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A NOTE ON IMMERSING MANIFOLDS

IN EUCLIDEAN SPACES '

NG TZE BENG

Let M be a closed, connected smooth and 3-connected mod 2

(that is H.(M;7L ) = 0, 0 < i < S ) manifold of dimension

n = 7 + 8k. Using a combination of cohomology operations on

certain cohomology classes of M and on the Thorn class of the

stable normal bundle of M we show that under certain conditions
p n

M immerses in J? . This extends previously known results

for such a general manifold when the number of 1's in the

dyadic expansion of n is less than 8 .

1. Introduction

Let M be a smooth, closed, connected and 3-connected mod 2

manifold, whose dimension n is congruent to 7 mod 8 . By Massey-

Peterson [5] w . (M) = 0 for i = 1,2,..,7 where w ,(M) is the j'-th
Yl—V Q

mod 2 dual Stiefel-Whitney class of M . Then it is easily seen that M

immerses in K . Following Ng l&, Theorem 1.2], if Sq fl (M) c

Sq a (M) , then M immerses in J?
We shall show that with certain additional hypotheses we can

immerse M i n JFT or J?
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Throughout this paper all cohomology will be ordinary cohomology

with mod 2 coefficients unless otherwise specified. Let dim M = n .

2.

Let v be a stable normal bundle of M . Then v is classified

by a map g: M -*• Bspin.. for some sufficiently large N i. n+1 where

Bspin . is the classifying space for spin j-plane bundles.
3

Consider the obvious inclusion Bspin , -»• Bspin,. for k = 7 or 8.

2n-k
Then if n > 15 M immerses in J? if and only if g lifts to

Bspin . if and only if the geometric dimension of v S n-k . Consider

the ^-modified Postnikov tower for Bspin , -*• Bspin.. for k = 7 or 8.

This is given in Table 1 or Table 2 of [7] where for k = 8 we drop the

k4 when n = 7 mod 16 . We list the results (only the fe-invariants in the

relevant dimensions) in Table 1 and Table 2. It is understood that if the

need arises the tower is pulled back to B50»<5> the classifying space

for spin tf-plane bundles £ satisfying W.(^) = 0 .

Let <(> . and ij>_ be the stable secondary cohomology operations

associated with the following relations in the mod 2 Steenrod algebra A

<t>.: Sq ('Sq Sq J = 0 and

, 2 1 . , 2 1 , 3 3
$,: 'S(3 Sq ) (Sq Sq ) + Sq Sq = 0 respectively.

It is easily seen that <j>. and <(>,- can be chosen to be spin trivial in

the sense of [12]. That is to say for the Thorn class U of the universal

spin j-plane bundle over Bspin. for j > 4 , 0 e cj> All) and 0 e §-(11).

As in [72] we derive the following relation:

Hence there is defined a stable tertiary operation ty- associated with

the above relation. Trivially <1>C is spin-trivial.
o
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It is appropriate at this point to say that all the theorems in Ng

[7] hold with the operation ty5 replaced by $,. . This is readily

deduced from the generating class theorem of Thomas C? 7] and the following

proposition, which is inspired by Proposition 4.2 of [72].

PROPOSITION 2.1. (Thomas). Let w a be the (n-9)-th mod 2

n-9
universal Stiefel-Whitney class considered as in H (Bspin .) .

(a) (0, 0) e (*> % )(w J c fl""5(Bspin ) 9 if1'4(Bspin J .
3 O Yl—%7 Yl—f 71— I

(b) 0 £ y,(w J c rf1'4 (Bspin J .

Proof. Part (a) : Let j: Sspin 0 -»• Bspin 7 be the inclusion.

Then Q*: H*(Bspin „) ->• ff^fSspin Q) is an epimorphism. In dimension

S n-S j* is a monomorphism while in dim n-4 Ker j* is generated by

{W4.wn_g} . Since (^4A^ is spin-trivial, (0,0) e ($4,%s) (wn_g) c

a ("Bspin ) 9 FT CSspin n) . Therefore there are classes

v e }P~ (Bspin ) and u e if1' CBspin J such that (v,u) e

(4>.,~$r)(w J eHn~5(Bspin J 9 H*'4(Bspin J and j*(v}u) = (0,0) .

