Canad. Math. Bull. Vol. 41 (4), 1998 pp. 463-472

THE RIGHT REGULAR REPRESENTATION
OF A COMPACT RIGHT TOPOLOGICAL GROUP

ALAN MORAN

ABSTRACT. We show that for certain compact right topological groups, r(G), the
strong operator topology closure of the image of the right regular representation of G
inL(H), whereH = L?(G), is acompact topological group and introduce a class of
representations, R , which effectively transfers the representation theory of r(G) over
to G. Amongst the groups for which this holds is the class of equicontinuous groups
which have been studied by Ruppertin[10]. We usefamiliar examplestoillustrate these
features of the theory and to provide a counter-example. Finally we remark that every
equicontinuous group which is at the same time a Borel group is in fact a topological

group.

1. Introduction. Let (G, ) be a group with compact Hausdorff topology. We say
that (G, 7) isaright topological group if for every g € G theright translation map,

pg:G— G:h— hg,

is continuous. If the topology, 7, is understood we shall simply write G instead of (G, 7).
The set of continuous left translation maps,

A(G) ={g € G| \y: G— G:h+ ghis continuous},

is called the topological centre of (G, 7). Compact right topological groups with dense
topological centresarise in the study of minimal distal flows (see, for example, [9]).

If G=A(G),i.e,if multiplication in G is separately continuous, then we say that G is
semitopological. A famousresult tells usthat if G isa (locally) compact semitopological
group then G isin fact a topological group (see [2]). The definition of a left topolog-
ical group and the corresponding definition for the topological centre is arrived at by
interchanging the roles of the maps py and Ay above.

A compact right topological group, G, issaid to be equicontinuousif the set of all right
translation maps is equicontinuous. These groups were studied in [10] where examples,
including a more general form of Example 4 in this paper, are discussed in detail. The
following result is taken from [10] and characterizes equicontinuous groups.

THEOREM 1. Let G be a compact right topological group. Then the following state-
ments are equivalent:
() Gisequicontinuous;
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(i) Theclosurein GC of the set of all right translation maps, which we denote by g,
is a compact topological group;

(iii) Themap (g. h) — ghisjointly continuous at the identity;

Furthermoreif any of these conditionsis satisfied then theinversionmap g — gt is
continuous at the identity.

Though it may appear curious at first glance that a compact right topological group
may have any points at al at which joint continuity can occur the reader may be
reassured, as we shall see later, that this is not entirely an uncommon phenomenon.
When G is equicontinuous the closure, pg, is sometimes referred to as the Ellis group
of G. However, it isawell-known fact that an equicontinuous group cannot have dense
topological centre unlessit istopological (see[10]).

We say that a probability measure 1, on G is left invariant if it is invariant under all
continuous left tranglates, i.e., 1(gB) = u(B) for every Borel set Bin G and g € A(G).
Furthermorewe say that ;s isaHaar measureon Gif p isrightinvariant, i.e., u(Bg) = u(B)
for every Borel set Bin G and g € G. It is a well-known result that the existence and
uniguenessof Haar measurefor G, whichisalso left invariant, followsfrom the existence
of astrong normal system for G, i.e., afamily of subgroups, {L; : £ < o}, indexed by
the set of ordinals less than or equal to an ordinal &p such that,

(i) Lo=G, L, = {e} andfor each { < {o, Le+a C Le, L¢ isanormal subgroup of G
and the quotient group G/ L, is aHausdorff spacein the quotient topology;

(ii) foreach ¢ < &, the function

G/ L£+1 X Lg/l_£+1 — G/LE+1: (SL5+1, tLE+1) — Stl_£+1

is continuous in the quotient topologies.

(iii) for eachlimit ordinal § < £o, Le = ),<¢ Ly

For details see[1] (Appendix C), [6], [7] or [9]. It follows from the conditions above
that L, /L. isacompact, Hausdorff topological group for each €. We say that the length
of the strong normal systemisthe ordinal &o. We mention in passing that for any ordinal,
¢, itis possibleto construct agroup, G¢, for which every strong normal system of G, is
of length at least ¢ (see[8]).

