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APPLICATIONS OF FOX'S DERIVATION IN
DETERMINING THE GENERATORS OF A GROUP

WAN LIN

We give a necessary and sufficient condition for a set of elements to be a generating
set of a quotient group F/N, where F is the free group of rank n and N is a normal
subgroup of F. Birman's Inverse Function Theorem is a corollary of our criterion.
As an application of this criterion, we give necessary and sufficient conditions for
a set of elements of the Burnside group B(n,p) of exponent p and rank n to be
a generating set.

For a group G, denote by ZG its integral group ring. Elements of ZG are of
the form £) agg, where ag £ Z is equal to zero for all but a finite number of g.

g€G

Addition and multiplication in ZG are defined by JH ag9 + S ^i9 = 53 (as + bg)g
/ \ / \ , , g€G g€G 9€G

and I Yl ag9 I I X] bg9 I = Z) ( J2 agh~1^h )g- Let e denote the augmentation
\«€G / \g€G j j€G \heG J

homomorphism of ZG into itself, that is, (£agg)c = X)a»> f°r a n y element J2ag9
in ZG. The kernel A = Kere is called the augmentation ideal of ZG [8]. It is easily
verified that A = ZG(G — 1). A mapping D of ZG into itself is called a (left) derivation
if D(u + v) = Du + Dv and D(u • v) = Du • vc + u • Dv, for any u, v in ZG. Derivation
in ZG has the following elementary properties:

(i) Da = 0, for any a € Z;
k

( i i ) D(ui • u 2 • • • « * ) = 2 « i - « 2 •••Ui-i • Dut,

f o r a n y e l e m e n t s u\~U2, . . . , u j t 6 G , f c > l ;

(iii) D ( u - 1 ) = — u~1 • Du, for any element u € G.

Let F be the free group with basis xi,X2,... ,xn. We let •=—, j = 1, 2 , . . . , n ,
OXj

be the Fox free partial derivative with respect to xy in XF [6, 8], that is, —- =
OXj

Sij, where Jjj is the Kroneker delta. If y i , t/2i--- i^n is a set of elements of F, let
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\dxj\\ \\d(xux2,...,xn)\
denote the Jacobian matrix. In 1973, Birman [4] proved

that i/!, 2/2, •. • , Vn generate F if and only if -^- has a right inverse.

In the current paper, we shall establish a necessary and sufficient condition for a set
of elements j/T, Vz, • • • , IST to be a generating set for G = F/N, where N is a normal
subgroup of F. As an application of our criterion, we give necessary and sufficient
conditions for a set of elements of the Burnside group B(n,p) of exponent p and rank
n to be a generating set.

THEOREM 1 . Let F be the free group with basis xi, x2, • • • ,xn and N a normai
subgroup of F. Suppose yi, yi,...,yn is a set of elements of F. Theny^, y j , . . . ,
y~^ is a generating set for F/N if and only if there exist an n x n matrix A = (oij)
over Z F , elements g\, g2, ... , gn in Z F and h-i, h2, . . . , hn in N such that

where E is the n x n identity matrix and dia.g(gi,g2,... ,gn) is the n x n diagonal

matrix with main diagonal entries gi,g2,... ,gn-

PROOF: If yT, y5,... , y^ is a generating set of F/N, then xl = Xi(yJ, y£, . . . , y^)

is a word in yj, yi, ..., y^. Thus X{ = Wi(yi,y2,... ,yn)hi, where hi € N. In IF,

we have that

. dxi d ..... x SWi din

dWi
By property (11), we may write -x— as

OXj

where <Xik, 1 < fc < n, are elements in ZF.

