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AN INFINITE CLASS OF IDENTITIES

A Y § E ALACA, §ABAN ALACA AND K E N N E T H S. WILLIAMS

An infinite class of identities relating infinite products is proved. It is shown that this
class contains a famous identity of Jacobi.

1. INTRODUCTION

Let N = {1,2,3, . . .} and Mo = {0,1 ,2 ,3 , . . .} . Let C denote the field of complex
numbers. Throughout this paper q € C is such that \q\ < 1.

Let a(ki,k2,k3,k^,k5) ((A:i,A;2,/c3,ki,k$)_ € N§) be complex numbers (not all zero
and nonzero for only finitely many (fci, A;2, A;3, fc4, fc5) e Njj) such that

(1.1) YJ a{k1,k2,k3,ki,k5)x
kl{l+x)k*{l-x)k3(l + 2x)k*(2 + x)k> = 0

identically in x. Examples are

{o(0,l,3,0,0) = 1,

o(l, 0,0,0,3) = l,o(0,0,0,3,0) = - l ,

a(ki,ki,k3,fc4,fc5) = 0, otherwise,

as

(1 + x)(l - x)3 + x(2 + x)3 - (1 + 2x)3 = 0;

o(0,l,l,0,0) = 1,

o(0,0,0,l,0) = - 1 ,

o(l,0,0,0,l) = 1,

a(ki, k2, k3, fc4, fc5) = 0, otherwise,

as

(1 + x)(l - x) - (1 + 2x) + x(2 + x) = 0;
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(1.4)

as

and

(1.5)

as

0(0,0,2,0,0) = !,

a(l,0,0,0,0) = 4,

o(0,2,0,0,0) = - 1 ,

a(ki, k2, k3, kt, k5) = 0, otherwise,

(1 - x)2 + Ax - (1 + x)2 = 0;

a(0,0,0,1,0) = 1,

o(0,0,0,0,l) = l,

0(0,1,0,0,0) = - 3 ,

a(ki, k2, k3, ki, fc5) = 0, otherwise,

2x) x)- 3(1 + x) = 0.

The following example shows that there are infinitely many choices for the a(k\, k2, k3, k4, k5).

For each m € N we can choose

(1.6)

as

, if ki + k2 = m, k3 = k4 = k5 — 0,

— 1, if ki = m, k\ = k2 = k3 = k5 = 0,

0, otherwise,

M
+ lea =

by the binomial theorem.

In Section 2 we prove the following identity relating infinite products.

THEOREM 1 . 1 . Suppose that a(kuk2,k3,ki,k5) ((kuk2,k3,k4,k5) € Ng) are
complex numbers (not all zero and nonzero for only finitely many (k\, k2, k3, ki, k5) e NQJ
satisfying (1.1). Tien

a(ku k2, k3, ki,

3
~ 9

x6*i+3*2+3*3+4*4+2*5

n = l

\3*i +6*2+2*3+4*4+3*5

^-9*i-9*2-7*3-10*4-7*5
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In Section 3 we show that Jacobi's famous "aequatio identica satis abstrusa" [2,

p. 147]

n=l n=l n=l

is a special case of Theorem 1.1, see Corollary 3.1. Other identities which follow from
Theorem 1.1 are given in Corollaries 3.2, 3.3, 3.4 and 3.5.

2. PROOF OF THEOREM 1.1

Jacobi's theta function ip(q) and Ramanujan's discriminant function A(q) are defined

by

(2-1) <p(q)= f; qn\ A(q)=qf[(l-qn)2\
n=—oo n=l

Set

Then, as we showed in [1, equations (3.28)-(3.33)],

A(q) = 2-4p(l + P)4(l - P)12(l + 2p)3(2 + p)3*12,

A(q2) = 2 - V ( l + P)2(l - P)6(l + 2p)6(2 + p)6fc12,

A(q3) = 2 - V ( l +P)1 2(1 - P)4(l + 2p)(2 +p)k12,

(2.3) A(9
4) = 2 " V ( 1 +P)(1 - P ) 3 U + 2p)3(2

A(9
6) = 2 - V ( 1 + p)6(l - p)2(l + 2p)2(2

A(g12) = 2-16p12(l

If we write

then C = 2fcl+fcs and

h = ^ ( - * i - 2fc2 + 2k3 - 4fc4 - k5),

12 = — (3/ci + 3fe2 + A;3 + 10*4 + kg),

13 = — (3fci + 6fc2 + 2/c3 + 4*4 + 3fe5),

U = ^ ( - 2 * i - *2 - *a - 4*4 + 2fe5),

h = ^ ( - 9 * i " 9^2 ~ 7*3 - 10*4 - 7*5),

ll2 = —(6*i + 3fc2 + 3*3 + 4fc4 + 2*5),
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and so

(2.4) p * ' ( l + p)*2( l - p)* 3 ( ! + 2p)*4(2 + p)
00

_ 2*i+*5?*i TT(i _ g")-*i-2<

n=l

x ( l_94")-2*i-*2-*3-4fc

U+*5Q _ _3n\3*i+6*2+2*3+4*4+3*5

«+2*5(l _ _6n\-9*i-9*2-7*3-10*4-7*5

X ( l — ql2n)6kl +3*2+3*3+4*4+2fc5

Taking x = p in (1.1), and appealing to (2.4), we obtain the asserted identity. D

3. EXAMPLES

Our first corollary is the famous identity of Jacobi mentioned in the Introduction [2,
p. 147].

