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Abstract. In an effort to extend the theory of algebraic geometry over groups
beyond free groups, Duncan, Kazatchkov and Remeslennikov have studied the notion
of centraliser dimension for free partially commutative groups. In this paper we
consider the centraliser dimension of free partially commutative nilpotent groups of
class 2, showing that a free partially commutative nilpotent group of class 2 with
non-commutation graph � has the same centraliser dimension as the free partially
commutative group represented by the non-commutation graph �.
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1. Introduction. There has been much interest in recent years in the development
of algebraic geometry over groups (see [1, 10, 12]), inspired by various successes in
the study of equations over groups, such as Makanin’s algorithm for deciding whether
a system of equations over a free group has a solution, and the solution of Tarski’s
problem concerning the elementary theory of free groups by Kharlampovich and
Myasnikov [9], and, independently, Sela [16]. In [3], Chiswell and Remeslennikov
showed that if V is an irreducible algebraic set defined by a one-variable system of
equations over a non-abelian free group, F , then either V = F , or V is a point, or there
exist elements f, g, h ∈ F such that V = f CF (g)h, where CF (g) is the centraliser in F of
g. It is therefore believed that the investigation of the structure of the centraliser lattice
of a group is a first step in the construction of algebraic geometry over that group. The
centraliser dimension of a group is defined to be the height of its centraliser lattice,
a concept which has been studied in numerous papers, for example [15], [11], [2], [13]
and [4]. To extend the theory of algebraic geometry over groups beyond free groups,
Duncan, Kazatchkov and Remeslennikov [5] have studied the notion of centraliser
dimension for free partially commutative groups, also known as graph groups, trace
groups or right-angle Artin groups.

Given an arbitrary variety of groups, V , we may define the class of free partially
commutative V groups in an obvious fashion. In this paper we consider the centraliser
dimension of free partially commutative nilpotent groups of class 2. We begin, in
Section 3, by considering the form of powers and roots of group elements. We then
investigate the structure of centralisers in free partially commutative nilpotent groups
of class 2 in Section 4. In Section 5 we show that to calculate centraliser dimension in
these groups we only need to consider chains of centralisers of generating elements.
This result is then used to show that a free partially commutative nilpotent group of
class 2 with non-commutation graph � has the same centraliser dimension as the free
partially commutative group represented by non-commutation graph �.
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2. Preliminaries. In this section, we introduce some preliminary definitions which
we will use throughout the paper. For further information on nilpotent groups the
reader is referred to the texts by Hall [7] and Neumann [14].

Let G be a group. The commutator of two elements g1, g2 ∈ G is denoted by

[g1, g2] = g1
−1g2

−1g1g2.

For H, K subgroups of G, we let [H, K ] denote the subgroup of G generated by all
commutators of the form [h, k] for some h ∈ H, k ∈ K .

A group G is nilpotent of class 2 if it has a central series of length 2, and no central
series of G has shorter length. In particular, the lower central series of G is finite of
length 2:

G > [G, G] > [[G, G], G] = 1.

Therefore a group G is nilpotent of class 2 if and only if [[G, G], G] = 1 and [G, G] �= 1.
In particular we may note that [g, h] is in the centre of G for all elements g, h ∈ G.
This definition may be further refined to show that if G has presentation G = 〈X |R〉,
then G is nilpotent of class 2 if and only if G is non-abelian and [[x, y], z] = 1 for all
x, y, z ∈ X . Thus a free nilpotent group of class 2 has presentation

G = 〈X |{[[x, y], z] : x, y, z ∈ X}〉.
A group G is said to be (free) partially commutative if it has a presentation

G = 〈X |R〉 such that

R ⊆ {[x, y] : x, y ∈ X}.

Further information on this class of groups may be found in [4], [5] and [6]. We say G
is a (free) partially commutative nilpotent group of class 2 if G = 〈X |R〉 where

R = {[[x, y], z] : x, y, z ∈ X} ∪ R′,
R′ � {[x, y] : x, y ∈ X}.

In both of these cases, we define the non-commutation graph, �(G), of G to be the
graph with vertex set X , and with an edge connecting vertices xi and xj if and only if
[xi, xj] �∈ R.

3. Powers and Roots of Group Elements. Every element g of the free nilpotent
group of class 2 and rank n,

〈x1, x2, . . . , xn|{[[x, y], z] : x, y, z ∈ {x1, x2, . . . , xn}}〉,

may be written uniquely in the normal form

g = xr1
1 . . . xrn

n [x1, x2]s1,2 . . . [x1, xn]s1,n [x2, x3]s2,3 . . . [x2, xn]s2,n . . . [xn−1, xn]sn−1,n ,

= xr1
1 xr2

2 . . . xrn
n

∏
1�i<j�n

[xi, xj]si,j , (1)

for some ri, si,j ∈ � (see Hall [8] for further details).
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Let

G = 〈X |R〉,
= 〈x1, x2, . . . , xn|{[[xi, xj], xk] : i, j, k ∈ {1, 2, . . . , n}}, [xi1 , xj1 ], . . . , [xim , xjm ]〉,

be a partially commutative nilpotent group of class 2.

LEMMA. Every element g ∈ G may be written uniquely in the normal form

g = xr1
1 xr2

2 . . . xrn
n

∏
1�i<j�n
[xi,xj ]�=1

[xi, xj]si,j

for some ri, si,j ∈ �.
If

h = xr′
1

1 xr′
2

2 . . . xr′
n

n

∏
1�i<j�n
[xi,xj ]�=1

[xi, xj]s
′
i,j ,

then gh has normal form

gh = xr1+r′
1

1 xr2+r′
2

2 . . . xrn+r′
n

n

∏
1�i<j�n
[xi,xj ]�=1

[xi, xj]si,j+s′
i,j−r′

irj .

For k ∈ �, the kth power of g has normal form

gk = xkr1
1 xkr2

2 . . . xkrn
n

∏
1�i<j�n
[xi,xj ]�=1

[xi, xj]ksi,j− 1
2 (k−1)krirj .

Proof. Let G′ = 〈X |RG′ 〉 be the free nilpotent group of class 2 generated by the set
X , and let

R′ = {[xi1 , xj1 ], [xi2 , xj2 ], . . . , [xim , xjm ]},
so that G = 〈X |RG′ , R′〉. Note that R′ is a subset of the centre of G′, and therefore
the subgroup, N, of G′ generated by R′ is a normal subgroup of G′. By Von Dyck’s
Theorem, there exists an epimorphism, φ : G′ → G such that φ fixes every x ∈ X , and
ker(φ) = N, the normal closure of R′.