Thus V = 0 and u ~ oiw .,w Q for some a e 2 0 . But Sq w =

W..W o and so by redefining <(>c as t|)c V- aSq if need be we may assume
3 Tl—O 0 O

that w = 0 . Hence there is a choice of operation (§.3§c) such that

(0,0) e (<$>.,$,.) (u Q)
 C if1'5(Bspin 7) 9 rf

1'4(Bspin J . This proves

part (a).
n-4 ~

Part (b) : First we claim that Indet (\p , Bspin ) =

YX 4 ""* 7
j*lndet ^5JSspin^_7>) . Since Sq (w4'

w
n_g) =

 w4*wn^Q
 ifc follows that

t? € *efw Q>) c ̂ "" CSspin J . Now we shall establish the claim.
o Yl-~& Yl— f

Yl— 4 **"*

Indet r^CJSspin Q) is the range of a cohomology operation
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defined on eohomology vectors (x,y) e H ~ (Bspin J x / (Bspin ,J such

2 2 1 3

that Sq a; = 0 and Sq Sq x + Sq t/ = 0 . Since j * is an eqimorphism

there are classes x' and y' in H~ (Bspin _j such that j*(x',y') =

2 2
(x,y) . Since j * is a monomorphism in dim n-S, j*(Sq x') = Sq x = 0

2 2 1 3
implies that Sq x' = 0 . Since j*fsq Sq r ' + Sq y ') = 0 ,

2 1 3
Sq Sq x ' + Sq y ' = aw ..W _„ for some a e S - . We sha l l show t h a t
W4'w

n-8 ^ S q S q H~ (Bspin
n-7^ + S q fl"~ ( 'S s p i n

n_7y' a n d s o a = ° • T h u s

Indet"" C^c,Sspin a^ = j I n d e t Cij;CJBspin „; .

Consider the case n = IS 3 that is n-7 = S . According to

Quillen C9]

H*(Bspinn_?) = H*(Bspin8) = 7L^ Iw^wQ,W?,W8~\ ® S^ [nfll and

where n_ corresponds to the vanishing of W. . Therefore H (Bspxn^) ^

2 1 2 12
<W ..n > . Note t ha t Sq n = 0 e flVBspin _?) . Clearly Sq Sq V>4 =

Sq W . = 0 . Now if Sq no = aw JO a = aU..W7 e ff TBspin „) , then

3 3 3 2
0 = Sq Sq r)o = Sq (aW ,.W„) = aw„ and so a = 0 . Thus for n = 15 ,

5'

Now assume n > 15 . According to [9 ] , H*(Bspin r,) is a poly-

nomial algebra in dimension < n-4 generated by the universal mod 2

Stiefel-Whitney classes A = {w. | 4 < i < n-7 and i is not of the form

2™ + l, p ^ 0} except possibly for a non-trivial relation V •. = 0
2K+1

in dimension n-6 for n of the form 7+2 corresponding to the vanish-

? O p 7
ing of V , = Sq Sq ...Sq Squ in #*fBspin J . Let F be

2K+1 <i n~'

the polynomial algebra over 2Zg generated by A . For a monomial
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y = x7 x0 . . . , x v in F , k > 1, e . 2 1, x. e A , define the length

i(y) of y to the sum en + e0+ .,. + e, . Define for a sum of monomials

w.+«/„ + . . . . +y . 3 where the J/.'s are d is t inc t , the length to be
X a J ^

I(y1+y- + ... +y .) = max{i,(y,) , l<k<j} . As convention we define

1(0) = °° . Consider F as an A algebra via the Wu formula, the relations

V , = 0} 1 < 2 +1 < n-7 and w. = 0, i > n-7 . Then F •* H*(Bspin J
2K+1 %

is an A-isomorphism in dimension S n-7 . Thus we can consider x' and

y' as in F . Now xYw .u ) = 2 . Clearly if l(x') > 3 then

USq Sq^x'j > 3 . Similarly if l(y') 2 3 then USq y') > 3 . So if

PI ^
l(x') Z 3 or if l(y') i. 3 then HfSq Sq x'+Sq y ') Z 3 . So we may assume

2 1 3
that S-Cx'; = Jlft/'; = 2 since Sq Sq W , = Sq U 7 = 0 e fl^Bspin J .

n— i n—f Yi—f

Let G be the subalgebra of F generated by monomials of length 2 .

