
Canad. Math. Bull. Vol. 18 (4), 1975 

A BANACH ALGEBRA STRUCTURE FOR H* 
BY 

NEIL M. WIGLEY 

The Hardy space HP=HP(U), where 1 < / ? < O O and U is the unit disc \z\<\, is 
shown to be an algebra under the product 

(/* g)(*) = -f f7(*-0g(0 dt9 /, g e H*. 
dz Jo 

Moreover for each/?, l<p<co, there exists a constant Cv such that \\f*g\\j,< 
Cj> 11/11* HglU- The above product is also known to be commutative and associative 
and has the identity/(z)=1. Thus by embedding H* into âl(H*), the Banach algebra 
of bounded linear operators on Hp, with the mapping 

f-»Tt9Tte)=f*g, for f,geHp, 

the Banach space Hp becomes a commutative Banach algebra with identity. An 
operator Tf is shown to be invertible if and only if /(0) 5^0. It follows that there is 
only one maximal ideal, the set of functions which vanish at the origin, and the 
spectrum of each Tf is the singleton {/(0)}. 

1. Introduction. We shall use the notation of Duren [1]. U is the open unit 
disc of the complex plane, H(U) is the space of functions holomorphic on C/and 
HP=HP(U) (1 <p< oo) is the space of functions/e H{U) with finite integral means 

| |/ | |p = l m M p ( r , / ) < +co 
r-*l 

where 

^jo \f(reier ddj . 

H°° is the space of bounded analytic functions on U with the supremum norm. 
We define a product on functions in H(U): 

(/* gX*) = T f/(s-*)g(0 dt = f/'(z-0g(0 dt+f(0)g(z). 
az Jo Jo 

This product is known to be commutative and associative and has no zero divisors 
[3]. The function/(z)=l is the identity. 
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H(U) clearly becomes an algebra with the above product. If X is a linear sub-
space of H(U) which is multiplicatively closed under the above product, we shall 
denote the resulting algebra by (X, *). The algebra (H, *) can be embedded into 
the formal power series ring C [[Z]] as follows. If f(z)=zn and g(z)=zm an easy 
induction shows that 

yyi ' ti ' 
( / * g ) ( z ) = m'n' zm+n. 

(m+n)\ 

L e t / e H(U) have the Taylor series 2 anz
n\n\ and define B: H(U)->$[[Z]] by 

(Bf)(Z) = ZanZ\ 

In general this series does not converge; in fact it has a positive radius of con
vergence p if and only i f / i s an entire function of finite type l//> ([2], p. 73). If 
g ( z ) = I ^ z w / m ! t h e n 

oo n n L 

w==Ofc=o n ! 

the series converging because it is majorized by the usual Cauchy product series 
representing/(z)g(z). It follows that B(f*g)(Z)=B(f)(Z)B(g)(Z), the product on 
the right being the usual Cauchy product in C[[Z]]. Thus B is an algebra iso
morphism of H(U) onto a subalgebra of C[[Z]]. 

With a different product, though also of convolution type, Hp has another 
Banach algebra structure which is very different from the one presented here; 
see, for instance [5], 

2. Main Theorems. We now turn to the Hp spaces and state a theorem which 
will be proved later. 

THEOREM 1. Let 1 <p< oo and let f, g e Hp. Then f* g e Hv and there exists a 
constant Cv depending only on p such that 

11/* g l l ^ c , II/II, iigii,. 

Moreover given feHv there exists g e Hp such that (f*g)(z)=l if and only if 
/ ( 0 ) ^ 0 . 

It follows that Hp becomes a Banach algebra if we identify elements / e Hv 

with Tf e 38(HP). For details see [4], p. 860. Each operator 7 ^ 0 is 1-1 because 
(H(U), *) is an integral domain. Tf is invertible if and only i f / is invertible in 
(Hp, *) and this happens if and only i f / (0)^0 . It follows that the operators Tf 

with/(0)=0 form a maximal ideal and this is the only maximal ideal since it is 
exactly the set of singular elements. 