For simplicity we shall only be interested, throughout this paper, in groups which
possess strong normal systems of finite length. There are, however, groups which do
not possess strong normal systems though nonethel ess have Haar measure. An example
of such a group is given in Example 5. Of interest later is the existence of a normal
subgroup, N(G), of G with the property that for any closed normal subgroup, H, of G
suchthat G/H isacompact Hausdorff topological group we have N(G) C H (for details
see[9], Propositions2.1 and 2.2). Wewarn the reader that N(G) need not be atopological
group. Indeed it is possible that G = N(G), however, this situation never arises if the
topological centre of G isdense.

Haar measure on G may be realized as a positive, invariant, linear functional of
norm 1 on C(G). For some ¢, let pL. denote Haar measure on the compact, Hausdorff

https://doi.org/10.4153/CMB-1998-060-2 Published online by Cambridge University Press


https://doi.org/10.4153/CMB-1998-060-2

COMPACT RIGHT TOPOLOGICAL GROUP 465

topological group L¢ /L4 and let CLM(G) denote the subspace of C (G) consisting of
functions constant on the cosets of L¢.1. Then any function f € CLw(G) givesriseto a
functionf € C(G/L¢.1), defined by f(S) = f(s) where Sdenotesthe coset of Sin G/ Less.
The continuity of the map,

G/ LE+1 X Lé/LE+1 — G/L£+1,

ensuresthat for f € C._m(G), the function ¢, (f) defined by,
RUICEY IRTCLGE

for s € G, is continuous. By the invariance of Haar measure the function ¢ (f) can be
viewed asafunctionin C (G/L) and therefore ¢, mapsCy_,,(G) onto C, (G). Weobtain
Haar measure on G by (transfinite) induction. We start with Haar measure on G/ L, and
define ¢ as theintegral with respect to the Haar measure on G/L;. Having determined
the map

Ye-1:Cr, ,(G) = C(G)=C

we define ¢ = ¢r, o ¥¢_1. It can be shown that ¢, is Haar measure on G and for the
details the reader is referred to [6].

Many compact right topological groups, including thosein this paper, are constructed
as extensions of compact topological groups. We shall therefore make use throughout of
Schreier’s (algebraic) analysis of group extensions and introduce appropriate notation
which is consistent with that used in [5]. Suppose that we have two groups G; and G, a
map

Gz — AUt(Gy): t — (51— t(9))
and afunction,
Gy x Gy — Gy (t', 1) — [t 1],

satisfying the conditions
[t,e] =[et] = ¢
[t t]tt'(s) = t(t'(9))[t. 1]

and
[t ][t 7] = t([t, ][t t't"].

foralt,t',t” € Gyands € G;. Thentheset G = G; x G, endowed withthemultiplication,
(1) (8. t)(s.t) = (SY(IL'. 1. t't).

isagroup with normal subgroup G; x {e} =~ G; and G/G; = G,. Notice that the action
defined by the map G, — Aut(G;) ison the left.

Aswe shall seelater in the examplesit is also hecessary to introduce the dual notion
for G = G; x Gy, where thistime G is an extension of G, by G; and so {e} x G, isa
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normal subgroup of G and G/G; =~ G;. Thistime we are dealing with automorphisms
t — (t)s of G, and the multiplication is given by

2 (8.1)(s. 1) = (s[5 s|(t)st).

The difference here is that this time the action defined by the map G; — Aut(Gy) ison
theright. Finally if the groups G; and G, havetopologiest; and , respectively, then we
say that G isthe Schreier product both algebraically and topologically of G; and G, if G
is the isomorphic to either one of the Schreier products described above endowed with
the product topology 71 X 7.

It is worth pointing out at this stage that if G = G; x G is algebraically and topo-
logically the Schreier product of atopological group G; and afinite group G, then G is
equicontinuous. Indeed if U = U; x U, is an open neighbourhood of the identity, then
U containsU; x {1} whichisopenin G because G; is discrete. Since G; is topological
we can find open neighbourhoodsV x {1} and V' x {1} such that

(V x {1)(V' x {1}) C Uy x {1} C U.

From this observation we deduce continuity of multiplication in G at the identity and
apply Theorem 1.