Since G is a nilpotent group of class 2, every element of G may be written in
the form (1). In addition, for each commutator [xi, xj] ∈ R′ we may set si,j = 0, since
[xi, xj] = 1. Therefore every element g in G may be written in the form

g = xr1
1 xr2

2 . . . xrn
n

∏
1�i<j�n
[xi,xj ]�=1

[xi, xj]si,j , (2)

for some ri, si,j ∈ �. It remains to show that this is a unique form for elements of G.
Let

g = xr1
1 . . . xrn

n

∏
1�i<j�n
[xi,xj ]�=1

[xi, xj]si,j , h = xr′
1

1 . . . xr′
n

n

∏
1�i<j�n
[xi,xj ]�=1

[xi, xj]s
′
i,j ,

https://doi.org/10.1017/S0017089508004187 Published online by Cambridge University Press

https://doi.org/10.1017/S0017089508004187


254 VIKKI A. BLATHERWICK

be elements of G written in the form (2). We wish to write the element gh in the form
(2). First we note that for any group H, and for any two elements a and b of H, we
have the relation

ba = abb−1a−1ba = ab[b, a] = ab[a, b]−1.

Now suppose that a and b are elements of G. Since G is a nilpotent group of class 2,
we may use the above relation to see that

bsar = bs−1abar−1[a, b]−1,

= absar−1[a, b]−s,

= arbs[a, b]−rs,

for all r, s ∈ �. Further note that

[a, b−1] = b−1[a, b−1]b = b−1a−1bab−1b = (a−1b−1ab)−1 = [a, b]−1,

and similarly that [a−1, b] = [a, b]−1 and [a−1, b−1] = [a, b]. Therefore, for all r, s ∈ �

and all ε, δ ∈ {−1, 1}, the relation

bδsaεr = aεrbδs[aε, bδ]−rs,

= aεrbδs[a, b]−(εr)(δs),

holds in G.
We now use this relation to rearrange elements of our group G into the form (2).

For all i ∈ {1, 2, . . . , n − 1} and all j ∈ {i + 1, i + 2, . . . , n}, we see that

xrj

j xr′
i

i = xr′
i

i xrj

j [xi, xj]−r′
irj .

Therefore

xr1
1 xr2

2 . . . xrn
n xr′

1
1 xr′

2
2 . . . xr′

n
n

= xr1
1 xr2

2 . . . xrn−1
n−1xr′

1
1 xrn

n xr′
2

2 . . . xr′
n

n [x1, xn]−r′
1rn ,

= xr1+r′
1

1 xr2
2 xr3

3 . . . xrn
n xr′

2
2 xr′

3
3 . . . xr′

n
n

∏
1<j�n

[x1, xj]−r′
1rj ,

= xr1+r′
1

1 xr2+r′
2

2 . . . xrn+r′
n

n

∏
1�i<j�n

[xi, xj]−r′
irj ,

which implies that

gh = xr1+r′
1

1 xr2+r′
2

2 . . . xrn+r′
n

n

∏
1�i<j�n
[xi,xj ]�=1

[xi, xj]si,j+s′
i,j−r′

irj .

Note that this is in form (2).
Now let k ∈ � and consider the element gk. We wish to show that

gk = xkr1
1 xkr2

2 . . . xkrn
n

∏
1�i<j�n
[xi,xj ]�=1

[xi, xj]ksi,j− 1
2 (k−1)krirj ,
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for all integers k. We begin with the case where k is a positive integer, and assume
that gk may be written in the above form, which is clearly true for k = 1. Noting that
gk+1 = gkg, we may apply our earlier result for products to see that,

gk+1 = xkr1+r1
1 xkr2+r2

2 . . . xkrn+rn
n

∏
1�i<j�n
[xi,xj ]�=1

[xi, xj]si,j+ksi,j− 1
2 (k−1)krirj−krirj ,

= x(k+1)r1
1 x(k+1)r2

2 . . . x(k+1)rn
n

∏
1�i<j�n
[xi,xj ]�=1

[xi, xj](k+1)si,j− 1
2 k(k+1)rirj .

Therefore, by induction, gk is of the required form for all positive integers k. The
result also clearly holds for k = 0. Now let k = −1. Using our earlier technique for
rearranging group elements, we see that

g−1 = x−rn
n x−rn−1

n−1 . . . x−r1
1

∏
1�i<j�n
[xi,xj ]�=1

[xi, xj]−si,j ,

= x−r1
1 x−r2

2 . . . x−rn
n

∏
1�i<j�n
[xi,xj ]�=1

[xi, xj]−si,j−rirj ,

and therefore the result holds for k = −1. Finally note that for any positive integer k,
we have

g−k = (gk)−1,

= x−kr1
1 x−kr2

2 . . . x−krn
n

∏
1�i<j�n
[xi,xj ]�=1

[xi, xj]−(ksi,j− 1
2 (k−1)krirj)−k2rirj ,

= x−kr1
1 x−kr2

2 . . . x−krn
n

∏
1�i<j�n
[xi,xj ]�=1

[xi, xj]−ksi,j− 1
2 (−k−1)(−k)rirj ,

and therefore gk is of the required form for all integers k.
Now suppose that g = h in G, so that

gh−1 = xr1−r′
1

1 xr2−r′
2

2 . . . xrn−r′
n

n

∏
1�i<j�n
[xi,xj ]�=1

[xi, xj]si,j−s′
i,j−r′

ir
′
j+r′

irj ,

= 1.

Recall that there exists an epimorphism φ : G′ → G : xi 
→ xi such that ker(φ) = N,
where N is the subgroup of G generated by R′. This implies that the inverse image of
gh−1 under φ is

φ−1(gh−1) =
⎧⎨
⎩

∏
[xi,xj ]∈R′

[xi, xj]ti,j

∣∣∣∣∣∣ti,j ∈ �

⎫⎬
⎭ .
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Since φ(gh−1) = gh−1 = 1, this implies that the relation

xr1−r′
1

1 xr2−r′
2

2 . . . xrn−r′
n

n

∏
1�i<j�n
[xi,xj ]�∈R′

[xi, xj]si,j−s′
i,j−r′

ir
′
j+r′

irj =
∏

1�i<j�n
[xi,xj ]∈R′

[xi, xj]ti,j ,

holds in the group G′ for some ti,j ∈ �. By the uniqueness of the normal form for G′,
this implies

(i) ri − r′
i = 0 for all i ∈ {1, 2, . . . , n}; and

(ii) si,j − s′
i,j − r′

ir
′
j + r′

irj = 0 for all 1 � i < j � n such that [xi, xj] �∈ R′.
Therefore ri = r′

i for all i ∈ {1, 2, . . . , n} and si,j = s′
i,j for all 1 � i < j � n such that

[xi, xj] �∈ R′. This implies that (2) is a unique normal form for elements of a partially
commutative nilpotent group of class 2. �

Let g, h be elements of G. If g and h are both (positive) powers of some common
element, then clearly there exist positive integers k1, k2 such that gk1 = hk2 . We now
show that the converse is also true.

LEMMA. Let g, h be elements of G. For any k1, k2 ∈ �, if gk1 = hk2 then g and h are both
powers of a common element. Further, if, in addition, k1 = k2 then g = h.