2 1
Then by using the Wu formula we see that elements in (Sq Sq G) . are of

the form

where n-7 = 8k and 1 S j < (n-9)/4 . A similar analysis shows that the

elements in CSq G) . are of the form

W8k-4j+3'W4j + W8k-4j+rW4j+l + W8k-4j+rW4Q+2 + W8k-4fW4j+3 >

2 1 3
where 1 < j < (n-7)/4 . Thus fSq Sq G + Sq G) 4 i s generated by

8k-4j+2-W4j+l> W 8k-4j+3-W 4j+W 8k-4fW 4j+3> ^ ^ ^

Here w i s thought of as in F via the r e l a t i ons u . = 0 . Hence
$ 2°+l

p 7 •»? 7

we conclude tha t W..W _ could not be in Sq Sq H (Bspin ?)

Sq H CBspin „) , This completes the proof of pa r t Cb),
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Table 1.

The M-Postnikov tower for tr -. Bspin „ •*• Bspin..

fe-invariant Dimension Defining Relation

4
4
•4
A
,3

n-6

n-5

n-3

n-S

n-4

n-3

n

n-4

kl = Swn-7

k\ - Wn-S

k3 " Wn-3
p -i

Sq k2 = 0

= 0

= 0

= 0

= 0

= 0

Table 2

The n - p o s t n i k o v tower for ir ; Ssp in „ -»• S s p i n ,
n—o N

fe-invariant Dimension Defining Relation

^1

,2

= 15(16))

n-7

n-5

n-3

n

n-4

k =Wn-7

Sq*SqV = 0

(Sq4-HJ4)Sq1k1 = 0

(Sq8-tW8)k
2 = 0

Sqh] = 0

= 0
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Recall ?„ and CD (for « =J5 mod 16) are the s table cohomology
o o

operations of Hughes-Thomas type associated with the relations in the mod 2

Steenrod algebra,

Kg : SqV"3 + Sq2rsq"-V; + Sq3teg""V + sf'W) = 0

and

H : Sq^Sq"-7; + Sq^Sq"-7Sq4; + Sq^Sq"" V + S q ^ S q V ;

+ Sq^Sq^V + S q ^ V + Sq n "V + S<?~?*J) = 0 .

In [7] we have defined a stable tertiary operation Q realizing the

^-invariant k. of Table 1 or k, of Table 2. Let (j>7 - be the Adams

oo 3 2

basic operation associated with the re la t ion Sq Sq + Sq Sq = 0 . Then

we have the following theorem.

THEOREM 2.2. Let N > n and n be an N-plane bundle over M with

W4(T\) = w4(M). Suppose Indetn~4(qi5J M) = Sq2Hn~6(M) (hence Sq1Hn~5(M) c

(a) (Case k = 7). Suppose Sq2^'7 (M;2Z) = Sq2!?1'7(M) and

Indetn(k3
4, M) ? 0 , where fe3 is defined by Table 1. Then the

geometric dimension of r\ < n-7 if and only if

6wn-7(n) = °> wn-5(n) = °> ° e *4fwn-9(n))t ° e *l,l(wn-7(r])} '

x,JU(r\)) = 0 and 0 e tyc(w o(i\)) .o o n-y

(b) (Case k = 8). Suppose Indetn(k3J M) ̂  0 where k} is defined by

Table 2.

(i) Suppose n= 7 (16) with n>7 and Sq2}?1'7(M) =Sq2Sq1Hn~8(M).

Then geometric dimension of n S n-8 if and only if

v>n_?M = 0, 0 e $4(wn_g(T))) and 0 e ^s(wn_g(r\)) .

(ii) Suppose n = IS mod 16 with n > 15 and u.fnJ = 0 . Suppose

either wg(n) = wg(M) and Sq2tin'7(W = Sq2Sq2Hn~8(M) or
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o c

Sq H (M) = 0 . Then geometric dimension of n < n-8 if and

only if w (n) = 0, 0 e <f> (w a(n))> 0 e SOCU(T))) and

0 e V V
Proof. Part (a) is a consequence of Proposition 2.1 and [7, Theorem

7.1] since all the fe-invariants are stable. Part (b) follows from [7,

Theorem 7.2] noting that we need only consider stable fe-invariants.

