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Abstract

Let 5 be a subset of a group G such that S~' = 5 . Denote by gr(5) the subgroup of G generated by 5,
and by ls(g) the length of an element g e gr(S) relative to the set 5. Suppose that V is a finite subset of
a free group F of countable rank such that the verbal subgroup V(F) is a proper subgroup of F. For an
arbitrary group C, denote by V(G) the set of values in G of all the words from the set V. In the present
paper, for amalgamated products G = A *H B such that A ^ H and the number of double cosets of
B by H is at least three, the infiniteness of the set \ls(g) \ g e gr(5)}, where S = V(G) U V(G)~\ is
established.
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Let G be an arbitrary group and let S a subset of G such that S~' = S. Denote by
gr(5) the subgroup of G generated by S. We say that the width of the set S is finite if
there is k € N such that any element g of gr(5) is representable in the form

(1) g = sis2---sn, where s, e S and n < k.

The minimal k with this property is called the width of the set S in G, and we denote
it by wid(S, G). If for each k e N there is an element gk e gr(S) that cannot be
expressed in the form (1), we say that the width of S in G is infinite. Many papers are
devoted to investigating widths of various subsets: see [1-3,6-9],

In this paper we consider widths of verbal subgroups. Specifically, let V be a finite
subset of the free group F of countable rank. We say that V is proper if V(F) is
a proper subgroup of F. By the width of the verbal subgroup V(G) of an arbitrary
group G we mean the width of the set V(G) U V(G)"1 in G. Widths of verbal
subgroups have been investigated in a series of papers (see [2,8,9] and references
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therein). In the present paper, for amalgamated products G = A *H B such that
A 7̂  H and the number of double cosets of B by H is at least three, the infiniteness
of the width of the verbal subgroup V(G) is established.

DEFINITION 1. A quasicharacter of a semigroup S is a real-valued function / on
5 such that the set [f (xy) - / (x) - f (y) \ x, y e S] is bounded.

DEFINITION 2. By a pseudocharacter of a semigroup S (or group S) we mean a
quasicharacter/ satisfying the following condition: f (x") = nf (x) for all x e 5 and
all n G N (and all n € Z if S is group).

The set of quasicharacters of a semigroup S is a vector space (with respect to the
usual operations of addition of functions and their multiplication by numbers) which
will be denoted by KX(S). The subspace of KX(S) consisting of pseudocharacters
will be denoted by PX (S), and the subspace consisting of real additive characters of
Swill be denoted by X(S).

DEFINITION 3. By a quasicharacter of a semigroup S with involution * we mean a
quasicharacter ip such that <p(v*) = — ip(v) for all v e S.

The set of quasicharacters of a semigroup S with involution will be denoted by

KX{S,*).
Let G = A *H B be the amalgamated product of two nontrivial groups A and B. Let

B = H U ( |J / 6 / HbjH) be the decomposition of the group B into double cosets. We
assume that | / | > 2. Let & be the free monoid with free generators X = {x,•, \ i e / } .
Define £ : B \ H -»• X by £(£) = x, whenever b € HbiH. The mapping b i-y Zr1

on B induces a permutation * of order two on the set X, as follows: if b~x e HbjH
we set x* = Xj. Now we extend * to an involution on the entire semigroup &, that is,
for v = xhxh • • • xin set v* = JC* • • • *,*JC* • Let Ao = A \ H and Bo = B \ H.

DEFINITION 4. Let g e G \ H. By a canonical (or reduced) form of the element g
we mean an expression of the form

(2) g = cxc2--ck,

where c, 6 Ao U Bo and c,c,+i £ Ao U B{).

