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Results on fractional parts of linear functions of n
and applications to Beatty sequences

TAKAO KOMATSU

A Beatty sequence is a sequence of the form [nO + <f>\ for fixed real numbers 0
and <f>. In order to determine the sequence \nO + <f>\ (n — 1, 2, 3, . . . ) , it is natural
to consider the characteristic (or characteristic sequence) dn = [(n + 1)0 + (j>\ — [n9 +
^J (n = 1, 2, 3, . . . ), from which the original sequence [nO + <j>\ can be constructed by

n-l

additions only: [nO + <f>\ = ^ <£,• + [0 + <j>\ (n = 3, 4, 5, . . . ). Thus, the characteristic
1=1

sequence determines the original Beatty sequence up to translation, and when 0 < 6 < 1
it consists of O's and l's only.

Determining the characteristic sequence will be the main theme of this thesis, and
our interest lies chiefly in the inhomogeneous case. There are many methods for deriving
the homogeneous characteristic sequence, but it is known to be difficult to compute the
general inhomogeneous case.

Following the introduction in Chapter I, we discuss homogeneous characteristic
sequences in Chapter II, where the methods are well-known but are relevant to later
chapters. The original work begins from Chapter III.

In Chapter III we consider the characteristic sequences of \nO + <f>\ by the method
of Markov and Venkov [7], which uses continued fraction expansions.

In Chapter IV we discuss the fractional part of nO + <j> and introduce the work of
van Ravenstein [6]. Using the Three Gap Theorem he determined the second smallest
value of ||n0|| with 0 < n < qi. We shall generalise this to the inhomogeneous case.

The sorting problem in the inhomogeneous case is also solved here. For any irra-
tional 0 we can determine the ordering U\, tt2, . . . , MJV of {0, 1, 2, . . . , N — 1} with

We also give an easily computable way of obtaining long sections of the inhomo-
geneous characteristic sequence [(n -f 1)0 + <j>\ — \n0 + (f>\ from the homogeneous one
[(n +1)6} — \n0\ . We give several examples. To get the homogeneous characteristic
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sequence we use the method of Fraenkel, Mushkin and Tassa [2], but once this is ob-
tained, arbitrarily long sections of the original inhomogeneous characteristic sequence
can quickly be derived by a series of shifts closely related to the fractional parts {n9+(f>}.

In Chapter V we give a corrected version of [5]. Their results for the homogeneous
case still stand, but their results for the inhomogeneous case have needed thorough
going revision which has made the proofs much longer. Their results on irrationality
measure and algebraic independence are also corrected.

Shortly after [5], a similar paper by the Borwein brothers [1] appeared. Both of
oo

these papers give expressions for ^ X) xkym. Replacing the expression in [5] by

our corrected version in Chapter V, we can now show that the two different expressions
given are equivalent. The starting point for this topic is relative continued fraction
expansions. This is the content of Chapter VI.

In Chapters VII and VIII we deal with substitution invariant Beatty sequences. If
we assume 0 < 6 < 1, the sequence /1/2/3 • • • consists of 0's and l's only. Denote by
Wo and W\ finite strings in the letter 0 and 1. Then the sequence (/„) is said to be
invariant under the subtitution W given by If: 0 —* Wo, 1 —> W\ , if the infinite
strings /o = /1/2/3 • • • and W(fg) = W/t Wf2Wf3 • • • coincide. The homogeneous case
<f> = 0 and the inhomogeneous case <j> ^ 0 are considered in Chapter VII and Chapter
VIII, respectively. Several mathematicians have already discussed this problem, but
our argument is more mechanical, efficient and rather different.

Although it is also about Beatty sequences, Chapter IX is not directly related to
the other chapters. Here, we investigate the sum of a fixed number of consecutive terms
of a Beatty sequence. For a fixed number h, we give an accurate least upper bound

h
and greatest lower bound of ^Z [(N + i)9\ for a variable non-negative integer N.

i=l
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