In the algebra (Hp
9 *) there are many ideals which are not maximal. I f / (0)=0 

it follows quickly from the definition of the *-product that (f*g)'=f *g for 
/ , g 6 H(U). Let 1 <q<p< oo and consider the s e t / £ = { / e Hp:f(0)=0 a n d / ' e Hq}. 
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We claim Ip is an ideal in H». For let fe J* and g e H*. Then ( / * g)(0)=0 and 
( / * g ) ' = / ' * g. Since/ ' G #* and g eHP^H« we get (f *g)' G HQ and thus /* is 
an ideal in Hp. It is not closed as the following example shows. Let fn(z)— 
(1 -z) (1 /n )- (1 / f f )+1, « = 1 , 2 , It is easy to show that fn e Hp, fn e H\ l im / n = 

feHp, yet f'tH*. If we set gn=fn-l then gnel* yet g=Kmgn$lZ. Other 
ideals can be gotten by considering functions / for which / (0 )= / ' (0 )=0 and 
f" e H% etc. 

Let l < p < o o andfeHp. Then/*(e^)=lim r_>1/(r^0) exists almost everywhere 
and is in LP(T). Let 

0
*2v \l/p 

\f*(eM+h))-f*(eie)\» del . 
o J 

Let iPA? be the set of/G # * for which (llt)œp(t,f*) is bounded as /->0. A theorem 
of Hardy and Littlewood states t h a t / e iPA* if and only if/ ' e Hp. In addition 
/ ' G /J1 if and only if fe C(Û) a n d / * is absolutely continuous, so i P A ? ç C(£7). 
Let HA1 denote the set of/G C(0) for which/* satisfies a Lipschitz condition, i.e. 
there exists K such that | / * ( e ' V / * ( e * * ) | ^ | 0 - f | . T h e n / G i ^ if and only if 
/ ' G /T°. From these facts we get the following theorems. 

THEOREM 2. Let 1 <p< oo, / G #*>, / ' G £P andf(0)=0. Then Tf maps Hp into 
the subspace ofHpAl of functions which vanish at the origin. Moreover Tf is onto if 
and only iff (0)9*0. 

Proof. Let g e Hp. Since/belongs to the ideal /£ of Hp, so does Tf(g)=f* g. 
Let /'(O) 7*0 and h e HPAP, /z(0)=0. Let g be the function in Hp such tha t / ' * g = 
A'. Then/* g=h so is Tf onto. I f / ' (0)=0 then /* g has a zero of order at least two 
at the origin, so Tf cannot be onto. 

THEOREM 3. Let feff°,f eH"3 andf(0)=0. Then Tf maps H™ into the sub-
space ofHA1 of functions which vanish at the origin. Moreover Tf is onto if and only 
iff'(0)7*0. 

Proof. Same as for theorem 2 with/?= oo. 

3. Proof of Theorem 1. We begin with some lemmas: 

LEMMA 1. IffeHp and \z\<\ then | /(z) |<22 /* \\f\\p. If in addition f(0)^0 then 
\f(z)\<2™p^\z\ 11/11,. 

Proof. From [1] p. 36 we get 

\f(z)\ £21/p | | / | | , (1 - r ) - 1 ^ 

for fe Hp and zeU. The first part of the lemma follows immediately. For the 
second part observe that/(z)/z is bounded and analytic for \z\ < J. Its supremum is 
taken on the circle |z |=£. 
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LEMMA 2. Letfe H(U) and r</>< 1. Then 

p-r 

Proof. With | z |=r and |£|=/> we have 

Then 
2T7I J | | I= P (C-Z) 2 

27T JO 

< 

p 2+r 2-2prcos(0-<£) 

1 f2îr n2— r2 

i I / W 0 ) | ^ L d<f> 
277(p-r)Jo " ^ p2+r2-2prcos(0-~<£) r 

27r(p-r)Jo H
 P

2+r*-2Pr cos t 

An application of Jensen's inequality with respect to the measure (p2—r2) A/ 
2îr(/>2+r2-2ior cost) yields 

p —r \27rJo p + r — 2p7* cos f / p—r 

LEMMA 3. Let heHp have a zero at the origin of order at least n. Then there 
exists geHp such that h(z)=zng(z), \\h\\9= \\g\\p and MJjr, K)^rnMv{r, g). 

Proof. This is clear from the definitions. 