Given a canonical form as above, we put g = ct and £ = ck. Now we define
£ : G -> ^" as follows. If g e A we set £(g) = 1. If g <£ A and (2) is a canonical
form for g, we set £(g) = £(ci)§(c2) • • -%(ck). It is clear that the mapping £ is
well defined. Now for each word v from the semigroup & we introduce the set
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of 'beginnings' H(v) and the set of 'endings' K(v) as follows. If v € X, we put
H(v) = K(v) = 0. If v = x^Xj; • • -x,n, where ij e I and n > 1, we set

H(v) = { x , , , * , , * , , , . . . , * , • , * , - , •••xin_2,xilxh • • • * , • „ _ , } ,

K{v) = [xh • • • * , „ _ , . * , , , , x , 3 • • • x , n l x , , , , . . . , * , „ _ , * , • „ , * , • „ } .

It is evident that H(w)D K(w) = 0 if and only if H{w*) n K(w*) = 0.

DEFINITION 5. Two elements v and w of & are called conjugate if either u = u>
or there exist elements a and b in ^ such that v = ab and if = 6a. The conjugacy
relation will be denoted by ~ .

Denote by P+ the set of words w of length at least two in the alphabet X with the
property that H(w) D K(w) = 0 and w -f w*. For any word w e P+ and any » 6 ^
denote by rl/w(v) the number of occurrences of w in u. Note that two occurrences of
w in v cannot overlap, since the overlapping portion would lie in H(w) n K(w). For
each pair of elements x, y from & we define a measure nxy on P + as follows: we
set [ix,v(ui) = \ if w = ab for some a e A'(JC) U {̂ } and 6 e H{y) U {y}; otherwise
we set fj,xv(w) = 0. It is easy to verify that \J/W(xy) — i/w(x) — ifrw(y) = iix,y{w) for
all w e P+ and x, y 6 &. Now for w e P+ and u e ^ w e put

Let AU [ I (K;) = ixuv(w) — ^Ul,(iti*). We obtain the following equality

r)w(uv) - JJM,(M) - /?,,,(u) = Au,v(w).

It is obvious that the relations rju,(v*) = —r}w{v) and | Au_v(w) | < 1 hold; hence the
function r)w is an element of the space KX(J?, *).

Next we define a metric d(-, •) on the semigroup « "̂. By an elementary transforma-
tion of a word u in the alphabet X we mean an insertion or deletion of some a e X.
It is clear that any two words u and v from & can be connected by some sequence
of elementary transformations; we define the distance d(u, v) between u and v to be
the minimal number of elementary transformations required to connect them. It is
clear that the function d(u, v) is a metric, and that it is preserved by the left and right
actions of &.

LEMMA 1. Suppose that » , v e ^ with d(u, v) < 1. Then there exists a set of at
most three pairs of elements z,, s, 6 & such that for all w G P+ we have

tjnXu) - rjw{v) —

Furthermore, \r)w(u) — r),r(v)\ < 2.
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PROOF. We may assume that v is obtained from u by the insertion of one letter.
Thus we have u = Uiu2 and v = uxau2, where a e X. Hence, \//w(v) = \lrw{u\au2) —

fw(a) + V«,("2) + Hus.auAw) + Ha,u2(w) and fw{u) = ^ ( M , ) + x//w(u2) +
)- Therefore,

i M v ) - itw(u) = fw(a) + iiUl,aU2(w) + fia,U2(w) - fxUl,

It is easy to see that /i, , ,M!(w) + naM2(w) e {0, 1} and so it follows that i/w(v) —
irw(u) € {0, ±1}. Since the same holds for w*, we have r)w{v) -r)w(u) € {0, ± 1 , ± 2 } .
Moreover,

r)w(v) - r)w(u) = fw(v) - i/rw.(v) - fw{u) + 1ra.(u)

= AU|.au,(u;) + Aa,U2{w) - AUl,

and the lemma is proved. •

COROLLARY 1. Let u,veJ? with d(u, v) < k. There exists a set of at most 3k
pairs of elements Zi, st € & such that for all w € P+ we have

r)w(u) - r]w(v) = Y^ AZI,SI(W).

Furthermore, \rjw(u) — rjw(v)\ < 2k.

DEFINITION 6. Let g € G with g ^ 1. By subdivision of g we mean an expression
the form

g —

where the g, are canonical forms for each /, and g,g,+i £ Ao U Bo.