For any bundle £ over M classifed by a map g from M into

BSO .<8> , j > 4 , define ^>JV to be g*(vj , where v e H (B§0 .<8>) »
3 $ 4 4 3

ZZ is a generator. We can easily extend this definition to a stable

bundle C satisfying W^(V = W^U = W^V = 0 .

We have the following theorem when the top dimensional tertiary

obstruction has trivial indeterminacy.

THEOREM 2.3. Let N > n and n be an N-plane bundle over M with

W.(T\) = w AM) = 0 . Suppose Sq (vj-n) + v (-T)) = 0 and

Indetn~4(4>5,M) = Indet
n~4'(k^, M), where k^ is defined by Table 1 if

k = 7 and by Table 2 if k = 8 . (Hence Sq1Hn~S(M) <= Sq2lP~6(M)).)

(a) (Case k = 7). Suppose Sq2Hn~7(M;Z) = Sq2^''(M) , and

Indetn(k.3M) =? 0 , where k. is defined by Table 1. Then the

geometric dimension of n <, n-7 if and only if

6w
n-7

(r]) = °' Wn-S
(n) = °' ° £ *4(wn-9

(n))' ° £ *2 l(Wn-7(n)) '

Z,~(V(T\)) = 0 3 0 e l\>Jw o(r))) and U(U(r\)) = 0 .

(b) (Case k = 8). Suppose Sq2Hn~7(M) = Sq2Sq1Hn~8 (M) and

Indetn(k\, M) = 0 where 2c, is defined by Table 2.

(i) Suppose n=7 mod 16 with n > 7 . Then the geometric

dimension of r\ < n-8 if and only if w ?(r\) = 0 ,

0 e t>.(w O ( V ; , 0 £ ^Jw nCr\)) and U(U(r\)) = 0 .

(ii) Suppose n = 15 mod 16 with n > 15 and either WQ(T\) =

2 5wJM) or Sq H (M) = 0 . Then the geometric dimension of
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n s n-8 if and only if w ~(r\) = 0, 0 e $,(w a(n)J ,

0 e eo0/(nJi , 0 £ %c(w Q(r\)l and a(U(.r\)i = 0 ,

Proof. Part (a) is a consequence of Proposition 2.1 and [7, Theorem

8.1] and Part (b) is a consequence of Proposition 2.1 and [7, Theorem 8.2].

3. Immersion Theorems

Let M' be a closed, connected and smooth spin manifold of dimension

n = 7 mod 8 with n > 7 . Following Massey-Peterson [5] we deduce that

W ,(M') = 0 for i = 0,1,2,...,7 . In particular if the number of 1's

in the dyadic expansion of n a(n) is greater than or equal to 6 , then

W JW) = 0 . If furthermore W.(M') = 0 then W O(M') = 0 for

n = 15 mod 16 or n = 7 mod 16 and a(n) > 6 .

Take a Spivak normal bundle v for M . Then the top class of the

Thorn space T(v) is spherical. Therefore C,JU(v)), l,o(U(v)) and tt(U(r\))

6 o

whenever they are defined are all zero modulo zero indeterminacy.

Therefore applying Theorem 2.2 together with the preceding paragraph

we have the following theorem.
THEOREM 3.1. Suppose Indetn~4(ty,.,M) = Sq2^1'6'(M) .

(a) Suppose a(n) > 6, Sq2!?1'7(M; 7L) = Sq2lP~7(M) and Indetn(k34(\>),M) /

0, where k. is defined by Table 1. Then M immerses in ]R

(b) Suppose Indet (kJ\>),M) ? 0 where k? is defined by Table 2 and

Sq2Hn~?(M) = Sq2Sq1lfl~8(M). Then M immerses in m2n~8 if

n H 7 mod 16 and a(n) > 6 .

Similarly from Theorem 2.3 we have

THEOREM 3.2. Let w^M) = 0 .

(a) Suppose Sq2!^'7(M; Z) = Sq2tin~7(M) and Indetn~4(tyQ,M) =

0
Indetn~ (k2C\>),M), where k2 is defined by Table 1, Then M

immerses inin J? if n = 7 mod 16 and a(n) z 6 or n = 15 mod 16.
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(b) Suppose Sq2^~7(M) = Sq2Sq1rfl~8 (M) and Indetn~4 $„ (M) =
o

Indetn~ (kjCvJ^M) , where k1 is defined by Table 2. Then M

immerses in JR n~ if n = 7 mod 16 and a(n) > 6 or n = 15 mod

16 with n > 15 .