2. Representation theory of compact right topological groups. We turn our at-
tention now to studying representations, 7, of G by unitary operators on some Hilbert
space H . Let us assume that the group G has Haar measure, ;1. Typically we shall be
interested in the Hilbert space, L 2(G), of squareintegrable functionswith respect to Haar
measure, 1, on G. The space L (H ) shall be endowed with the strong operator topology.
As has been pointed out already in [4], the continuity of 7 implies, asin the topological
case, that 7 isthe direct sum of irreducible finite dimensional representations. Moreover
any continuous representation, , factors through G/N(G), where N(G) is the normal
subgroup of G mentioned in the introduction, and hence faithful representations cannot
be continuous unless G is topological. Consequently there is an insufficient theory of
continuous representations for a compact right topological group, G, to reproduce the
sort of results we are accustomed to in the topological case. For example, unless G is
topological we are unable to separate the pointsin G using only continuous representa-
tions. The situation is particularly acuteif G = N(G). In this case there are no non-trivial
continuous representations. Thisis the situation with the group in Example 5 below (see
also [6]).

It is therefore the aim of this section to introduce a class of representations, R, for
certain compact right topological groups which plays arole analogousto that played by
continuous representations for topological groups. In order to do this it is necessary to
study theright regular representation,

r:G— U(L%G)):g— rq.
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where rqf(h) = f(hg) for f € L2(G). Sincer is clearly faithful it is evident from the
remarks abovethat r is not continuous unless G is topological.
For some of what follows it is instructive to study the continuity properties of the
map,
G — C:g— pu(BABg™).

for all Borel sets, B C G. If G is alocally compact topological group then this map
is continuous (see [3], Theorem 61.A). If, however, G is a compact right topological
group then the continuity of the above map implies that G is topological. Indeed from
the continuity of the map,

g+— u(BABY™) = ||xe — rgxsll

and by approximating any f € L?(G) by finite linear combinations of characteristic
functions we easily deduce the continuity of the map g — ||f — r4f||> and hence the
continuity (in the strong operator topology) of the right regular representation, r.

THEOREM 2. Let G bean equicontinuouscompact right topological group. Thenr(G)
is a compact topological group.

PROOF. First we prove that r(G) is compact. Since r(G) is got by taking the closure
of r(G) inTI{ref | f € L%(G)}, it suffices to show that for every f € L2(G), the set
rcf is compact. In fact we need only show that the set rsf is totally bounded in the
| - |-norm. Let f € C(G). Since G is compact it follows that rgf is pointwise bounded.
Moreover since G is equicontinuous the family {f o py | g € G} is equicontinuous. We
can therefore apply Ascoli’s theorem to deduce that rsf is sup-norm totally bounded in
C(G) and hence || - || -norm rel atively compact. The result now follows from the fact that
the space of all f € L?(G) for which rf is compact is a closed subspace of L%(G) (see
[1], Chapter 6) containing the dense subset, C (G), of L2(G). That r(G) is a topological
group is now a simple consequence of the compactness of r(G) (see, for example, [1]
Chapter 6).

THEOREM 3. Let G beacompact right topological groupwith Haar measure ., anda
commutative subgroup, H, suchthat G = G/H x H isalgebraically the Schreier product
with multiplication given by (2). Suppose further more that,

(i) for every (relative topology) neighbourhood, U, of the identity of {e} x H wecan
find finitely many points, {t; }{L; € H, such that the sets, U(e. t;), cover {e} x H,

(i) G/H isfiniteand

(iii) OnH the map g +— p(BABg™) is continuous for all Borel sets, B, of G.

Then r(G) is a compact topological group.

PrROOF. Asin the previoustheorem it sufficesto show that for every f in a dense set
of functionsin L?(G) the set rf is || - ||>-norm totally bounded. This time to prove the
result we show that it holds for every characteristic function, f = xg, where BisaBorel
subset of G.
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Let e > 0. We need to find a finite set of points {gi}/L; such that for any g € G,
Irg xe — rgxal| < e for somei. Now for any pair (s.t). (s.t') € G/H x H = Gwe have

Irsyxe — revyxell = Ifsefeyxe — Ms.of er)xsl-

Letting s = ' yields ||reyxe — rer)xs| in the above expression. However, owing to
the continuity of g — u(BABg™) on the subgroup {e} x H we can find an open
neighbourhood of theidentity, U, in {e} x H suchthat for (e, h) € H, u(BAB(e, h‘l)) <
e. Therefore by condition (i) abovewe can find finitely many points{(e, ti)}', in {e} x H
such that for any t € H, (e,t) € U(e, ;) for somei. Hence by the commuitativity of H,
(et ) =(ett 1) € Uand