LEMMA 2. Suppose that the elements g, t G G satisfy g'i £ H. Then

PROOF. It is clear that %(gt) = %(g)$(t) unless g and f are both in B. Writ-
ing g = g\bi and t — b2t\, where b{ = g and b2 = i, we see that £(g)£(r) =

*i*2£('i), where x\ = %(b\) and x2 = £(b2) are elements of X. Furthermore,
= £0>i)*3£('i), where x3 = ${b\b2) e X. Now %(g)$(t) can be transformed

into £(#/) by deleting ^i and x2 and inserting x^. D
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COROLLARY 2. Suppose that the elements g,t e G satisfy g'i £ H. Then

\r\w{S{gt)) - r,u,(Hg)Ht))\ < 6

for all w 6 P+. Further, there is a set of at most nine pairs of elements z,, s, from
such that

for all w € P+. Since nw(Ug)%(t)) - r?«, (£(#)) ~ ^ ( £ ( 0 ) = A^g)Ml)(w), there is a
set of at most ten pairs of elements z,, s, such that

For each w 6 P+ we define a function pw : G —>• R by p^(^) = ^.^(^C^)) for all
g € G. Our next result shows that p,,, is a quasicharacter.

PROPOSITION 1. For any x, y from G there exists a set of at most twelve pairs of
elements g(, tjfrom G such that the relation

Pw(xy) = pw(x) + pw(y)

holds for all w 6 P+. Hence, we have the following estimate

\pw(xy) - PM) - Pw(y)\ < 12.

PROOF. If xy £ H the result follows immediately from Corollary 2 above. So we
may assume that xy e H. Now let x = gz\ and y = zit be subdivisions of x and y
such that z,z2 e H and g-Zlz2i $ H. Then £(x) = $(g)Kzi), Hy) = Hzi)H0 and

= £(zi)*. Hence, we obtain the following relations

»?«,(? (z2))

+ »?«,(? (>)) = »)«,(?(«)) + »/•»(£(*)) + Ae(, ) i { (J l )(iu) +

Now ^(gziz2) = ^(g), since z,z2 e / / , and so r)w(Hxy)) -
equals

Hence by Corollary 2 (applied with gziz2 in place of g) there is a set of twelve or

fewer pairs g,, t, such that rjw(Uxy)) - iwiH*)) ~ 1w($(y)) = E , Ai(Si)Mli)(w). D
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DEFINITION 7. An element v e & is said to be simple if there is no integer m > 2
such that v = wm for some w e 3*.

Obviously for any u € & there is an n e M and a simple element w such that
u = w". It is clear that if u ~ u, then M is simple if and only if v is simple, and
um ~ um for all m e N.

In [5] the following result was obtained.

LEMMA 3.1fv is a simple element from &', then there is w € & such that v ~ w
andH(w)nK(w) = 0.

LEMMA 4. Let v e & be an element of length at least two with v ^ v*. Then there
exist w e P+ and n e N such that v ~ w".

PROOF. Suppose that v = w", where w\ is simple. It is clear that w\ •/> w*. Now
by Lemma 3 we obtain that there is w ~ wt such that H(w) D K(w) = 0. D

In [4] the following result was obtained.

THEOREM 2. Let S be a semigroup, andf a quasicharacter ofS such that \f (xy) —
fix) — f (y)\ < cforallx,y e S. Then the function

f(x)= lim-/V")
n-KX> 2

is well defined and is a pseudocharacter, with \f (xy) — f (x) — f (y)\ < 4c for all
x,y € 5.

COROLLARY 4. Let G be a group, andf a quasicharacter ofG such that \f (xy) —
f (x) — f (y)\ < c for all x, y 6 G. Then the function

f(x)= \\m^-f(x2")
n-*oo 2

is well defined and is a pseudocharacter, with \f (xy) — f(x) — f(y)\ < Ac for all
x,y e G.

