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WEIGHTED LORENTZ NORM INEQUALITIES 
FOR THE ONE-SIDED 

HARDY-LITTLEWOOD MAXIMAL FUNCTIONS 
AND FOR THE MAXIMAL ERGODIC OPERATOR 

P. ORTEGA SALVADOR 

ABSTRACT. In this paper we characterize weighted Lorentz norm inequalities for 
the one sided Hardy-Littlewood maximal function 

1 rx+h • , 
M+f(x) = sup - / \f\. 

hX) h Jx 

Similar questions are discussed for the maximal operator associated to an invertible 
measure preserving transformation of a measure space. 

1. Introduction and results. Let M+ be the maximal operator defined by 

(1.1) M+f(x) = sup I [X+H\f\. 
h>o n Jx 

Weighted weak type and Lebesgue-norm inequalities for M+ have been studied in [9], 
[6], [5] and [1]. The following characterizations have been proved. 

THEOREM A. Let u, v be nonnegative measurable functions. The operator M+ is of 
weak type (1,1) with respect to the measures udx and vdx if and only if(u, v) E A\+, 
i.e., there is a C > 0 such that M~u < Cv a.e., where M~ is the left maximal operator 
defined analogously. 

THEOREM B. Let 1 < p < oo. The operator M+ is of weak type (p,p) with respect 
to the measures u dx and v dx if and only if(u, v) € Ap

+, i.e., there is a C > 0 such that 

jb
au{fbV^)p-l<Cic-af 

for all a, b, c E R with a < b < c, p' being the conjugate exponent of p. 

THEOREM C. Let 1 < p < oo and let w be a nonnegative measurable function. The 
following statements are equivalent: 

i) The operator M+ is of weak type (p,p) with respect to the measure wdx. 

This research has been partially supported by D.G.I.C.Y.T. Grant PB88-0324 and Junta de Andalucia. 
Received by the editors January 18, 1993. 
AMS subject classification: Primary: 42B25; secondary: 28D05. 
Key words and phrases: one-sided maximal functions, weighted inequalities, Lorentz spaces, ergodic aver

ages, ergodic maximal operator, measure preserving transformations, null-preserving transformations, weights. 
© Canadian Mathematical Society 1994. 

1057 

https://doi.org/10.4153/CJM-1994-060-9 Published online by Cambridge University Press

https://doi.org/10.4153/CJM-1994-060-9


1058 P. ORTEGA SALVADOR 

ii) The operator M+ is bounded in Lp(wdx). 
Hi) The weight w satisfies Ap

+. 

The purpose of this paper is to extend the above results to weighted LPtq spaces. The 
Lorentz space Lp,q(ydx) consists of those functions/ for which [[/"H^v < oo, where 

1 ^ 1 - = ( * f (i,™*,v d")q l" f~x d yT i f i - q < ° ° a n d 

A detailed exposition about the LM spaces may be found in [3]. 
In connection with the weighted Lorentz norm inequalities for the one sided maximal 

function M+ we introduce the so called APtq
+ condition for pairs (w, V) of nonnegative 

weights: 

DEFINITION 1. A pair (w, v) of nonnegative measurable functions satisfies the con
dition Ap,q

+ (or belongs to the class APtq
+), 1 < p < oo and 1 <q<oo or p = q = 1, if 

there exists a C> 0 such that 

||X(tf,£)IL<7;w ||X(fc,c)V~ \\p',q';v < C(c — a) 

for all a, b, c £ R with a < b < c. 
It is clear that when p = q > 1, Ap^ and Ap

+ coincide. 
The extension of the weak type results (Theorems A and B) can be found in our first 

theorem. 

THEOREM 1. Let 1 < q < p < oo. Let («, v) be a pair of nonnegative measurable 
functions. The following statements are equivalent: 

i) The pair (w, v) satisfies APiq
+. 

ii) There is a constant O 0 such that 

||M7IUoo;W < C\\f\\p,q,v 

for every f e Lp%q(y). 

In the single weight function case, u = v, and p,q > 1, we can solve completely the 
problem of characterizing the good weights for the weak type inequality of M+. More
over, we see that in this case the weighted weak type inequality is equivalent to the 
Lorentz strong type inequality and that Ap^ becomes equivalent to Ap

+. These facts are 
collected in the next theorem. 