Let A = (a.ij) and g; = Wi, i = 1, 2 , . . . , n , then

(a«>) \\zr~ diaS(ffi>ff2'--- <9n) k - 1 =E-
\\OXj\\ \\oxj\\

Conversely, suppose that

II flh II
diag(51,02,... ,gn) U ^ 1 = E,
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where g%, g2, • • • ,gn € ZF and hi, h2l... ,hn € N. Then

Multiplying both sides of the above equation by XJ — 1 and summing over j , we
have

By Fox's fundamental formula [6], we have that £ -S~(xj — 1) = yt — 1 and

E ^ i ( * i - l ) = A i - l . Thus

*=1

Hence
n

^2 aik(yk - 1) = x; - 1 mod ZF{N - 1).

k=l

It follows, by [5, Lemma 4.1], that j/T, y£,... ,yZ is a generating set for F/JV. D

REMARK.

(i) The proof of the necessity actually gives an algorithm for finding the
matrix A, elements g\, g<i,... ,gn and h%, /i2,--. ,hn. The elements
5ii 92, • • • >9n are actually in the free group F.

(ii) When N = 1, Theorem 1 says that a set of elements yi, y%,... , yn of F
is a basis for F if and only if the Jacobian matrix -^- has an inverse

in ZF. Thus Birman's Inverse Function Theorem [4] is a corollary of our
Theorem 1.

As an application of Theorem 1, we shall prove the following result regarding the
generating set of the Burnside group B(n,p) of exponent p and rank n. Let p be a
prime and Fp the subgroup of F generated by the pth power of the elements of F.

Then B(n,p) = F/Fp is the Burnside group of exponent p and rank n. We let Ip

denote the ideal of Z F generated by all elements of the form 1 + to + w2 H
w 6 F.
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COROLLARY 2 . Let y\, y2,.--,yn be a set of elements of F. Then we have the

following:

(i) if yi , Jfe , • • • , !/n is a generating setofB(n,p), then
dXj

is invertible

over ZF/Ip.

has a left inverse over ZF/ZF(FP — 1), then yj, ifi,... , y^ is

a generating set of B(n,p).

(ii) If
VJ.J

general

(iii) If -,r— has a left inverse over ZF/IP, then yj, y j , . . . ,y^ is a generating

set of F/N, where N is the normal subgroup of F corresponding to Ip,

that is, Ip = ZF(N - 1).

P R O O F : (i) If yj, yi,... ,yZ is a generating set of B(n,p), then, by Theorem 1,
there exist an n x n matrix A = (atj), elements gi, gi,... ,gn in F and elements
hi, h2,... ,hn in Fp such that

1 — 1=^
Since hi € Fp, 1 < i < n, we have that -^- € Ip for all i and ; . Thus

OX j

In \
\dx~-

over ZF/Ip. By a theorem of

. Therefore (ay) is the inverse

over ZF/Ip. Hence (a^y) is a left inverse of

Montgomery [9], (atj) is also a right inverse of

of I S J I •

(ii) Suppose that

over ZF/ZF{Fp - 1). Then we can find u;y in ZF(FP - 1) such that

over Z F . Thus, for i = 1,2,... ,n and j = 1,2,... , n ,

n -

aik—+Uij=5ij.
t = l
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Multiplying both sides of this equation by Xj — 1 and summing over j , we have

7 = 1 * = 1 J 7 = 1 7 = 1

By Fox's fundamental formula, we have that

Thus

7 = 1

- l ) = X i - l mod - 1).
* = i

Therefore, by [5, Lemma 4.1], j / i , J / 2 I - - - ij/n is a generating set for

(iii) If

over liF/Ip, then we can find Uij in Ip such that

over ZF. Thus, for i = 1,2,... ,n and j = 1,2,... , n ,

Multiplying both sides of this equation by xy — 1 and summing over j , we have

7 = 1>=lfc=l ' 7=1

By Fox's fundamental formula, we have

* = i 7 = 1

Thus

aik(yk - 1) = Xi - 1 mod / , .

Let JV be the normal subgroup of F such that Ip = ZF(7V - 1), then N D Fp.

Thus, by [5, Lemma 4.1], yT, yi,... ,y~Z is a generating set for F/N.
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