) = 1 - ̂ , so that 0 <g (0) < 1. Further
s

g'(a) = (n-k)

Thus g'{a) =0 at a =0, a = 1 (if n>3), and a = - £/(n - it) if k^2. Also
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n-k

-k ^ .
n-k

0<a<l,

f.aarlil\7 "fW\m n

1

i-k
) as a increasessince fc = 1,2,... ,Uc . Hence g(a) increases steadily from g ( r )<0to<7(0)>0

— kfrom 1 to 0, and decreases steadily from <7(0)>0 to ^(l)<0 as a increases from 0 to 1. Thus
7b — fC

-kg{<*)=0 has one root -«1 ( say, where a1>0, in < a < 0 and one root a2> say, in 0 < a < l .
th — rC

We show, by the following lemma, that we need consider only aa in finding the maximum of A.

LEMMA 2. / / - a j and a2 are the roots of the equation

in the intervals r < a < 0 and 0 < a < l , respectively, where k = 1, 2, ... , ^ , then

We have

Since, by above, </'(a)<0 for 0 < a < l ,

a - a ^ - ^ O for 0<a<a2.

Thus, to show that a2>a1, it is sufficient to show that

9? rtj 7MH, 1

For simplicity of notation put m = T - l . Then & = 7, n-k= =-, and 0<a,<—,
? J r 1c m + V m + 1 1 m
- 1 . We have then to show that

{(1 +aim)(l - a

and so that (1 + ĉ m) (1 - ax)m>(l - e^m) (1 + a^1",

where - a . is the given root such that 0<a,<—, and l < m ^ w - 1 .
m

Let h(«.) = (1 + am) (1 - a)m - (1 - am) (1 + a)m.
Then —-?—-h'(<x)=a{(l H-a)"-1 - (1 -a)"1"1}

m(m + l) v ' lv ' v ' J

> 0 forO<a<l , and so for 0<a<—, i fm>l,
m

=0, ifm = l.
Also A(0)=0. Hence/»(ai)>0 i f m > \ , and fc(ai) =0 ifm = l. Thus
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(1 +a1m)(l - a 1

with equality if and only if m = 1, and so

giving <x2

By this lemma, for each fixed n and k,

Hence, by (9), in finding the maximum of A under the given conditions, we have for each
possible k, for any given n, to consider for a only the unique root in the range 0 < a < l of the
equation

Wo show, by the following lemma, that k = 1 gives the maximum for each n.

LEMMA 3. Jf

where a is the root in 0 < a < l of the equation

and k = \, 2 , . . . , - , then

max(M1, u2,..., u[nl2])=uv

As in Lemma 2 we put m = T -1, so that A; = =• ,n-k = 7 . Then
r A; m + 1 m + 1

I nrfn J ' ^+ l ( 1 OC I "*" = —
Sn

1

and so (1 +am)'"+1(l - a ) m + 1 = ( —) , (11)

where 0 < a < l , and l<m<w - 1 . We have then to consider the maximum of

U = a.2m,
under these conditions.

Now -j— = «.2+2am-j^ = tx.<x+2m^-\ (12)
dm dm { dm)

Also, from (11). - i - l o g ( 1 + a T O ) + ^ l o g (1-a) = ilog J ,

0.

Thus

- 1 . . . , a 1 , .. . f 1 \ \ m da
-. TT7 log (1 +«ro +- ITTJ : +- rnjlog (1 -« ) +-{i ^ r T T—

(m + 1)2 6 v ' (m + l)(l+am) (m + 1)8 6 v ' \ l + a m l-aj m + ldm
TT „ da 2( l+am)( l -a) f a 1 , 1 -a^
Hence 2»i-j— = — -̂̂  ^ ; — r + ;—-rr5log-; r

d \ 2 6
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Therefore
o da. 2(1-a) 2(1+am)(l-a) , 1 -a

a + 2m T— = a + ^ + -±—. -\-^— lo8 i
dm m + \ a.(m + \y 1+am2 ( l + « m ) ( l - a ) f ( l + a m ) 2 - ( l - a ) 2 . ^ l - a \

= ; TT^ < r-r^ - -r 102 ^ r (*•&)
a(m + l)2 (_ 2(1+a?»)(l-a) 1+amj

_ ., D ( l + « m - l - « ,Consider B = ~.—-^— ~—~ + log2(1+am) ( 1 a ) 6

Put

~.—-^— ~—~ + log .
2(1+am) (1-a) 6 l + a » i

+ a m

1-a

Then t>l, since 0 < a < l and m^sl, and

JB = 5(<)=-—--log< = ^ U - y j - l o g < .

Now — = —(J-1)2>0 for t>l, and 5(1) =0.

Thus B>0 for«>l.

Hence, from (13), a. + 2m-=—>0, and so, from (12), -5— >0 , under the given conditions. Hence
am am

-rr<0 and so U is a maximum when k = l, which completes the lemma.

By this lemma, w2s2 (-r - 1 ] a2 is a maximum when k — 1, a being the unique root in 0 <a < 1

of the equation

that is max A =n2(?i - l)«Ja2,
where a is the unique root in 0 < a < l of the equation

Lemma 1 now follows.
We can now prove Theorem 1. Let

4 , = (na)»
where a is the root in 0 < a < l of the equation

p {
Let xlt ... , xn be an arbitrary set of positive numbers such that Zxt = ns, and FlXi =p. Then,
by Lemma 1,

A= E

As noted earlier there is a unique number jS in 0</}<l such that
A -R>

(Tu,)*(n-l) P-
But. f° =a2. Hence )3<a.(»w)2(nl)
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Now/(a) is monotonic increasing in 0 < a < l . Therefore
s" 1

where /9 is the root in 0 < / ? < l of the equation

which is the required result.