THEOREM 2. Let 1 < p < oo and 1 < q < oo. The following statements are 
equivalent: 

i) The function w satisfies Ap^q
+. 

ii) The function w satisfies Ap
+. 
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LORENTZ NORM INEQUALITIES 1059 

Hi) There is a C > 0 such that 

||M+/|L;w < C\\f\\MW 

for every f E Lp,q(w). 
iv) There is a C> 0 such that 

||M+/||p,oo;w < C\\f\\p,(,w 

for every f e Lp,q(w). 

The proofs of Theorems 1 and 2 are included, respectively, in Sections 2 and 3. In 
the proofs we adapt the arguments of [2] using extensively the techniques of [5]. It is 
interesting to note that our results represent an extension of the Lp theory of one-sided 
weights, but we do not use the Lp theory of weights. 

The discrete versions of the preceding theorems allows us to improve the results in 
[7], where the author studied weighted inequalities for the two-sided ergodic maximal 
operator associated to an invertible measure preserving transformation in order to prove 
that the uniform boundedness of the averages in a reflexive Lp^q space implies a.e. con
vergence. 

Throughout the paper, w(E) denotes the integral of w over the set E, C is a positive 
constant not necessarily the same at each occurrence and// is the conjugate exponent of 
P-

2. Proof of Theorem 1. i) => ii). We shall need the following lemma: 

LEMMA 1 ([2]). Let 1 < q < p < oo and {£}}7€N be a sequence of sets such that 

j€N 

Then, 

EIIXE/II? ,<*II /1I^. 
j€N 

The case/7 = q = 1 is solved in [6] and [5]. Suppose/? > 1 and let/ be a nonnegative 
function supported on a bounded interval. Let À > 0 and let us consider the bounded 
open set 0\ = {x : M+f(x) > X}. Let (a, b) be a connected component of 0\. Then, for 
every x € (a, b) 

(2.1) fj>\(b-x). 

Let {xk} be the sequence defined by xo = a and x̂ +i be the number in (jfy, b) satisfying 

(2-2) L f = l f -
JXk

 J*k+\ 

https://doi.org/10.4153/CJM-1994-060-9 Published online by Cambridge University Press

https://doi.org/10.4153/CJM-1994-060-9
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The sequence {xk} is strictly increasing and converges to b. Let xk-\, xk and xk+\ three 
consecutive terms of the sequence {xk}. It is clear by (2.2) that 

(2.3) / f = 4pf. 
Jxk-\ Jxk 

It follows from (2.1), (2.3), the Holder inequality (in Lorentz spaces) and A^* that 

< C\\fX(VtJ\P
P,JP UY • 

\Jxk-l ' 

i.e., 

(2-4) jX
xl{U<YP\\fX^M)\\P

P^-
Summing up in k and applying Lemma 1 to the sequence of disjoint sets {(xk,xk+\)} 
yields 

Finally, since inequality (2.5) holds for every connected component of 0\, a new appli
cation of Lemma 1 allows us to write 

ii) => i). Let a, b, c be real numbers with a < b < c. Let {sn} be an increasing 
sequence of simple, measurable, nonnegative functions with support of finite v-measure 
(this ensures ||sn||pV;v < °°) which converges pointwise to X(6,c)V-1 • For every n, there 
is/n > 0 with U/nllp^v = 1 such that 

IHU';v < CJRfnSnV < C£'fnV~lV = C£fn. 
Then, if x E (a, b), 

»tm > -±- ffn > - i - fjn > ^ * ^ . 
c — x Jx c — a Jb c — a 

Therefore 
R | M+fn(x) > cllJ"H^;v (a,6)C \xE 

c — a 
Applying inequality ii), we obtain 

fb C(C - Of . 

i.e., 
rb \l/pt 

[Ja
 u) \\sn\\p',q';v < C(c-a). 

Letting n tend to infinity, we get Ap,q
+. 

REMARK 1. The proof of ii) => i) does not require q <p. 
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3. Proof of Theorem 2. The proof requires several lemmas. 