Proof. Let

g = xr1
1 . . . xrn

n

∏
1�i<j�n
[xi,xj ]�=1

[xi, xj]si,j , h = xr′
1

1 . . . xr′
n

n

∏
1�i<j�n
[xi,xj ]�=1

[xi, xj]s
′
i,j ,

be normal forms for elements g, h ∈ G. Suppose that gk1 = hk2 for some k1, k2 ∈ �.
This implies that

(i) k1ri = k2r′
i for all i ∈ {1, 2, . . . , n}; and,

(ii) for all 1 � i < j � n such that [xi, xj] �= 1,

k1si,j − 1
2 (k1 − 1)k1rirj = k2s′

i,j − 1
2 (k2 − 1)k2r′

ir
′
j. (3)

We may assume without loss of generality that k1 � k2. Note that if k1 = k2

then ri = r′
i for all i ∈ {1, 2, . . . , n}, and further si,j = s′

i,j for 1 � i < j � n such that
[xi, xj] �= 1. Therefore, if k1 = k2 then g = h. Further note that if k1 and k2 are not
coprime, say (k1, k2) = t > 1, then k1 = α1t and k2 = α2t for some α1, α2 ∈ � with
(α1, α2) = 1. This implies that (gα1 )t = (hα2 )t, so that gα1 = hα2 . It remains to consider
the possibility that (k1, k2) = 1. In this case, k1 divides r′

i and k2 divides ri for all
i ∈ {1, 2, . . . , n}.

Suppose k2 is odd. For some ti ∈ � we have

g = xk2t1
1 xk2t2

2 . . . xk2tn
n

∏
1�i<j�n
[xi,xj ]�=1

[xi, xj]si,j .

Now for

g′ = xt1
1 xt2

2 . . . xtn
n

∏
1�i<j�n
[xi,xj ]�=1

[xi, xj]ui,j ,
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we have

(g′)k2 = xk2t1
1 xk2t2

2 . . . xk2tn
n

∏
1�i<j�n
[xi,xj ]�=1

[xi, xj]k2ui,j− 1
2 (k2−1)k2titj .

Therefore, g = (g′)k2 for some element g′ of G if and only if there exist integers ui,j such
that

si,j = k2ui,j − 1
2

(k2 − 1)k2titj,

for all 1 � i < j � n such that [xi, xj] �= 1.
We may rearrange equation (3) to give

k1si,j = k2s′
i,j − 1

2 (k2 − 1)k2r′
ir

′
j + 1

2 (k1 − 1)k1rirj,

for all 1 � i < j � n such that [xi, xj] �= 1. Since k2 is odd, k2 − 1 is even, which together
with the fact k2 divides ri for all i ∈ {1, 2, . . . , n}, implies that k2 divides k1si,j. Since k1

and k2 are coprime, this implies that k2 divides si,j. Therefore

ui,j = si,j

k2
+ 1

2
(k2 − 1)titj,

is an integer for all 1 � i < j � n such that [xi, xj] �= 1.
So k2 odd implies that g = (g′)k2 for some g′ ∈ G, which in turn implies that

h = (g′)k1 since gk1 = hk2 .
Similarly, if k1 is odd then h = (h′)k1 for some h′ ∈ G, so that g = (h′)k2 . Since

(k1, k2) = 1 implies that at least one of k1, k2 is odd, if k1 and k2 are coprime, g, h must
both be powers of a common element.

We have thus established that for any k1, k2 ∈ �, if gk1 = hk2 then g and h are both
powers of a common element. �

We say h is an (nth) root of g if there exists a positive integer n such that hn = g.
We call h a least root of g if g = hn for some n ∈ �, and for every w ∈ G such that
wm = g for some m ∈ � we have m|n and w = h

n
m .

LEMMA. Every element g ∈ G has a unique least root.

Proof. Let

g = xr1
1 . . . xrn

n

∏
1�i<j�n
[xi,xj ]�=1

[xi, xj]si,j , h = xr′
1

1 . . . xr′
n

n

∏
1�i<j�n
[xi,xj ]�=1

[xi, xj]s
′
i,j ,

be normal forms for elements g, h ∈ G. Notice that if g has a least root, it must be
unique, since we have already shown that if uk = vk for elements u, v of G then u = v.
We now show that every element g of G has a least root.

First, we note that hm = g implies that:
(i) ri = mr′

i for all i ∈ {1, 2, . . . , n}; and,
(ii) for all 1 � i < j � n such that [xi, xj] �= 1, we have

si,j = ms′
i,j − 1

2
(m − 1)mr′

ir
′
j.
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Let the greatest common divisor of r1, r2, . . . , rn be k. If k = 1, then g is its own least
root. If k is greater than one, let d be the greatest divisor of k such that there exist
integers ui,j satisfying

si,j = dui,j − d − 1
2d

rirj,

for all i, j ∈ {1, 2, . . . , n} such that [xi, xj] �= 1. In other words, let d be the greatest
divisor of k such that

si,j

d
+ d − 1

2d2
rirj

is an integer for all i, j ∈ {1, 2, . . . , n} such that [xi, xj] �= 1. If d = 1, then g is its own
least root. For d > 1, g has a dth root

h = x
r1
d

1 x
r2
d

2 . . . x
rn
d

n

∏
1�i<j�n
[xi,xj ]�=1

[xi, xj]
si,j
d + d−1

2d2 rirj ,

and h is its own least root by definition of d. Now, for any root w of g, we have
g = wr = hd for some r ∈ �, so that w and h are both powers of some common
element. Since h is its own least root, this means that h must be a root of w, say w = hs.
Now wr = hsr = hd implies that d = rs, so r|d and w = h

d
r . Therefore h is a least root

of g. �

4. Centralisers. Let S be a subset of a group G. The centraliser of S in G is
denoted by

CG(S) = {x ∈ G|sx = xs ∀ s ∈ S}.

The centraliser in G of an element g ∈ G is

CG(g) = {h ∈ G|gh = hg}.

The centre of G is denoted by Z(G).
Let G be a partially commutative nilpotent group of class 2,

G = 〈x1, x2, . . . , xn|{[[xi, xj], xk] : i, j, k ∈ {1, 2, . . . , n}}, [xi1 , xj1 ], . . . , [xim , xjm ]〉,

and let g, h be elements of G:

g = xr1
1 xr2

2 . . . xrn
n

∏
1�i<j�n
[xi,xj ]�=1

[xi, xj]si,j , h = xr′
1

1 xr′
2

2 . . . xr′
n

n

∏
1�i<j�n
[xi,xj ]�=1

[xi, xj]s
′
i,j .

Note that

gh = xr1+r′
1

1 xr2+r′
2

2 . . . xrn+r′
n

n

∏
1�i<j�n
[xi,xj ]�=1

[xi, xj]si,j+s′
i,j−r′

irj
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and

hg = xr′
1+r1

1 xr′
2+r2

2 . . . xr′
n+rn

n

∏
1�i<j�n
[xi,xj ]�=1

[xi, xj]s
′
i,j+si,j−rir′

j .