[renxs — Fenxsll3 = /G Irenxa(¥) — res)xa()|% du(x),

= [ Xeer ey () du(®).
= u(BAB(e.t ) <e.

for somei. ThusG/H x {t;}lL; istherequired finite set.
In the light of these results we define R , whenever r(G) is a compact topological
group, to be the class of representations of G of the form

T oG —L(H)

where:1r(G) — L(H ) isacontinuousrepresentation. Thusin effect we are transferring
the representation theory of r(G) over to G. For compact right topological groups for
which r(G) is compact there are therefore enough representationsin R to separate the
pointsof G by virtue of thefact that there are sufficiently many continuousrepresentations
for r(G). Furthermore since we can always find an inner product on H with respect to
which any continuousrepresentation, 7: r(G) — U(H ), isunitary, it followsthat we can
do the samefor any representation of Gin R . Finally H decomposesinto an orthogonal
sum of finite dimensional subspaces which are invariant under the action of r(G) and
hence G.

It is worth asking to what extent the class, R , determines the structure of a compact
right topological group, G. For exampleisit possible to construct astrong normal system
using only the representationsin R ? We have looked at thisissue but have so far been
unableto prove any resultsin this direction.

3. Examples. We present here some examplesto illustrate the features outlined in
the previous section. In the following example, where G is equi continuous, we reproduce
some results from [4] to provide a concrete description of the compact group r(G).

ExAMPLE 4. Let ¢ be adiscontinuous automorphism of the circle group T satisfying
¢? = 1. For exampleif weregard T as the direct sum of the subgroup,

{zeT|Z"=1for somen € Z},
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and ¢ copies of @ then we may define ¢ as interchanging the coordinates of two fixed
copiesof Q. Let G =T x {1, ¢} be the semidirect product with multiplication,

(U, €)(v. 8) = (ue(v). ed).

and the product topology. Then G is acompact right topological group with topological
centre A(G) = T x {1}. Now let f, denote the function in L2(G) supportedon T x {7}
and determined by the function f € L?(T). Then by direct calculation it is easy to show
that the map g — rgfy isgiven by

(v, 1) — (rywbh
and

(V. ¢) — (o re-

Consider now theflow (G, p(G)) defined by the:action of G onitself by right translation,
i.e, G — GC:g+— pg. The family of maps, {py | g € G}, is equicontinuous which
implies that the Ellis group of the flow (G, pg) is acompact topological group.

The Ellis group, pg, is given by the set,

with multiplication defined by,
(Uz, Uz, 1)(V1, V2, 6) = (UVa, UzVa, 0)

and
(uz, Uz, @)(V1.V2,8) = (UVa, UaVy, ¢0).

Themap 0: G — pg defined by,

(V. 8) — (V. (1), 6).

is a discontinuous isomorphism of G onto a dense subset of pg. Moreover the map
mpe — U (LZ(G)) defined by

(rf)1 ify=6

(v, Vo, 0)fy = {(rvzf)q‘u ity #6

isa continuous representation of pg andr = 7060:G — U (LZ(G)). Conseguently, since
0(G) is dense in pg, it follows from the continuity of = that r(G) = 7 o 6(G) is dense
in the compact group 7(pg) and hencer(G) = (pg). The continuous representations of
n(pg) therefore determine the representations of G which belong to the classR . ]

Next we turn to an example, G, which satisfies the hypothesis of Theorem 3 and also
shows that equicontinuity is not a necessary condition for the compactness of r(G).
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EXAMPLE 5. Let G be the algebraic Schreier product of {£1} and T with multipli-
cation given by (2),
(e, U)(6. V) := (eb, U'V).

Endow G with the topology, 7, for which a basic open and closed neighbourhood of the
points (1. €2) or (—1. €®), wherea < b, is of theform
U:={(1.€%, (-1} U{(e, € | e = +1,a < § < b}.

Then (G, 7) isacompact right topological group with trivial topological centre. However
it is well-known (see for example [5]) that G is not equicontinuous. Unlike the other
examples in this paper, G does not have a strong normal system (for details, see [6]).
The group G does, however, have Haar measure given by .(B) = A(BN ({1} x T)) for
any Borel set B C G where ) isthe usual Lebesguemeasureon T =~ {1} x T. The map,

G — C:g— u(BABg™).

when restricted to {1} x T is continuous at the identity for all Borel sets, B C G. Indeed
let (1, €') be asequencein G then

UL e ) = {(1, @ m), (—1,dCm)} U {(e, €0y | e =+1,a < 6 < b}.
and hence ’ _
p(UAU(L €)= 2u(U\ UL e™)) = 2.