LEMMA 2. Let 1 < p < oo and 1 < q < oo. //w e Ap,q
+, then w e Ap,\

+. 

PROOF. It is immediate because of the inequality 

LEMMA 3. Let p > 1. Then w EAPt\
+ if and only if there is C> 0 such that 

(3.„ j!L<c(^y" 
/or «// û , è , c 6 R with a < b < c and for every measurable set E contained in (b, c). 

PROOF. Let us suppose w E Ap^. Let a,b, c E R with a < b < c and let E 
be a measurable subset of (b, c). Then, Holder's inequality and APt\

+ give (3.1) in the 
following way: 

\E\ = ^vvw"1 = JTXEWW""1 < H X E I L I ^ H X ^ W " 1 ||^>OO;W 

c _ a / vv(£) V 
< C||x£|Ui;W]j jj = C\ (c - a). 

Conversely, suppose we have (3.1) and let a, b, c G R with a < b < c,y > 0 and 
Ey = {xe (b, c) | w"1 (x) > y}. Then 

yw(^) = [w< f w"1 w = \Ey\ < C(c - a)(^^\ , 
JEy JEy "" V^V^^)^ 

w(£v) < C- ,, . 
" ^ ( w ( a , è ) ) p / p 

vl /P If we have taken into account that ||x(«,6)ILi;w = {w(a, bj) , the above inequality can 
be written as 

(3.2) \\XM\C,y [ _ .. _,. . , w < C(c - a / . 

Since (3.2) holds for every y > 0, taking the supremum over y > 0 we obtain Ap^
+. 

REMARK 2. Condition Ap,\
+ for a weight w is also studied by the author in [8], where 

it is shown that it is equivalent to the restricted weak type (p,p) inequality for M+ with 
respect to the measure w dx. 
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LEMMA 4. Letp > 1, 1 < q < oo and w E Ap^. There are C> 0 and (3 > 0 swc/i 

(3.3) w({x E (a, b) | w"1
 (JC) > /3A}) > Cw(a, b) 

for every A > 0 and every bounded interval {a, b) with 

. fr — a b — x 
(3.4) A = < for every xE (a, b). 

w(a, b) w(x, b) 

PROOF. Let A > 0, 0 < j3 < 1/12 and (a,b) satisfying (3.4). Let {xi} be the 
sequence defined by xo = a and xi+\ be the middle point of (*/, b). 

Let, for / > 1, E\ = [x E fexn-i) | w~\x) < ^ ^ f } - F o r e v e r y * ^ 1 w e h a v e by 
definition of E\, 

(3.5) A = /• - ^ d x < [ - ^ L * < 4 0 . 
xi+\ - Xi-\ Je. xi+i - xi-\ JE\ w{xi-\, b) 

Let E[ — (xi,Xi+\) — £'. Then, (3.5) gives 

\Et\ = xi+\ - xt - |£-| > xt+i - xt - 4/3(xi+\ - Xi-i) 
(3. 6) 

= -̂+i - xi - l2/3(xi+\ - Xi) = (1 - l2(3)(xi+] - Xi). 

Since w € APi\
+, by Lemma 3 we have 

(3.7) M_<cr 
-Xi-x \\ 

w(Ei) ^ 

xi+i -Xi-x vw(*/-i>*«), 

for / > 1, and (3.7) together with (3.6) and the definition of {*/} give 

(3. 8) w(Ei) > C(l - lipfwixi-uxi). 

Summing for / > 1 we obtain 

oo 

(3.9) ! > ( £ / ) > C(l - 12pfw(a,b). 

On the other hand, 

(J Ei C | J { * € (xhxi+l) | w"1 W > /3A} = {xe (xx,b) | w"1 (x) > /?A}. 
/ > ! £>1 

This relation and (3.9) give 

CO 

w({x E (pcub) I w-\x) >p\}) > £ > ( £ , ) > C(l - \2j3fw{a,b), 

which implies (3.3). 
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LEMMA 5. Let I < p < oo, 1 < q < oo and w e APjq
+. There isaOO such that 

(3.10) \\X(a,b)w-] Iw;» < C(b - a)l^(M+
w(X(a,b)W-l)(a)y/p 

for every bounded interval (a, b). 