Therefore g commutes with h precisely when r′
irj = rir′

j for all i, j such that 1 � i < j � n
and [xi, xj] �= 1, and the centraliser of g in G is

CG(g) = {h ∈ G|r′
irj = rir′

j for 1 � i < j � n with [xi, xj] �= 1}.

We may note that r′
irj = rir′

j if and only if:
(i) ri = 0, rj �= 0 ⇒ r′

i = 0;
(ii) ri �= 0, rj = 0 ⇒ r′

j = 0; and,

(iii) ri �= 0, rj �= 0 ⇒ r′
i

ri
= r′

j

rj
.

In the case where g is a generator, say g = xk for some k ∈ {1, 2, . . . , n}, we have

CG(xk) = {h ∈ G|r′
i = 0 for 1 � i � n with [xi, xk] �= 1}.

Returning to the general case, we define the set Ag = {xi|ri �= 0}, and split Ag into
distinct subsets Ag,1, Ag,2, . . . , Ag,q, such that two distinct elements xi, xj ∈ Ag are in
the same subset if and only if either:

(i) [xi, xj] �= 1; or,
(ii) there exist xα1 , xα2 , . . . , xαt ∈ Ag such that [xi, xα1 ] �= 1, [xαt , xj] �= 1, and

[xαk , xαk+1 ] �= 1 for all k ∈ {1, 2, . . . , t − 1}.
Recall that the non-commutation graph of a partially commutative nilpotent group
H = 〈X |R〉 is the graph with vertex set X , and with an edge connecting vertices xi

and xj if and only if [xi, xj] �∈ R. Therefore the Ag,i correspond to the vertex sets of the
connected components of non-commutation graph �(〈Ag〉).

Note that h is an element of the centraliser CG(g) if and only if:
(i) if xi �∈ Ag and xj ∈ Ag with [xi, xj] �= 1, then r′

i = 0; and
(ii) if Ag,γ = {xi1 , xi2 , . . . , xip}, then

r′
i1

ri1
= r′

i2

ri2
= · · · =

r′
ip

rip
,

and therefore there exists k ∈ � such that r′
ij = krij for all j ∈ {1, 2, . . . , p}.

We may now write CG(g) in the following fashion:

CG(g) =
{

xk1r1+m1
1 xk2r2+m2

2 . . . xknrn+mn
n

∏
[xi, xj]s

′
i,j

∣∣∣
((kiri), mi, s′

i,j ∈ � ∀i, j), (xi, xj ∈ Ag,γ ⇒ ki = kj),

(mi �= 0 ⇒ (xi �∈ Ag, [xi, xj] = 1 ∀xj ∈ Ag))
}
.

In the case where G is a free nilpotent group of class 2, this simplifies to

CG(g) =
{

xkr1+m1
1 xkr2+m2

2 . . . xkrn+mn
n

∏
[xi, xj]s

′
i,j

∣∣∣
(kri, mi, s′

i,j ∈ � ∀i, j), (Ag �= ∅ ⇒ mj = 0 ∀j)
}
.
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Returning to the general case, notice that, by definition, the distinct Ag,i commute
pairwise. This allows us to rewrite g in the form,

g = u1u2 . . . uq

∏
1�i<j�n
[xi,xj ]�=1

[xi, xj]si,j ,

where ui = xti,1
1 xti,2

2 . . . xti,n
n with

ti,j =
{

rj if xj ∈ Ag,i,

0 otherwise.

Let p ∈ {1, 2, . . . , q}, and let d be the greatest common divisor of tp,1, tp,2, . . . , tp,n. For
each j ∈ {1, 2, . . . , n}, let cp,j ∈ � be such that tp,j = dcp,j. Then,

up = xdcp,1

1 xdcp,2

2 . . . xdcp,n
n ,

= (xcp,1

1 xcp,2

2 . . . xcp,n
n )d

∏
1�i<j�n

[xi, xj]
1
2 (d−1)dcicj .

Let vp = xcp,1

1 xcp,2

2 . . . xcp,n
n , and note that CG(up) = CG(vp), so that, in particular [vi, vj] =

1 for all i, j. Further note that we may rewrite the centraliser CG(g) in the following
fashion

CG(g) = {vk1
1 v

k2
2 . . . v

kq
q xm1

1 xm2
2 . . . xmn

n

∏
[xi, xj]s

′
i,j |ki, mi, s′

i,j ∈ �,

mi �= 0 ⇒ (xi �∈ Ag, [xi, xj] = 1 ∀xj ∈ Ag)}.
From this, we can see that CG(g) ⊆ CG(vi) = CG(ui) for all i ∈ {1, 2, . . . , q}, so that

CG(g) ⊆ CG(u1) ∩ CG(u2) ∩ · · · ∩ CG(uq).

Conversely, if h commutes with ui for all i ∈ {1, 2, . . . , q}, then h commutes with g =
u1u2 . . . uq

∏
[xi, xj]si,j . Therefore

CG(g) = CG(u1) ∩ CG(u2) ∩ · · · ∩ CG(uq),

= CG(v1) ∩ CG(v2) ∩ · · · ∩ CG(vq).

Note in particular that this implies CG(gm) = CG(g) for all non-zero integers m.
We now wish to consider centralisers of subsets of G. For each α ∈ {1, 2, . . . , p}, let

gα = xrα,1

1 xrα,2

2 . . . xrα,n
n

∏
1�i<j�n
[xi,xj ]�=1

[xi, xj]sα,i,j .

Then

CG(g1, g2, . . . , gp) = CG(g1) ∩ CG(g2) ∩ · · · ∩ CG(gp)

=
{

xr1
1 xr2

2 . . . xrn
n

∏
[xi, xj]si,j |rα,irj = rirα,j for 1 � α � p,

1 � i < j � n with [xi, xj] �= 1
}
.

Let A = Ag1 ∪ Ag2 ∪ · · · ∪ Agp .
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Then

CG(g1, g2, . . . , gp) =
{

xr1
1 xr2

2 . . . xrn
n

∏
[xi, xj]si,j

∣∣∣
(xi, xj ∈ Agα,γ ⇒ ri = kα,γ rα,i, rj = kα,γ rα,j),

(xi �∈ A, xj ∈ A with [xi, xj] �= 1 ⇒ ri = 0)
}
.

5. Centraliser Dimension. Let G be a group. The centraliser dimension, cdim(G),
of G is the maximum length of a strict chain of centralisers of subsets of G. Where no
finite maximum exists, G is said to have infinite centraliser dimension. Thus if G had a
strict centraliser chain of length n,

G = CG(1) � CG(S1) � CG(S2) � · · · � CG(Sn) = Z(G),

then cdim(G) � n. If cdim(G) = n then there exist elements g1, g2, . . . , gn ∈ G such that

G = CG(1) � CG(g1) � CG(g1, g2) � · · · � CG(g1, g2, . . . , gn) = Z(G).