PROOF. By Theorem 2 it suffices to show that for each x 6 G the equality f(x~l) =
-f(x) holds. Since f(xn) = nf(x) for all x e G and n e N, we obtain f(\) = 0.
Hence \f(l) - f(x) - f(x~])\ < Ac becomes \f(x) + f(x^)\ < Ac for all x e G,
whence it follows that

n\f(x) + /V ' ) | = I/V) +f((x-])")\ < Ac
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for all x 6 G and n € N. This is possible only if / ( * " ' ) = —f{x). Now for each
it > 0 we have /(*"*) = /((**)- ') = -/((**)) = -kf(x), and the corollary is
proved. •

In particular, it follows from Corollary 4 that jô  is a pseudocharacter of G whenever
W € P+.

PROPOSITION 2. Lef C < G and C g H. Then there exists a pseudocharacter <p of
G such that <p\c ^ 0 .

PROOF. By Theorem 1 there is g e C of the form g — ct\P\ • • -akpk with a, e
(A \ H) and ft € (fl \ H) for each i, such that if v = $(g) € & then u -/- v*.

Replacing g by a conjugate of itself if necessary, by Lemma 4 we may assume that
v = w" for some w e P+ and n e N. The pseudocharacter ~pw then has the desired
property, since pw(gk) = nk for all /: e N, and thus A,,(g) = n ^ 0. This completes
the proof. •

LEMMA 5. Lef (p e PX(G), and suppose that \(p(xy) — <p(x) — (p(y)\ < s for all
x,y € G. Then:

(A) The inequality \<p(xix2- • -xn+\) — YH=i V^M < ne holds for any positive
integer n and any xux2, • • • ,xn G G.
(B) If<p is a bounded function, then <p = 0.
(C) <p(a~lba) = <p(b)for any a, b e G.

PROOF. Assertion (A) is easily proved by induction on n. Let us prove (B). If S is
a positive number such that |^(JC)| < 8 for all x e G, then for any positive integer n
we have n|^>(jt)| = |y>(jt")| < 8. Therefore <p(x) = 0, as required.

From (A) it follows that \<p(a~xbna) - <p{a~l) - (p(bn) - <p{a)\ < 2s. Hence
\<p{a-{bna)-(p{bn)\ = \(p{{a^ba)n)-(p{bn)\ < 2e, and so n\(p(a^ba)-(p{b)\ < 2s.
Since the latter inequality holds for alln > 1, weobtain^(a~'foa) = (p(b). The lemma
is proved. •

Let i andy be distinct elements of / , and put wk = x]kxjkxkxkj, for each k 6 N.
Consider the set ^ = {wk | k € N}. It can easily be checked that IU, is not a subword
of wk for k ^ I, and also that

(3) H(wk) n K{w,) = 0 for all it,/ € N.

Hence \J( n supp/iul>| < 1 for all M, V e & and

(4) \JK n supp Au.t,| < 2 for all M, V € &.
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By Proposition 1 it follows that for any pair of elements x, y from G there are at most
24 elements w in M such that pw(xy) ^ pw(x) + pw(y). For each g e G and each
integer m > 2, the set

Om(g) = {w € Jt | pw(g) £ 0 (mod m)}

is finite. Denote by ym(g) the cardinality of Om(g). Evidently,

Om(xy) c om(x) uO m (^)u{u)eJ ' | pw(xy) * PM) + pAy) )•

Hence

(5) Ym(xy) < ym(x) + ym(y) + 24.

Similar arguments establish the following assertions (for all x, y e G).
(a) There is a set of at most 36 pairs >>,-, ?, such that

Pw(x'^y~{xy) — pw(x~x) + pw(y~x) + pw{x) + pw(y)

and since pw(x~]) + pw(y~y) + pw{x) + pw(y) = 0 we see that there are at most 72
elements w e M such that pw{x~xy~xxy) ^ 0. So

(6) Ym(x-'y-lyx) < 72.

(b) By Corollary 3, there are at most 12(m — 1) elements >>,, t, such that

pw(xm) = mpw(x)

Now from (4) we obtain that there are at most 24(m — 1) elements in the set O(xm).
Hence

(7) ym(xm) <24(m- 1).