PROOF. Let {a, b) be a bounded interval and let us consider the sequence {xk}, where 
XQ = b and xk+\ is the middle point of (a, xk). For the estimation of the (pf, q')-norm of 
the function X(a,b)w~l w e Wl^ u s e duality and the fact that the sequence {xk} provides a 
partition of (a, b) into disjoint intervals. More precisely, there i s / > 0 with ||/||p,9;w < 1 
such that 

rb oo pxk 

(3.11) \\X(a,b^~l\\pW;w<C fiv-lw=C£f fw 
J a , « Jxk+i 

- ' w . 
k=Q JXk+l 

Holder's inequality, the condition Ap^ and the définition of the sequence {xk} allow us 
to dominate the right-hand side of (3.11) in the following way: 

E / >"' w < c E ll/lW,w llxfe,̂ )^1 \W.» < c E 
k=0 Jx*+l k=0 k=0 

xk-a 
UP 

UP' 

(w(a,xMj) 

(3-12) =Cf:(-f^-)l/P(xk-a) 

^o\w(a,xk+l)J 

Taking into account the definitions of Mw
+(x(a,b)W~l)(a) and {xk}, the last term in (3.12) 

is smaller than 
(3.13) 

^/p°° C(K(X(a,b)W-l)(a)) ,P Z(*k+i - a)1^ 
k=0 

yu — aj" 

UP 

= c(K(X(a,b)W-l)(a)) lP(b - a)W £ 2" 

= C(b - a)lW(M+
w(x(a,b)W-l)(a))l/p, 

and the lemma is proved. 

LEMMA 6. Let \<p<oo,l<q<p and w € APiq
+. Then, there are constants 

C > 0 and 13 > 0 such that 

(3.14) llx^w"1 \\pW,w < Cy(w(Epy))
l/p' 

for every bounded interval (<2, b) and for every y > 0 with y > Mw*(w~l X(a,b))(a), where 
Ey = {x E (a, b) I w~\x) > y}. 

PROOF. Let y > Mw
+(w~l X(a,b))(a)- By duality, 

(3-15) ll**w~W < ̂ / >-'*,, 

https://doi.org/10.4153/CJM-1994-060-9 Published online by Cambridge University Press

https://doi.org/10.4153/CJM-1994-060-9


1064 P. ORTEGA SALVADOR 

where/ > 0 and H/ll^w < 1. Let Oy = {x € (a,b) \ Mw
+(w ]X(a,b))(x) > y}. Since Ey 

is contained in Oy, from (3.15) follows 

(3-16) \\XE,w-%jw<CJofw V 

Let {Ij} be the sequence of the connected components of Oy. By the choice of y, the 
number a cannot be the infimum of any Ij. Every Ij = (aj, bj) satisfies 

bj — a; bj — x 
y= — < 

w(cij, bj) w(x, bj) 
for every x E (aj, bj). Let us fix Ij = (aj, bj). Then, Holder's inequality, Lemma 5 and the 
fact that aj fi Oy give 

[JJW-]W < C\\fX(ajJ>j)\\paw \\X(aj,bj)W~l\\p>,q>;w 
JClj 

(3A7) < C\\fXM)\WAbj - arflo'{K(X(ahbi)W-')(aj))i/p 

<c\\fX(Ui,bj)\Uw(bj-ajy/p'yi/p-

If we have taken into account that (bj — aj)(w(aj, bj)) = y, then last term of (3.17) 
equals 

CyllfXiaj^llp^faaj^bj))1 P . 

Therefore we have shown 

(3-18) £ > - > w < CyWfxtojwWpwfaaj,bjjf1"'. 

From (3.16) and (3.18) we can write 

(3.19) I lx^w-'IU';* < CyJ2\\fx(ai,bi)\Uw{w(aj,bj)y/p'. 
j 

Finally, if we apply Holder's inequality with exponents p and p' to the last sum and 
Lemmas 1 and 4, we obtain 

1 / \ * I? f \ ^ I?' 