Suppose G is free nilpotent of class 2;

G = 〈x1, x2, . . . , xn|{[[xi, xj], xk] : i, j, k ∈ {1, 2, . . . , n}}〉.
Then the centre of G is

Z(G) =
{ ∏

1�i<j�n

[xi, xj]si,j

∣∣∣∣∣si,j ∈ �

}
.

Let g1, g2 be elements of G, where each gα has normal form

gα = xrα,1

1 xrα,2

2 . . . xrα,n
n

∏
1�i<j�n

[xi, xj]sα,i,j .

The centraliser of g1 in G is

CG(g1) =
{

xkr1,1+m1

1 xkr1,2+m2

2 . . . xkr1,n+mn
n

∏
[xi, xj]si,j |si,j, kr1,i, mi ∈ �,

(r1,i �= 0 ⇒ mj = 0 ∀j)
}
,

=
{{

xkr1,1

1 xkr1,2

2 . . . xkr1,n
n

∏
[xi, xj]si,j |si,j, (kr1,i) ∈ �

}
for g1 �∈ Z(G),

G for g1 ∈ Z(G),

and if CG(g1) �= G then

CG(g1, g2) =
{

CG(g1) if ∃k ∈ � such that kr1,i = r2,i ∀i,

Z(G) otherwise.

Thus the length of a centraliser chain can be no greater than two. For any g ∈ G which
is not an element of the centre of G we have a maximal chain

G = CG(1) � CG(g) � Z(G)
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and the centraliser dimension of a free nilpotent group, G, of class 2 is two.
In [5] it is shown that the centraliser dimension of a partially commutative group

G = 〈X |R〉 is equal to the maximum possible length of a strictly descending chain of
centralisers of subsets of X . We will now show that this is also the case for partially
commutative nilpotent groups of class 2.

PROPOSITION. Let G = 〈X |R〉 be a partially commutative nilpotent group of class 2. Then
the centraliser dimension of G is finite. Further, if cdim(G) = d then there exist elements
xi1 , xi2 , . . . , xid of X such that

G � CG(xi1 ) � CG(xi1 , xi2 ) � · · · � CG(xi1 , xi2 , . . . , xid ) = Z(G)

is a centraliser chain in G.

Proof. Let

G = CG(1) � CG(g1) � CG(g1, g2) � . . . � CG(g1, g2, . . . , gd) (4)

be a centraliser chain in G. We wish to show that this implies there exist elements
xi1 , xi2 , . . . , xid in X such that

G � CG(xi1 ) � CG(xi1 , xi2 ) � · · · � CG(xi1 , xi2 , . . . , xid )

is a centraliser chain in G. Let X = {x1, x2, . . . , xn}, and for each α ∈ {1, 2, . . . , d}, let
gα have normal form

gα = xrα,1

1 xrα,2

2 . . . xrα,n
n

∏
1�i<j�n

[xi, xj]sα,i,j .

We now rewrite each gα in the form

gα = uα,1uα,2 . . . uα,qα

∏
1�i<j�n

[xi, xj]sα,i,j ,

where uα,i = xtα,i,1
1 xtα,i,2

2 . . . xtα,i,n
n with

tα,i,j =
{

rα,j if xj ∈ Agα,i,

0 otherwise.

Further, for each i ∈ {1, 2, . . . , qα}, we let cα,i be the greatest common divisor of
tα,i,1, tα,i,2, . . . , tα,i,n, and let

vα,i = x
t′α,i,1
1 x

t′α,i,2
2 . . . x

t′α,i,n
n ,

where tα,i,j = t′α,i,jcα,i for all j ∈ {1, 2, . . . , n}. Recall that for elements written in this
form,

CG(gα) = CG(vα,1) ∩ CG(vα,2) ∩ · · · ∩ CG(vα,qα
).

By (4),

CG(g1, g2, . . . , gα−1) �= CG(g1, g2, . . . , gα) = CG(g1, g2, . . . , gα−1) ∩ CG(gα),
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which implies that

CG(g1, g2, . . . , gα−1) � CG(gα).

Therefore there exists some k ∈ {1, 2, . . . , qα} such that

CG(g1, g2, . . . , gα−1) � CG(vα,k).

Reorder the vα,i as necessary so that k = 1. Noting that CG(gα) ⊆ CG(vα,1), we may
deduce that

CG(g1, . . . , gα−1) � CG(g1, . . . , gα−1, vα,1) ⊇ CG(g1, . . . , gα−1, gα).

Further note that,

CG(g1, g2, . . . , gi) = CG(g1, . . . , gα−1, vα,1, gα+1, . . . , gi) ∩ CG(vα,2, vα,3, . . . , vα,qα
),

for all i ∈ {α, α + 1, . . . , d}, and therefore the chain (4) implies that

CG(g1, g2, . . . , gα−1, vα,1) � CG(g1, g2, . . . , gα−1, vα,1, gα+1, gα+2, . . . , gj)

� CG(g1, g2, . . . , gα−1, vα,1, gα+1, gα+2, . . . , gj+1),

for all j ∈ {α + 1, α + 2, . . . , d − 1}. This means that we can replace gα by vα,1 in the
centraliser chain (4) and still have a strictly descending chain of length d. For each α ∈
{1, 2, . . . , d} we therefore assume that qα = 1, that sα,i,j = 0 for all i, j ∈ {1, 2, . . . , n},
and that rα,1, rα,2, . . . , rα,n are coprime.

Now suppose that gα ∈ CG(g1, g2, . . . , gd) for some α ∈ {1, 2, . . . , d}. For each
i ∈ {1, 2, . . . , d}, note that gi �∈ Z(G), and therefore there exists some x ∈ X such that
[gi, x] �= 1. This implies that, for some d ′ > d, there exist elements gd+1, gd+2, . . . , gd ′

of X such that

G � CG(g1) � CG(g1, g2) � . . . � CG(g1, g2, . . . , gd ′ ) = C,

and gi �∈ C for all i ∈ {1, 2, . . . , d ′}. Note that if we can replace gi with an element of X
for each i ∈ {1, 2, . . . , d ′} so that this chain still holds, then it is certainly true for the
shorter chain (4). Therefore we may assume that there exists no α ∈ {1, 2, . . . , d} such
that gα ∈ CG(g1, g2, . . . , gd).

We now have a centraliser chain

G = CG(1) � CG(g1) � CG(g1, g2) � . . . � CG(g1, g2, . . . , gd),

where, for all α ∈ {1, 2, . . . , d},
(1) gα = xrα,1

1 xrα,2

2 . . . xrα,n
n , with rα,i and rα,j both non-zero only if either

(i) [xi, xj] �= 1; or,
(ii) for some m �= 0, there exist k1, k2, . . . , km ∈ {1, 2, . . . , n} such that

(a) rα,kl is non-zero for all l ∈ {1, 2, . . . , m}; and,
(b) [xi, xk1 ] �= 1, [xkl , xkl+1 ] �= 1 for all l ∈ {1, 2, . . . , m − 1}, and

[xkm , xj] �= 1;
(2) rα,1, rα,2, . . . , rα,n are coprime, and therefore gα is a least root; and,
(3) gα �∈ CG(g1, g2, . . . , gd).