THEOREM 3. Let V be a finite subset of the free group F such that the verbal
subgroup V(F) is a proper subgroup of F. Then the verbal subgroup V(G)ofGhas
infinite width.

P R O O F . S u p p o s e t h a t V ( F ) c F ' . L e t <p e P X ( G ) a n d c h o o s e r e l s u c h t h a t

\<p(xy) — <p(x) — ip(y)\ < r for all x, y e G. By Lemma 5

\<p(x~]y~[xy)\ = \<p(x~ly-lxy) - <p{x~x) - <p(y~lxy)\ < r

for all x, v 6 G. Since V is finite there is an integer / such that each element of V
is a product of at most / commutators, and we deduce that <p(g) < (/ — \)r for all
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g e V(G). Hence if wid(V(G)) < oo it follows that the pseudocharacter cp is bounded
on V(G). By Lemma 5 we obtain y = 0 on V(G), contradicting Proposition 2.

Now suppose that V(F) £ F'. Let Z = [z\, Zi,...} be a set of free generators of
F, and let V = {ult u 2 , . . . , *>*}. Then there is positive integer n such that each u, is
uniquely expressible in the form

(8) vi = z'{'z^---z!l-ui,

where /y e 2 and u, G f", and each M, is a word in the alphabet [zu • • •, zn}. Let m
be the highest common factor of the numbers {ltj; | 1 < i < k, 1 < j < n }, and for
each i let /n, be the highest common factor of the numbers {/0, \ 1 < j < n }. It is
clear that m is the highest common factor of the numbers {m,; | 1 < i < k}. Choose
integers ay such that m, = ^ J _ , of,y /y.

We have «, = «,(zi, z 2 , . . . , zn). If ? is any element of F and k\,... ,kn are any
integers, then «,(/*', f*2,..., tk") = 1, since ut e F'. Hence we obtain

= f".

and we see that tm' € V(F) for any t e F. Now as there are integers Pi,..., fik such
that Pinii + • • • 4- ftmt = w it follows that for all g e F,

Since V(F) ?t F, it follows that m > 2.
From (8) and (5) we obtain

n

(9) YM'Cz? • • • z'^u,) < J2 Ymizf) + Ym(Ui) + 24n.
7 = 1

We have ltj = mp,y for some py e Z; hence by (7)

(10) ym(Zj')<24(m-l).

It is clear that there is q e N such that each M, from (8) is representable as a product
of at most q commutators, and then by (6) and (5) we have

(11) ym(u,)<12q + 24(q-\).

Now from (9), (10) and (11) we obtain that there is an / e hi such that for any
u e V(G) the relation ym(u) < I holds. This implies that if V(G) has finite width,
then the function ym is bounded on V(G). Indeed, if wid V(G) = k, then by (5) for
any g e V(G) we have ym(g) < 24(k - 1)1.
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Let us choose ab> and abj such that £(a£,) = *,-, %(abj) = xj, and consider the
elements gk = (abi)

3k(abJ)
2k(abi)

k(abj)
k and dk = gmg2mgim • • • gkm, where k e N.

It is clear %(gk) = wk and %(dk) = vk = wmw2m • • • wkm. Obviously, dk e V(G) for
all it € N. Now from (3) it follows that there is exactly one occurrence of w, in vk

if i € [m, 2 m , . . . , km], and no occurrence otherwise. It is easy to see that for any
i,j, k e N the relation fiWt,Wj (w*) = 0 holds. It follows that w* does not occur in vk

for any value of i. Hence pw(gk) — 1 if w G {wm, w2m ,wkm}, and pw(gk) = 0 for
other elements w e Jt'. So ym(gk) = k for all k € N and we obtain a contradiction.
This completes the proof. D

COROLLARY 5 (See [8]). Let V be a finite subset of the free group F such that
V(F) j^ F. Suppose that A and B are nontrivial groups such that the order of B is
at least three, and let G = A * B be the free product. Then the width of the verbal
subgroup V(G) is infinite.
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