§3. Application of Theorem 1. For the application we now suppose that xY xn are the
roots of an irreducible polynomial equation x"+a1x

n~l+ ... + a n =0 , with rational integral
coefficients alt ... ,nn, so that a ,̂ ... ,xn are the conjugates of a totally real and positive
algebraic integer.

Write

Then

( ) s2-

A=(n- 1) (ns)a - 2nZxixi = (n - 1)»V - n?(n - l')aa =raa(»i, -1) (s2 -

Theorem 1 can be written :

/3 is <Ae root in 0 < # < l o/ <Ae equation

n

Since 77 a;,- = ( - l)"an =j) is a positive rational integer, p > l , and so
i - l

Also
. - l ) } " < l - / S ) 1 »

say. Now, if n>2 and 0< /3< l ,

rf/j 2jS(»-2)

Also

Thus 3a> 1 for 0< /3<l if « > 2 ; and/1(/9) = 1 for n = 2. Hence s2^l, which, of course, can be
established in other ways.

From a result for s under the present assumptions, obtained by Siegel ((2); Theorem II),
we deduce the corresponding result for s2. Siegel's result is :

Let 6 be the positive root of the equation

and
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Then, if A is a real number satisfying 1 <A <A0 = 1-7336 ..., there is a positive integer JV = N(X)
such that s>A, for all n^N.

We prove :
THEOREM 2. / / A satisfies 1 <A<A0, there exists a positive integer N =N(X) such that

«2>A, for all n^N.
We note :
1. In each of the above we can take A>1. For, s ^ l and 5 2 ^ 1 , and equality arises (for

7i^2 in the case s = l and for w>2 in the case s2 = l) if and only if x1=zz = ... =xn, in which
case the equation xn + a1x

n~1 + ... +an = 0 is reducible.

2. For every odd prime p, 4 cos2 - is a totally real and positive algebraic integer of degree

n = i(P — 1). the corresponding equation being

x — y/ith — J . ) x *t"(?i — l ) \ 2 > n ~ o ) * c — 3^(^* — ^)\~n — o ) \ ^ n — o ) x 4 - . . . ^ i ) . ( 1 4 )

« ) 4 ( 1 - K - ) , S O that *9=4( 1 - - - V
2/ \ 2nJ \ In)

Hence, if /x is the best-possible constant in Theorem 2, Ao^!fî =4. It is fairly clear that /A>A0.

Proof of Theorem 2. Choose X1 with A<A1<A0 and e in 0 < e < l such that A =A1
1-e. Now

l+e l+eS

"e. (15)
i i a

where

Take Nx such that e > 0, that is <r> , for n^Nv For such an n consider /2(/3) in
7b 71 — 1

1
in 0 < ^ < l , since e r->0. Now/a(0) = l. Thus/2(j3)>l in 0<i3<l. Hence, from (15),

n — J.
s^s1'*, for n^Nv

By Siegel's result, s>A1, for n^N2) say.
Thus
that is 52>A for

A 2x2 A 1
§ 4. Inequalities for —2 and —*- . An inequality for - j = - j £ (x, - a;,)2 can be deduced

7v 7b TV lb V ̂  j

from a result due to Schur (1). The inequality can be stated in the form :

Ifxlt ... ,xn are the conjugates of a totally real algebraic integer, and ifX is such that
0<A<e* = 1-6487...,

A
then there is an integer N=N(X) such that —£>Xfor n^N.

7b

For completeness we include a proof of this result. The proof is based on the following
lemmas:
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n

LEMMA 4. If A(xlt... ,xn) = n(x{ - x^f,where the xt are real numbers such that

max
/ B \J(na-"' n

(*i> ••• ,xn)=Rn -g , where Bn= nmm.
\n -nj m=iThis follows from Schur (1, §2).

LEMMA 5.
i(n'-n)

This can be obtained by applying the Euler summation formula

^ f(m) = *{/(») -/(0)} + f nf(x) dx + ["/'(*) (* - M " i)
m=l Jo Jo

to the function f(x) =x log x.

Now ̂  = i ^ (a:'" ̂ ^ = i {ni;a:'a ~ ̂ '^ = I *{Xi ~ S)K ^ Lemma 4'it w t n

J
by Minkowski's discriminant inequality. Hence

nX

l

nX \4("a-»>) /
J . Now A(xx -s,... ,xn-s)=A(x1,... ,xn)>[ -^

Thus, by Lemma 5 and Stirling's approximation for w!,

1 < C e "

where C is a constant. Since - r < l . the right-hand side of (16) is less than 1 for sufficiently

large n. Hence (16) implies that n<N = N(A), say. Thus

- 2 (x{-s)2>X iorn^N,

and so 1 > ^ f°r n^N.

In the earlier notation, this result can be expressed in the form

(ra-l)(s2-s2)>A fc
and in the form (ra-l)j82s2 >A for'

We note that the result holds, in particular, when xv ... ,xn are the conjugates of a totally
real and positive algebraic integer. By (14), the best-possible constant in this case is /x, where
1-6487 ... </x<2.

In the totally real and positive case we deduce :
Ifxv ... ,xn are the conjugates of a totally real and positive algebraic integer and if X is such

Zx-2

that 1 <A <e* + Ao
2 = 4-654 ..., then there is an integer N = JV(A) such that — - > A for

71

Write A = Aj + A2
2, where 0 <Aj <e* and 1 <A2 <A0. We have
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Now ' ~2>^i for n^-Ni, say,
TV

and, by Siegel's result, —!>A2 for «>JV2, say.
7b

Hence — - > A for n^ max (Nlt N2).

Schur gave this result with e' +e = 4-367 ... in place of 4-654 .... By (14), the best-possible
constant in this case is /x, where 4-654 ... ^ / x ^ 6 .
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