Thus we deduce the continuity at the identity of the above (restricted) map for any open
or closed subset, U, of G and the result for al Borel subsets, B, of G follows from the
regularity of the measure, . ]

We end this section with a counterexample, G, wherer(G) fails to be compact. In this
example the topological centre is dense and thus G is not equicontinuous.

EXAMPLE 6. LetG =T x T' havethe product topology and multiplication given by,

(t.f)(s.9) := (ts. f o psQ).

Then G is a compact right topological group with dense topological centre A(G) =
T x C(T). The family Lo = G, Ly = {1} x T" and L, = {(1. €)} is a strong normal
system for G and therefore Haar measure on G is given by the product of the measures
on each of the groups T' and T. Indeed G is the Schreier product of G /L1 =~ T and
L1 =~ T" with multiplication given by (2). Now let (s. g) € G. We denote a subbasic open
neighbourhood of T' by

N(t; U) == {f € T" | f(t) € U},
where U isopenin T. Choose any open set of the form,

W=V xNtU) CcTxT,
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where the setsU and V are both openin T. Then
W(s. @) = Vs x N(s™'t; g(t)U)
and hencefor s # e,

p(WAW(S, g))
= 2u(W\ W(s. 9))

- z{u((v \V8) x Nt U)) + ((vmvS) x (N(t; s N(s—lt; (g(t)u)"))) }
= 2M(U){A(V \ V8) + (1= A(U)) A(V N Vs)}.

where ) is the usual Lebesgue measure on T. In particular if we chooseV = T then
p(WAW(s, g)) = 2\(U)(1— A(U)). Thus by choosinge < 2A(U)(1— A(U)) it follows
from the above calculation and the identity,

Irenxw = remxwll = Ixw = e mxwllz
= lIxw— r(tfltf,fflopt,t,lf/)XW”2
that it isimpossibleto find finitely many elementsin G to furnish an open cover of rgyu

by e-ballssinceany such choiceof elementsmustincludeaset of theform {(t, f;) | t € T}
which isinfinite! The set r(G) is therefore not compact. .

4. AremarkonBorel groups. Let (G, ) beacompact, right topological group and
suppose moreover that (G, 7) has Haar measure .. We say that G is a Borel group if the
map,

G x G— G:(g,h) — g *h,

is Borel measurable. Note that if G isaBorel group then for f € LY(G) and g € L>(G)
then,

fog(e) = [ f(sHgt™) du(.
iswell-defined and is finite for amost al s € G.

THEOREM 7. Let G be an equicontinuousgroup whichisalso a Borel group. Then G
is atopological group.

PROOF. We begin by showing that for f € L(G) and g € L>°(G) the map,
s—fog9= [ f(sa(t™) du).

is continuous. Let f € C(G). Then since G is equicontinuous, inversion is continuous at
the identity and therefore f is uniformly continuous with respect to the uniformity (see
[10]),

V :={(s,t) | ts"* € V, V an open neighbourhood of ein G}.
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Thisimplies that for e > 0, there exists an open neighbourhood, V, of the identity such
that for any s.s' € Gsuchthats's™t € Vv,

[fog(s) —fog(s) < /Glf(St)—f(S’t)||9(t_1)|du(t)
< €]|gloo-

Hence s — f ¢ g(s) is continuous. Now let f be any element in L(G). Then for any
€ > 0 there exists a continuous function, ¢, suchthat ||f — ¢||1 < €. Since,

[fog—¢odlew = sup|(f —¢)og(s)
seG
< |If — oll2llgll
< €[|g|o0s

f ¢ g isthe uniform limit of continuous functions and is therefore itself continuous.
Finally we apply thisresult to the characteristic functions xg, and xg,, where B; and
B, are Borel setsin G, to get that the map,

S X8, © XB,(S) = u(s BN B Y.

is continuous. In particular, for any Borel set, B, if we let B; = B and B, = B~ we
deducethe continuity of themap, s+— u(s1BAB) = ||lsys — xs||2 wherel isthe faithful
antirepresentation |sf (t) ;= f(st). Thisimpliesthat G is topological.
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