For each α ∈ {1, 2, . . . , d}, define βα ∈ {1, 2, . . . , d} to be minimal such that gα �∈
CG(g1, g2, . . . , gβα

).
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Suppose that for some α ∈ {2, 3, . . . , d} we have βα = β > α + 1 and gα �∈ X±1.
Since gα is a least root, the condition that gα �∈ X±1 implies that there exist i1, i2 ∈
{1, 2, . . . , n} such that rα,i1 and rα,i2 are both non-zero and [xi1 , xi2 ] �= 1. This allows us
to define an element

wα = xtα,1

1 xtα,2

2 . . . xtα,n
n

of G such that
(i) tα,i = 0 if and only if rα,i = 0;

(ii) tα,1, tα,2, . . . , tα,n are coprime, and therefore wα is a least root; and,
(iii) [gα, wα] �= 1.

For example, let

t′α,i =
{

2rα,i1 if i = i1,

rα,i otherwise,

and let c be the greatest common divisor of t′α,1, t′α,2, . . . , t′α,n. If we let tα,i be such that
t′α,i = ctα,i for all i ∈ {1, 2, . . . , n}, then wα satisfies the required conditions. We have
chosen our definition of wα such that

(i) Awα
= Agα

; and,
(ii) 〈gα〉 ∩ 〈wα〉 = 1.

Further note that gα is an element of CG(g1, g2, . . . , gβ−1), but fails to commute with
wα, and therefore

CG(g1, g2, . . . , gβ−1) � CG(g1, g2, . . . , gβ−1, wα).

Now note that

CG(gα) = 〈gα〉 ×
{

xm1
1 xm2

2 . . . xmn
n

∏
[xi, xj]si,j |mi, si,j ∈ �,

mi �= 0 ⇒ ([xi, xj] = 1 ∀xj ∈ Agα
)
}
,

and, since Agα
= Awα

,

CG(wα) = 〈wα〉 ×
{

xm1
1 xm2

2 . . . xmn
n

∏
[xi, xj]si,j |mi, si,j ∈ �,

mi �= 0 ⇒ ([xi, xj] = 1 ∀xj ∈ Agα
)
}
.

Further 〈gα〉 ∩ 〈wα〉 = 1 implies that

CG(gα) ∩ CG(wα) =
{

xm1
1 xm2

2 . . . xmn
n

∏
[xi, xj]si,j |mi, si,j ∈ �,

mi �= 0 ⇒ ([xi, xj] = 1 ∀xj ∈ Agα
)
}
,

= CG(gα) ∩
{

xr1
1 xr2

2 . . . xrn
n

∏
[xi, xj]si,j |rα,i �= 0 ⇒ ri = 0

}
.

Note, too, that since gα and gβ do not commute, we must have

CG(gα) ∩ CG(gβ) ⊆
{

xr1
1 xr2

2 . . . xrn
n

∏
[xi, xj]si,j |rα,i �= 0 ⇒ ri = 0

}
.
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We now combine these results to see that

CG(g1, g2, . . . , gβ−1, wα)

= CG(g1, g2, . . . , gα, . . . , gβ−1) ∩ CG(wα)

= CG(g1, g2, . . . , gβ−1) ∩ (CG(gα) ∩ CG(wα)),

= CG(g1, . . . , gβ−1) ∩
(

CG(gα) ∩
{

xr1
1 . . . xrn

n

∏
[xi, xj]si,j |rα,i �= 0 ⇒ ri = 0

})
,

= CG(g1, g2, . . . , gα, . . . , gβ−1) ∩
{

xr1
1 . . . xrn

n

∏
[xi, xj]si,j |rα,i �= 0 ⇒ ri = 0

}
,

⊇ CG(g1, g2, . . . , gα, . . . , gβ−1) ∩ (CG(gα) ∩ CG(gβ)),

= CG(g1, g2, . . . , gβ ),

and therefore,

CG(g1, g2, . . . , gβ−1) � CG(g1, g2, . . . , gβ−1, wα) ⊇ CG(g1, g2, . . . , gβ ).

Note that this implies that

CG(g1, g2, . . . , gi) ⊆ CG(g1, . . . , gβ−1, wα, gβ+1, . . . , gi)

for all i ∈ {β + 1, β + 2, . . . , d}, and further the strictness of chain (4) implies that

CG(g1, g2, . . . , gi) �⊆ CG(gi+1)

for all i ∈ {1, 2, . . . , d − 1}. This implies that

CG(g1, . . . , gβ−1, wα, gβ+1, . . . , gi) �⊆ CG(gi+1),

and therefore

CG(g1, . . . , gβ−1, wα, gβ+1, . . . , gi) � CG(g1, . . . , gβ−1, wα, gβ+1, . . . , gi+1),

for all i ∈ {β, β + 1, . . . , d − 1}. We may therefore replace gβ with wα in the chain (4).
For p ∈ {α, α + 1, . . . , β − 1}, note that

CG(g1, g2, . . . , gp) = CG(g1, g2, . . . , gp, wα) × 〈gα〉.
Since (4) is a strict centraliser chain, so is the chain

CG(g1, . . . , gα, wα) � CG(g1, . . . , gα+1, wα) � · · · � CG(g1, . . . , gβ−1, wα).

Therefore

G � CG(g1) � · · · � CG(g1, . . . , gα) � CG(g1, . . . , gα, wα) � . . .

� CG(g1, . . . , gβ−1, wα) � · · · � CG(g1, . . . , gβ−1, gβ+1, . . . , gd, wα)

is a strict centraliser chain of length d, and further βα = α + 1.
We apply this process to each such α, in numerical order, to obtain a chain (4)

with the property that, for all α ∈ {1, 2, . . . , d}, either gα ∈ X±1 or βα � α + 1. Note
that if gα ∈ X−1 then we may replace gα with g−1

α ∈ X since CG(g) = CG(g−1) for all
g ∈ G. Therefore we may further assume that our chain (4) has the property that, for
all α ∈ {1, 2, . . . , d}, either gα ∈ X or βα � α + 1.
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Suppose gα �∈ X , with gj ∈ X for all j < α. We have two possibilities for the value
of βα:

(1) βα < α + 1
Note that since CG(g1, g2, . . . , gα−1) and CG(g1, g2, . . . , gα) are distinct,

there must exist some u ∈ G such that [u, gi] = 1 for all i ∈ {1, 2, . . . , α − 1} and
[u, gα] �= 1. Further, [u, gα] �= 1 implies that there exists some k ∈ {1, 2, . . . , n}
such that rα,k �= 0 and [u, xk] �= 1. Therefore

CG(g1, g2, . . . , gα−1) � CG(g1, g2, . . . , gα−1, xk).