\\XE,yv~ Wp',^ < Cy^llfX^bMl^) (Ew(ay.*/)J 

< Cy\\f\Uw(T,w(aj,bj)) 

J 

(3.20) 

< Ç y ( l > ( { * € (aj,bj) | w~\x) > M ) ) 1 7 " 

< Cy(w({x E (a,b) | w~\x) > M ) ) ^ • 

LEMMA 7. Let I < q < p < oo and w E Ap,q
+. There are C > 1 and S > 0 such 

that 

(3.21) \\X(a,h)w-] \\ï,s,w < C ^ w - ' x ^ X a ^ l l x ^ w - 1 \\* 
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for every bounded interval {a, b), where r* = p' + p'6/'q' and s' = q' + 8. 

PROOF. Let y > 0, S > 0 and Ey = {x e (a, b)\w~] (x) > y}. An easy computation 
shows 

(3.22) * j f / " ' l l x ^ - ' H ^ r f y = l l x ^ w - ' H ^ . 

On the other hand, the preceding lemma and q'/p' = sf jr1 give 

d'/p' 
(3.23) < c f 1 v y-lU{{xe(a,b)\w-l(x)>Py}))9 * dy 

V j f / " ' (w(<* € (**) I w-'(x) >y}))" 7 " ' = £||XW»W 
S" ./0 V v ' / S' 

It follows from (3.23) that 
(3.24) 

w (3.22) and (3.24) give 
l l , /"I 

L£., 

I -111/ ^ l f 1 

|X(fl,«W HAV;W S £ 
ç 1 «(X^w^X^'Ux^w-1 ||^;w> 
sf J 6 

which is (3.21) taking 6 small enough. 
The information provided by Lemmas 5 and 7 can be summarized as: 

LEMMA 8. Let 1 < q < p < oo and w € ^V</+. There are constants C > 0 <2ftd 
5 > 0 swc/i £/za£ 

(3.25) \\X(a,b)W~l \W,W < C(b - a)1 /^(<(x(^)W-1)(^))1 / r 

for every bounded interval (a, b), where r1 = p' + p'6/ q' and s' = q' + 8. 

PROOF. The Lemmas 5 and 7 give immediately 

(3.26) llxc^w"1 ir;y;w < C(b - af'^\K(X(a,b)W-')(a))6+^ 

and (3.25) follows from (3.26) taking into account that q'/p' = s'/r' andS+q'/p = s'jr. 

LEMMA 9. Let 1 < q < p < oo and w G Ap,q*. Let 6, r and s be the real numbers 
associated to w by Lemma 8. Then w € Ans

+. 

PROOF. Let a, b, c 6 R with a < b < c and let us consider the finite decreasing 
sequence xo = b > x\ > • • • > xN > a = x^+i such that 

(3- 27) IIX(x4,c)W
_I ||,v;w = 2*||x(Mw"1 lkv';w 
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if* = 0,1,...,Wand 

The inequality (3.27), Lemma 8 and Holder's inequality give 

\\X(b,c)W-X\\r^s,w " _ i r Pk l|Xte,c)H'~'llP. 
' T T - ^ = > , 2 / W 77 

Ja 
s';w 

N - l|X(y,c)W-1H'-. 

(3.28) 

. A 0 - * r fx" , JX(y,c)W ||/y ;H, 

< E 2 / >Ky)—; W T ^ - 4y 

< cjr2~kr P w(y)Mt{X(y,c)W-X)(y)dy 
k=0 JxM 

< CZ2-kr [Xk
 W(y)K(XuM,c)W-l)(y)dy 

k=o Jx«*i 

< C E 2-* r | |XtW t) l |Wv WKiXOcns)*'-1)^;* 

k=0 

N 
• > - f r | | , , . || \\A4+f*,. , . - ! > 

fc=0 

The boundedness of Mw
+ in Zvy(w) and the definition of the finite sequence {x^} allow 

us to dominate the last term of (3.28) by 

N 

C\\X(a,b)\\r,s;w E ^ H X f e , , ^ ' 1 ||^y;vv 

< C[\xiaj»\\rw E 2 ~ ^ + 1 llxc^vv"1 | | ^ ; w 

< C\\X(a,b)\\r,s;w \\X(b,c)W~l\W;w 

We have shown 

w ( f l ' * ) — ; ZT?— <C\w(a,b)) ||X(^)W ^ ; w , 
{c — a)rlr v 7 

(w(a, bj) r\\x(b,c)W~l lks';w < C{c - a), 

which is the expression oî Ars
+. 