Proof of Theorem 1. We first consider the case p=oo. Let f,geH™. We 
must show/* g e H™. For the moment assume that/(0)==g(0)=0. Then 

( / * g)(z) = f / ' ( * - 0 g ( 0 dt = f / ( z - 0 g ' ( 0 A = f / ( ( r - r y V C ^ V ' d T . 
Jo Jo Jo 

By Schwarz's lemma \f(z—0l<ll/lloo(r~T) a n d by Cauchy's estimate !g'(0l<^ 
H^llooCl—T)-1 where T = | / | . Hence 

!(/• g)(*)l < ll/lloo llgIL [r^dr < ll/L ||g|L 
Jo 1—T 

soll/^IL^II/ILII/IL-
For arbitrary/, geff° set/(z)=/(z)+/(0), g(z)=g(z)+£(0). Then 

( / * g)(z) = ( / * g)(z)+/(0)g(z)+g(0)/(z) 
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and 

11/* gIL < ll/lioo ll#IL+ll/IL ItëlL+llgL 1/IL < 7 I/O. k lL . 
Assume next that /G H™ and/(0)=0. We shall show there exists g e H™ such 

that g * (1—/)=1. From the power series o f /* /we see tha t /* /has a zero of 
order >2 at the origin. Thus (f*f)(z)/z2 is analytic and bounded for |z|<l and 

Kf*f)(z)lz2\\K = n/./iL £ ï/Hi 
Hence 

l(/*/)0OI < r2 \\f\\l. 
Assume for n>2 that 

where/[nl denotes the «-fold *-product of/with itself. This is indeed the case for 
n=2. Then 

l/ [n+1^)l = | ('fln\z-t)f'(t)dt 
I Jo 

~ ( n - l ) ! J o 1-T - ( n - l ) ! j o ~ n! 

But/tn+1](z) has a zero of order > « + l at the origin, and hence 

\fn+1\z)\ <, rn+1 \\fln+1Hm ^ rn+1 iÛâL , 
nl 

which completes the inductive step. Consequently, the series 

g(z)=i fin\z) 
w=0 

is majorized by the series 

£i (n-1)! 

which is convergent for any r. Thus g G H™ and g * (1 —/)=1. 
We now consider the case 1 <p< oo. Let/, g e Hp. We must show that/* g G iP . 

As in the H00 case it is sufficient to assume /(0)=g(0) and to show ||/*g||„< 
CP ll/IU llglL where Ĉ , depends only on p. Then we have 

a*gX*)=£/(*-0g'(0* 

= Mr-T)eie)g'(Teie)eiedT+\ f((r-T)eid)g'(reie)ei9dT 
JO Jl/2 

for r > J. To estimate the derivative g'(reie) in the first integral on the right we use 
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Cauchy's integral theorem followed by the integral form of Minkowski's inequality : 

\g'(reie)\ < - [ *|g(K")| dp 
77 J O 

U 2TT -J \l/v 

which is valid for r < | . Then from lemma 1 we obtain 

\Mr-T)eie)\dr+2i2M+l\\f\l (r-ry2M+l\g'(reie)\dr 
0 Jl /2 

Using Minkowski's inequality again and lemma 2 we get 

M,(f*g,r)< 12 U/Ulgl l , 

+2(2/")+1 ll/IU f (r-T) ( a / ' ) + 1Mpfo g X ^ r ) " 1 J r < C0 \\f\\P \\g\\, 
Jl/2 

Assume now t h a t / e i P and/(0)=0. We shall show as in the H™ case that the 
series 2 / M converges and belongs to Hv. Assume for n>2 that 

wrx <: 
c„ 

( n - 1 ) ! "* 

This is true for n=2. We write/ [w](z)=zng(z) as in lemma 3 and obtain through 
lemma 2 the inequality 

\fn+1\z)\ = I \rfln\{r-T)ew)f'{ré9) dr\ < f ( r - r ) ^Mg( ( r -Ty 9 |A f , (T , / )dT 
Uo I Jo 

An application of Minkowski's inequality yields 

M„(r,/Cn+1]) < f(r-T) ' ,-1M î >(r-T> q)M,{r,f) dr 

£ M, 11/11, \\r-rr~1 dr = T- ||g||p \\f\\v 
Jo n 

Letting r->l and using the inductive hypothesis we find 

n n! 

We conclude that the series 2 / [ n ] *s majorized in the i^-norm by the series 

co n r u n 

n=2(n — l)\ 

which converges for any | | / | | p < + oo. This completes the proof. 
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