Now

CG(xk) ∩ {xr1
1 xr2

2 . . . xrk
k . . . xrn

n

∏
[xi, xj]si,j |rk = 0}

⊇ CG(gα) ∩ {xr1
1 xr2

2 . . . xrn
n

∏
[xi, xj]si,j |rα,i �= 0 ⇒ ri = 0}.

Therefore, since βα < α + 1 implies that gα is not an element of the centraliser
CG(g1, g2, . . . , gα), we have

CG(g1, g2, . . . , gα−1, xk)

⊇ CG(g1, g2, . . . , gα−1) ∩ CG(xk)

∩
{

xr1
1 xr2

2 . . . xrn
n

∏
[xi, xj]si,j |rk = 0

}
,

⊇ CG(g1, g2, . . . , gα−1) ∩ CG(gα)

∩
{

xr1
1 xr2

2 . . . xrn
n

∏
[xi, xj]si,j |rα,i �= 0 ⇒ ri = 0

}
,

= CG(g1, g2, . . . , gα−1, gα).

We have now shown that

CG(g1, g2, . . . , gα−1) � CG(g1, g2, . . . , gα−1, xk) ⊇ CG(g1, g2, . . . , gα).

Note that if

CG(g1, . . . , gα−1, xk, gα+1, . . . , gi) = CG(g1, . . . , gα−1, xk, gα+1, . . . , gi+1)

for some i ∈ {α, α + 1, . . . , d − 1} then

CG(g1, g2, . . . , gi) ⊆ CG(g1, . . . , gα−1, xk, gα+1, . . . , gi) ⊆ CG(gi+1)

contradicting the strictness of chain (4). We may therefore replace gα by the
generator xk, so that (4) is a strict centraliser chain of length d such that gi is
an element of X for all i ∈ {1, 2, . . . , α}.

(2) β = βα = α + 1
Choose k, l ∈ {1, 2, . . . , n} such that rα,k �= 0, rα,l �= 0 and [xk, xl] �= 1. Note

that gα ∈ CG(g1, g2, . . . , gα−1) implies that xi ∈ CG(g1, g2, . . . , gα−1) for all i ∈
{1, 2, . . . , n} such that rα,i �= 0, since gj ∈ X for all j ∈ {1, 2, . . . , α − 1}. In
particular xk, xl ∈ CG(g1, g2, . . . , gα−1). Therefore xl �∈ CG(xk) implies that

CG(g1, g2, . . . , gα−1) � CG(g1, g2, . . . , gα−1, xk),
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and xk �∈ CG(xl) implies that

CG(g1, g2, . . . , gα−1, xk) � CG(g1, g2, . . . , gα−1, xk, xl).

Note that

CG(xk, xl) ∩
{

xr1
1 xr2

2 . . . xrn
n

∏
[xi, xj]si,j |rk = rl = 0

}
⊇ CG(gα) ∩

{
xr1

1 xr2
2 . . . xrn

n

∏
[xi, xj]si,j |rα,i �= 0 ⇒ ri = 0

}
,

so that

CG(g1, g2, . . . , gα−1, xk, xl)

⊇ CG(g1, g2, . . . , gα−1) ∩ CG(xk, xl)

∩
{

xr1
1 xr2

2 . . . xrn
n

∏
[xi, xj]si,j |rk = rl = 0

}
,

⊇ CG(g1, g2, . . . , gα−1) ∩ CG(gα)

∩
{

xr1
1 xr2

2 . . . xrn
n

∏
[xi, xj]si,j |rα,i �= 0 ⇒ ri = 0

}
.

Note further that

CG(g1, g2, . . . , gα+1) � CG(g1, g2, . . . , gα),

and, since gα �∈ CG(g1, g2, . . . , gα, gα+1), that

CG(g1, g2, . . . , gα+1) ⊆
{

xr1
1 xr2

2 . . . xrn
n

∏
[xi, xj]si,j |rα,i �= 0 ⇒ ri = 0

}
.

Therefore

CG(g1, g2, . . . , gα−1, xk, xl) ⊇ CG(g1, g2, . . . , gα+1).

We have now shown that

CG(g1, g2, . . . , gα−1) � CG(g1, g2, . . . , gα−1, xk)

� CG(g1, g2, . . . , gα−1, xk, xl) ⊇ CG(g1, g2, . . . , gα−1, gα, gα+1).

Note, in a similar fashion to case (1), that the strictness of (4) implies that

CG(g1, g2, . . . , gα−1, xk, xl, gα+2, . . . , gi)

� CG(g1, g2, . . . , gα−1, xk, xl, gα+2, . . . , gi+1)

for all i ∈ {α + 1, α + 2, . . . , d − 1}. We may therefore replace the existing gα

and gα+1 by xk and xl respectively to give a chain (4) for which gi ∈ X for all
i ∈ {1, 2, . . . , α}.

Repeat for each α such that gα �∈ X .
We have now shown that for any strict centraliser chain in G of finite length, d,

there exist generators xi1 , xi2 , . . . , xid of X such that

G � CG(xi1 ) � CG(xi1 , xi2 ) � · · · � CG(xi1 , xi2 , . . . , xid ).
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This implies that the centraliser dimension of G is bounded above by |X |, and is
therefore finite. Further there exist cdim(G) generators in X which give a maximal
chain. �

Recall that the non-commutation graph of a partially commutative or partially
commutative nilpotent group G = 〈X |R〉 is the graph with vertex set X , and with an
edge connecting xi and xj if and only if [xi, xj] �∈ R.

THEOREM. Let G = 〈x1, x2, . . . , xn|R〉 be a partially commutative nilpotent group of
class 2, with non-commutation graph �. Let G′ = 〈x1, x2, . . . , xn|R′〉 be the partially
commutative group with non-commutation graph �. Then cdim(G) = cdim(G′).

Proof.
(1) Let

CG′(xi1 , xi2 , . . . , xim ) � CG′(xi1 , xi2 , . . . , xim+1 )

for some elements xij ∈ {x1, x2, . . . , xn} and some m � 0. This implies that
there exists some g ∈ G′ such that
(i) [g, xij ]G′ = 1 for all 1 � j � m; and,

(ii) [g, xim+1 ]G′ �= 1.
In [6], it is shown that if H is a free partially commutative group and x, h ∈ H
with x a generator, then we have [x, h]H = 1 if and only if [x, x′]H = 1 for
all generators x′ which occur in h when written as a product of generators
of minimal length. Therefore, there exists some generator y ∈ {x1, x2, . . . , xn}
such that
(i) [y, xij ]G′ = 1 for all 1 � j � m; and,

(ii) [y, xim+1 ]G′ �= 1.
Since G and G′ have the same non-commutation graph, we also have
(i) [y, xij ]G = 1 for all 1 � j � m, and,

(ii) [y, xim+1 ]G �= 1.
Therefore y ∈ CG(xi1 , xi2 , . . . , xim ) and y �∈ CG(xi1 , xi2 , . . . , xim+1 ), so that

CG(xi1 , xi2 , . . . , xim ) � CG(xi1 , xi2 , . . . , xim+1 ).