We are ready to prove Theorem 2. 

The statement iv) implies i) by Theorem 1 (see Remark 1) and the implication 

iii) => iv) is obvious. To prove ii) => iii) we use an argument of interpolation: if w E Ap
+, 

by Lemma 9, there is e > 0 such that w E Ap-e*\ by Theorem 1 this means that M+ 

applies Lp-e(w) in Lp—eoo(w) and Marcinkiewicz's theorem gives iii). Finally, to prove 

i) => ii) let us assume that w E Ap^. We can reduce the problem to the case q < /?, 

since Ap,q
+ implies Ap^ for every s < q. By Lemma 9, there exist r and s with r < /?, 

s < r and w E Ar/. Then, by Theorem 1, M+ is bounded from Lns(wdx) to Lnoo(wdx) 

and interpolation gives that A/+ is bounded in Lp(w dx), which implies immediately that 

w E Ap
+. 
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4. Weights for the ergodic maximal operator and pointwise convergence of the 
averages of functions in LVA. Let (X, M, p) be a a-finite measure space and let T.X—+ 
X be an invertible measure preserving transformation with measurable inverse. LetMj" 
be the ergodic maximal operator defined by 

Mrf(x) = sup|7bfin/"(*)|, 
m>0 

where 
1 m 

To,mf(x) = — - x;/(r*). 
m + 1 /=0 

If u is a nonnegative measurable function defined on X, ux will denote the function on 
Z defined by ux(i) = u{Vx). 

DEFINITION 2. A pair (w, v) of positive measurable functions on X satisfies the con
dition APiq

+(T) (or belongs to the class Ap,q
+(T)), 1 < p < oo and 1 < q < oo or 

p = q = 1, if there exists O 0 such that 

||X[0,*]IU;"* ' IIXftmiCvT^UflV < C(m+ 1) 

for all k, m E N with 0 < k < m and a.e. x G X. 

THEOREM 3. Let 1 < q < p < oo and u, v be positive measurable functions. The 
following statements are equivalent: 

i) ||Afr7IUoo;« < C\\f\\MV 

") supm>0 Uro^H^oo^ < C|[/"||^;v 

///) The pair (w, v) satisfies APtq
+(T). 

PROOF. The proof is essentially the same as the proof of Theorem 1 in [7]. The 
implication i) => ii) is clear and iii) => i) follows by transference from the discrete version 
of Theorem 1. The proof ii) => iii) is the larger one and we only sketch it. We shall need 
the following lemma which is slightly different from the lemma which appears in [7]. 

LEMMA 10. Let s, k G N with s < k and let B be a measurable set. For every x G B 
and n G Z, let Hn

x = {i G [s, k] \ v~l(Tlx) > 3n}. Let A be the collection of all the 
decreasing sequences in Z U {—oo} with no more than 2k~s+l different terms and with 
at least one term in Z.Ifa= {an} G A, let Aa be the following set: 

Aa = {xEB\Hn
x = 0 ifan = - o o andT* < £ v(Tx) < 2a"+l if an ^ - oo} . 

ieHn
x 

Then {Aa\ae^ is countable, its elements are pairwise disjoint and B = UaeA^a-

PROOF OF THE LEMMA. It is clear that A is countable and that a ^ f3 in A implies 
Aa D Ap = 0. To see that B = \JaeA Aa, let x G B and, for every n EZ with Hn

x ^ 0, let 
an be the only integer such that 

2a» < Y, v{Vx)<2an+x. 
ieHn

x 

https://doi.org/10.4153/CJM-1994-060-9 Published online by Cambridge University Press

https://doi.org/10.4153/CJM-1994-060-9


1068 P. ORTEGA SALVADOR 

If/ / / = 0, let an = —oo. Then, the sequence a = {an} is decreasing (since Hn-\
x D 