C O R O L L A R Y 3 . 1 .

n=l n=l n=l

PROOF: With the choice (1.2), Theorem 1.1 gives

OO

- ?")4(1 " 92")6(1 " <73n)12(l - 9 4 n ) - 4 ( l - 9 6 n ) - 3 0 ( l - g12")12

OO

Y[{1 - g")~4( l - g 2 n ) 6 ( l - g3 n)1 2( l - g4")4( l - g 6 n )" 3 0 ( l - g1 2 n)1 2

n=l

Multiplying by

n=l

we obtain

(3.1) f[(l-qn)16(l-Q4n)8-
n=l n=\ n=l

Set
OO OO OO

A := J | ( l + g2""1), B := J][(l - g2""1), C := JJ(1 + (
n=l n=l n=l
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and

X:=f[(l-q2").
n=l

We have

n = l

Also

oo

- 9
n)1 6(l - g4n)8 = Y[(l - q2n)16(l - q2"-1)16^ - q2n)8(l + q2nf = X24BWC8,

n=l n=l

f ] ( l - g
n ) 8 ( l - g4")16 = f ] ( l - </2n)8(l - 9

2 n - x ) 8 ( l - g
2 n)1 6( l + 9

2 " ) 1 6 = X2iB8C16,
n=l n=l

and

^ - g
2 " ) 2 4 = X24 =

From (3.1) we deduce

X24Bl6C8 + \6qXuB8C16 = X24A8B8C8,

so that

B8 + 16qC8 = A8

as asserted.

COROLLARY 3 . 2 .

n=l n=l
oo

4qf[(l- g")2(l -
n = l
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P R O O F : Using the choice (1.3) in Theorem 1.1, we obtain

n=l

- f [ ( l - f)~40- ~ 92n)1°(1 - 93")4(1 " 9 4 T 4 (1 " 96n)-10(l " 712")4

n=l

+4qf[(l - 9 " ) - 2 ( l - 92n)4(l - ?3n)6(l - <76")-16(l - <712")8 = 0.

Multiplying by

- ?")4(1 - 92 n)-4( l - 93n)"4(l - 94n)4(l " 96")16(1 - 912")"4,
n=l

we obtain the asserted result. D

COROLLARY 3 . 3 .

f l ( l " 92")4(1 - 93n)9 = fit! " 9n)8(l - 93")(1 " <Z6")4
n=l n=l

8qf[(l-qn)3(l-q2n)(l-q
6n)».

n = l

P R O O F : Using the choice (1.4) in Theorem 1.1, we obtain

1 2")61 - < 7 2 n ) 2 U - <73")4(1 " 9 4 n ) 2 ( l - < 7 6 " ) 1 4 ( l - 9 1

n=l

+8qf[(l - qn)-\l - q2nf{\ - q3n)3(l - q4ny2(l - g
6")"9(l - g12")6

n=l

" 9")"4(1 ~ 92")6(1 ~ <?3T(1 " ?4")~2(1 - <76T18(1 ~ 912")6 = 0.
n=l

Multiplying by

oo

n=l

we obtain the asserted result.

C O R O L L A R Y 3 . 4 .
oo oo

J J ( 1 - ?2n)9(l - g3n)(l - q12n)2 + 2 [ J ( l - qn)3(l - qin)6(
n=l n=l

= 3 f j ( l " 9
n ) 2 ( l - q2n)2(l - ?3n)3(l - 9

4 n)3( l - q6n)(
n=l
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PROOF: Using the choice (1.5) in Theorem 1.1, we obtain

n-l

+2
n=l

- 3 f [ ( l - qn)~2(l - g
2 n ) 3 ( l - (?3n)6(l - 9

4")"1(1 - 96")"9(1 - <712")3 - 0.
n=l

Multiplying by

n=l

we obtain the asserted result. D

COROLLARY 3 . 5 . For m e N

(l) - 9
3 " ) 2 m - 3 * ( l - 9

4 n ) 3 m - f c ( l - q1

k=0 ^ ' n=l

PROOF: Using the choice (1.6) in Theorem 1.1, we obtain

_2JI\3TTI /1 -_3TI\6TTI~3AJ

n = l

oo

= JJ(1 - gn)-4ra(l - O 1 0 m ( l " 93")4m(l -
n=l

x ( l - 9
6 n ) - l O m ( l - g 1 2 n ) 4 m .

Multiplying by
yr (1 - gn)4m(l - g4")4m(l - g6")10"»

we obtain

() - 9
3 n ) 2 m - 3 f c ( l - g4")3 m-*(l - g

6 n ) m ( l -
k=0 ^ ' n=l

n = l
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Then, multiplying both sides of the equation by

7 1 = 1

we obtained the asserted result.
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