Now let cdim(G′) = d. This implies that there exists a maximal centraliser
chain in G′ of the form,

G′ � CG′(xi1 ) � CG′(xi1 , xi2 ) � . . . � CG′ (xi1 , xi2 , . . . , xid )

for some elements xij ∈ {x1, x2, . . . , xn}. Therefore

G � CG(xi1 ) � CG(xi1 , xi2 ) � · · · � CG(xi1 , xi2 , . . . , xid ),

is a centraliser chain in G, and cdim(G) � d = cdim(G′).
(2) Let

CG(xi1 , xi2 , . . . , xim ) � CG(xi1 , xi2 , . . . , xim+1 )

for some elements xij ∈ {x1, x2, . . . , xn} and some m � 0. Then there exists
some element g of G such that
(i) [g, xij ]G = 1 for all 1 � j � m; and,

(ii) [g, xim+1 ]G �= 1.
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Recall that for x ∈ {x1, x2, . . . , xn}, we have

CG(x) =
{

xr1
1 xr2

2 . . . xrn
n

∏
[xi, xj]

si,j

G |ri, si,j ∈ �, ri = 0 if [x, xi]G �= 1
}

.

Therefore, if g has normal form g = xr1
1 xr2

2 . . . xrn
n

∏
[xi, xj]

si,j

G then
(i) ri = 0 for all i ∈ {1, 2, . . . , n} such that [xi, xik ]G �= 1 for some k ∈

{1, 2, . . . , m}; and,
(ii) rl �= 0 for some l ∈ {1, 2, . . . , n} such that [xl, xim+1 ]G �= 1.
Note that rl �= 0 implies [xl, xij ]G = 1 for all j ∈ {1, 2, . . . , m}. Since G and
G′ share the same non-commutation graph, we have now shown that xl ∈
CG′(xi1 , xi2 , . . . , xim ) but xl �∈ CG′(xi1 , xi2 , . . . , xim+1 ). Therefore

CG′(xi1 , xi2 , . . . , xim ) � CG′(xi1 , xi2 , . . . , xim+1 ).

Now suppose that cdim(G) = d. By the same method used in part (1) of the
proof, we must have cdim(G′) � d = cdim(G).

We thus obtain the required result, cdim(G) = cdim(G′). �

REFERENCES

1. G. Baumslag, A. Myasnikov and V. Remeslennikov, Algebraic geometry over groups I.
Algebraic sets and ideal theory, J. Algebra 219 (1999), 16–79.

2. R. M. Bryant, Groups with the minimal condition on centralizers, J. Algebra 60 (1979),
371–383.

3. I. M. Chiswell and V. N. Remeslennikov, Equations in free groups with one variable. I,
J. Group Theory 3(4) (2000), 445–466.

4. A. J. Duncan, I. V. Kazachkov and V. N. Remeslennikov, Centraliser dimension and
universal classes of groups, Siberian Electronic Mathematical Reports 3 (2006), 197–215.

5. A. J. Duncan, I. V. Kazachkov and V. N. Remeslennikov, Centraliser dimension of
partially commutative groups, Geometriae Dedicata 120 (2006), 73–97.

6. E. S. Esyp, I. V. Kazatchkov and V. N. Remeslennikov, Divisibility theory and complexity
of algorithms for free partially commutative groups, Contemporary Mathematics 378 (2005),
319–348.

7. M. Hall, The theory of groups (The Macmillan Company, 1959).
8. P. Hall, Some word problems, J. London Math. Soc. 33 (1958), 482–496.
9. O. Kharlampovich and A. Myasnikov, Elementary theory of free non-abelian groups,

J. Algebra 302 (2006), 451–552.
10. A. Kvaschuk, A. Myasnikov and V. Remeslennikov, Algebraic geometry over groups

III. Elements of model theory, J. Algebra 288 (2005), 78–98.
11. J. C. Lennox and J. E. Roseblade, Centrality in finitely generated soluble groups, J.

Algebra 16 (1970), 399–435.
12. A. Myasnikov and V. Remeslennikov, Algebraic geometry over groups II. Logical

foundations, J. Algebra 234 (2000), 225–276.
13. A. Myasnikov and P. Schumyatsky, Discriminating groups and c-dimension, J. Group

Theory 7 (2004), 135–142.
14. H. Neumann, Varieties of groups (Springer-Verlag, 1967).
15. R. Schmidt, Zentralisatorverbände endlicher gruppen, Rend. Sem. Mat. Univ. Padova

44 (1970), 97–131.
16. Z. Sela, Diophantine geometry over groups VI: the elementary theory of a free group,

Geometric and Functional Analysis 16(3) (2006), 707–730.

https://doi.org/10.1017/S0017089508004187 Published online by Cambridge University Press

https://doi.org/10.1017/S0017089508004187


<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles false
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Dot Gain 15%)
  /CalRGBProfile (Adobe RGB \0501998\051)
  /CalCMYKProfile (Euroscale Coated v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.3
  /CompressObjects /Tags
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJDFFile false
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /ColorConversionStrategy /LeaveColorUnchanged
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /SyntheticBoldness 1.00
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize false
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage false
  /PreserveEPSInfo false
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Remove
  /UCRandBGInfo /Remove
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 300
  /ColorImageDepth -1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 300
  /GrayImageDepth -1
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 1200
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError false
  /PDFXTrimBoxToMediaBoxOffset [
    0.30000
    0.30000
    0.30000
    0.30000
  ]
  /PDFXSetBleedBoxToMediaBox false
  /PDFXBleedBoxToTrimBoxOffset [
    0.30000
    0.30000
    0.30000
    0.30000
  ]
  /PDFXOutputIntentProfile (U.S. Web Coated \050SWOP\051 v2)
  /PDFXOutputCondition ()
  /PDFXRegistryName (http://www.color.org)
  /PDFXTrapped /False

  /DetectCurves 0.100000
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /PreserveDICMYKValues true
  /PreserveFlatness true
  /CropColorImages true
  /ColorImageMinResolution 150
  /ColorImageMinResolutionPolicy /OK
  /ColorImageMinDownsampleDepth 1
  /CropGrayImages true
  /GrayImageMinResolution 150
  /GrayImageMinResolutionPolicy /OK
  /GrayImageMinDownsampleDepth 2
  /CropMonoImages true
  /MonoImageMinResolution 1200
  /MonoImageMinResolutionPolicy /OK
  /CheckCompliance [
    /None
  ]
  /PDFXOutputConditionIdentifier (CGATS TR 001)
  /Description <<
    /DEU <>
    /FRA <>
    /JPN <>
    /PTB <>
    /DAN <>
    /NLD <>
    /ESP <>
    /SUO <>
    /ITA <>
    /NOR <>
    /SVE <>
    /ENU (Cambridge University Press - Distiller version 6 job options for Press quality - 16-Feb-05)
  >>
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [612.000 792.000]
>> setpagedevice