Hn
x) with no more than 2k~s+l different terms (since there are no more than 2k~s+l dif

ferent Hn
x) and x 6 Aa. 

ii) => iii). Let r, k € N with r < k and let {#;} be the sequence of measurable sets asso
ciated to X and/: by Lemma 2.10 in [4]. Let us fix Bland suppose s(i) = k. By Lemma 10, 
with s = r, 5/ = UaeA ̂ a- Let us fix Aa and consider, for each (^o, wi, . . . , fl*) E Zk+l, 
the set 

//no,m,..,n, = {* e Aa 12"< < v(r'x) < 2"<+1,i = o, i , . . . , * } . 
It is clear that the sets H^nu_nk are measurable, their union is Aa and they are pairwise 

disjoint. Let us fix //no,ni,...,n* and let A be a measurable subset of //Wo,ni,...,«*• Let /? = 
Uo</<ik ̂ ' ^i = Uo</<r ^ a nd ^2 = Ur</<it ?M- Fi r s t w e prove the inequality 

(4.D \\XRA\P*AXR2V-%J;V<CIJL(R) 

with C independent of k, r and A. To prove (4.1), we see first that 

(4-2) Hx^v"1 H ^ v < C M ( A ) 1 ^ | | X [ ^ ] W - 1 | | ^ ; W , 

where w is defined over Z by vv(/) = 2nJX[r,k] a nd the (//, q')-nom\ of the right hand side 
is a norm in the integers. Then we use an argument of duality: there exists w' > 0 with 
IKII/wv = 1 such that 

(4.3) C\\X[rM^~]\\PW^<i:^(J)' 
j=r 

It follows from (4.2) and (4.3) that 

(4.4) ||XA2v"1 | | ^ ; v < Cp(A)W E "'(/). 

Let/ be the function defined on X by 

f(x) = J:w'U)XTJA(x). 

The function/ satisfies [[/ïl^v < C^i{A)xlp and 

Rxd\xeX\\T{),kf(x)\>C 7 + 1 ) , 

so that our hypothesis about M^+ yields 

(&+ IV 

,4-5) * ,£c(è^f"w)-
This inequality together with (4.4) give: 

(k + IV7 

(4.6) «(*,) < c _ ; /i(Ay. 
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Raising to 1 jp and taking into account that (k + 1 )/x(A) = /x(/?), we obtain (4.1). 
The inequality (4.1) can be written as follows: 

(4.7) 

([J:u{Vx)d»)llP(q'r(l Y, v(Fx)Y/Py«'-1 dy) * < C(*+l)/i(A). 
KJAJ=0 J V J0 \JA {je[r,k]\v-HTJx)>y} } J 

From (4.7) we shall obtain 
(4.8) 

u ± «( w 7 ' /; f r ( E v(̂ ))"7V-' *)'" a, 
\JAj=0 ) JA\JO V ^ ^ J I ^ ^ J ^ J J J 

<C(k+lfn(A/, 

and then, since A is an arbitrary measurable subsetof//^)I„]J..J„J, the union of the H's is 
Aa and the union of the Aa's is fi„ we shall get 

(È«H,/P(rv( E vc^yv^y _ / _ 1 ^ | < C(A:+1) 
X{je[rM\v-HTh)>y} 

for almost every x € 5/, /.e., 

Ilxto^iu^iixt^^r^i^v < c(̂ +1) 
for almost every x G fi/. 

Let us consider the second factor on the left-hand side of (4.8) and let us dominate it 
by the corresponding in (4.7): 

< AY. 1 { s v^ry-1*] ^ 
^ Vn=-oo ^ V{/'6[r,Â:]|v-1(77Jc)>3'1} y J 

r ( +oo -3» / N O ' / J / , N^V?' 

= C / J E L E Krio)7/-1* <*„ 
• / A V n = - o o - / 3 V{/e[a]|v-1(r-'Jc)>3'1} y / 

JA \t=-oo "^ y 

V n = - o o ' / 3 V A {/6[r,ik]|v-1(^)>3«} 7 J 

<c 
JO \ J A m 

This proves (4.8). 
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Let us consider now the case s(i) < k. Once we have fixed Z?£- with s(j) < k, we apply 
Lemma 10 for s = 0. We have Bt = \JaAa, where these Aa's are defined from the Hn

xts 
associated to s = 0. Fix Aa and consider, for every (no, n\,..., nk) E Zk+l, the set 

Hno,nu...,nk = {* G Aa \ 2"< < v(Vx) < 2"<+1, I = 0, 1, . . . , * } . 