Combining Theorem 3.1 and Theorem 3.2 we have the following theorem.

THEOREM 3 .3 . Suppose w^iU) = 0 and indetn~4(ty5,M) =Sq2Hn~6(M) .

(a) Suppose Sq2lP~7 (M;2Z) = Sq2Hn~7(M) . Then M immerses in R2n~7 if

n = 7 mod 16 and a(n) > 6 or if n = 15 mod 16.

(b) Suppose Sq2fin~7(M) = Sq2Sq1lfl~8(M) . Then M immerses in ]R2n~8

if n = 7 mod 16 and a(n) H or if n = 15 mod 16 and n > 15 .

If M i s ^-connected mod 2 then Indet"(7c .(v),M) = 0 , Thus by

Theorem 3.2 we have the following immediate corol lary .

COROLLARY 3.4. Suppose M is 4-connected mod 2.

(a) Suppose Sq2^'7'(M;2Z) = Sq2^1'7'(M) . Then M immerses in B2n~? if

n = 7 mod 16 and a(n) > 6 or if n = 15 mod 16.

(b) Suppose Sq2rfl~?(M) = Sq2Sq1Hn~8(M). Then M immerses in m2n~8 if

n = 7 mod 16 and a(n) > 6 or if n = 15 mod 16 and n > 15 .

Assume now W AM) = 0 . From the def ini t ion of ljj,- we deduce tha t

i f e i t he r Sq }P~ (M) = 0 or Sq Sq #"" (M) = 0 or equivalently i f e i the r

Sq2Sq1H4(M) = 0 or if Sq3H4(M) = 0 , then Indet""4(^yM) = ^3^~7 +

~ i where <f>_ and £, are stable operations associated with the

relations

2 2 1 2 1
$„,* Sq Sq + Sq (Sq Sq ) = 0 ando

C_; Sq Sq = 0 respectively;o

if'7 = {x € if1'7 (M) I Sq2x = Sq2SqJa; = 0} and 5"~7 = {x e if1'7 (M) |Sq3x = 0}.
2

We can choose C_ to be <J>. . ° Sq where <j>. „ is the operation
6 UjU Cj U

associated with the relation Sq Sq = 0 . If HjM; 7L) has no 2-
b
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torsion then Sq V.(-T) = 0 and so Indet (k.,M) = 0 by S-duality. If

further S^lP~S (M) c S q V ^ t W and S^HS (M) = 0 then Indet""4 fij^, M) =

Indet"" Ck ,U) , where &7 is defined by Table 1. If in addition that

H?(M;Z) has no free parts and i t s 2-torsion elements are all of order 2 ,

then Indet'^fiLjAfj = Indet""4(k-3M) , where k3. is defined by Table 2.
o 1 1

Thus we have from Theorem 3.2

THEOREM 3.5. Suppose w4(M) = 0 , Sq2HS(M) = 0 , Sq1Hn~5(M) c

Sq H (M) and HJM^ZZ,) has no 2-torsion elements. Then

2n-7
(a) M immerses in M if n = 7 mod 16 and a.(n) > 6 or n = 15

mod 16 .

(b) Suppose H (M;2Z) has no free parts and its 2-torsion elements are

at most of order 2. Then M immerses in JE2n~8 if n = 7 mod 16

and a(n) > 6 or n = 15 mod 16 and n > 15 .

14 4 *
Suppose now Sq H (M) = 0 and <j>. Jl (M) = 0 . By Poincare daulity

one readily deduces that if- Ji (M) = 0 . As for Theorem 3.5 we deduce

from Theorem 3.2 the following:

COROLLARY 3.6. Suppose w^iM) = 0 , Sq1H4(M) = 0, S>Q ̂ (M) = 0

and HAM;7L) has no 2-torsion elements,o
2n-7

(a) M immerses in J? if n = 7 mod 16 and a(n) s 6 or n = 15

mod 16.

(b) Suppose H-(M;2Z) has no free parts and its 2-torison elements are

at most of order 2. Then M immerses in M if n = 7 mod 16

and a(n) > S or n = 15 mod 16 and n > 15.
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