Let us fix //no,/!,,...̂  and let A be a measurable subset of //^n,, ....n*- Let/? = Uo</<s(o TjA = 
Uo<j<k FA. First, we prove 

(4-9) H x ^ l U u l l x ^ v - ^ l ^ v ^ C / i W 

with C independent of k and /?, as in the previous case. The inequality (4.9) can be written 
as 
(4.10) 

KJAj=o J V JQ KJA {jeioxoMv-Wx^y} J J 

< C(s(i) + l)/x(A) 

and the Lemma 2.10 in [4] allows us to prove that (4.10) is also valid replacing s(i) by k. 
Finally, in the same way as in the case s(i) = k, from (4.10) and using the definition 

of Hn
x we deduce: 

(4.11) 

(/AE^)^/7Afjf( E ^ v ^ f ^ M 
KJAj=0 J JA\J0 K{je\0,k]\v-HTJx)>y} J J 

<C(k+lf'fi(Af\ 

and since (4.11) holds for every measurable subset A of //no,ni,...,«*, m e u m o n of the 
Hno,ni,...,nk^ is Aa and the union of the Aa's is Z?;, it follows 

(E <vx))
 u"(r q'( E v^))"' / - *)"' < «* + u 

a.e. x E Bi, i.e., 

IIXio,*]IU;n* I I X K U K ^ T 1 ^ ' , ^ < C(k+\) 

a.e. x E Bt. This inequality implies clearly 

(4.12) IIX[0,r]|U* IIXwiCv*)"1 lUy-^ < C(* + 1). 

Therefore, either ^(/) = k or .?(/) < &, we have proved that (4.12) holds a.e. x E Bt. 
Since X = |J/ £,, iii) is proved. 

REMARK 3. Observe that i) => ii) and ii) => iii) also hold for 1 < p < oo and 
1 < q < oo. 

In the single weight case we have the following theorem: 
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THEOREM 4. Let 1 < /? < oo, 1 < g < oo andw be a positive measurable function. 
The following statements are equivalent: 

i) ||Afr7IUoo;w < C\\f\\p,q.w 

ii) suprt>0 ||7b,/||p,oo;W < Cll/1U;w 

m IIWIU* < c|[fiu;w 

iv) SUp„>0 \\T0,nf\\p,ç;W < C\\f\\Ptq;W 

v) we Ap,q\T) 

vi) w e AP
+(T). 

PROOF. The implications i) => ii), iii) => iv) and v) => ii) are clear. To prove the 
equivalence between v) and vi) it suffices to write in the integers from the proof of Theo
rem 2. The implication ii) => v) may be proved as in Theorem 3 (see Remark 3). Finally, 
vi) => i) and vi) =$• iii) follow from Marcinkiewickz's interpolation theorem and from 
the fact that w G AP

+(T) implies w G Ap-e
+(T) for any e > 0 with p — e > 1. 

When we work in a finite measure space and T is only a null-preserving transforma
tion, the equivalence of the weak and strong type inequalities for the maximal operator 
reduces to the case in which the measure is equivalent to an invariant measure. Moreover, 
the uniform boundedness of the ergodic averages implies a.e. convergence: 

THEOREM 5. Let (X, M, v) be a finite measure space and let T be a null-preserving 
invertible transformation over X. Let 1 < p < oo and 1 < q < oo. The following 
statements are equivalent: 

i) \\MT
+f1U < C|lf|U 

") SUpn>0 ||7b,//IUoo < C¥\\p,q 

m) \\MT
+f\U < c\\f\U 

iv) sup^ollro^lU^cil/"!!^. 

Moreover, if one of the above conditions holds, then the sequence {7o,>/} converges 
almost everywhere for every/ G Lp,q. 

PROOF. It works as in Theorem 3 of [7]. 
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