
Index

�AB-operator, 89
2-sphere, standard metric, 142
3-sphere, 142

North and South Poles, 142

acceleration vector, 106
achronal set, 392
ADM-angular momentum, 273
ADM-linear momentum, 273
ADM-mass, 273
algebraic curvature, 195, 203, 264

spinorial counterpart, 198, 207
anti-de Sitter spacetime, 159

behaviour of geodesics, 160
conformal geodesics, 162
instability, 475

anti-de Sitter-like spacetimes, 17, 223, 454
boundary adapted gauge, 460, 463
conformal geodesics, 457
covariant formulation of boundary data,

468
formulation of an initial boundary value

problem, 460
identification of boundary conditions, 466
initial data, 286
local existence, 455, 467, 468

asymptopia, 12, 452
asymptotic characteristic initial value

problems, see characteristic initial
value problems

asymptotic distance functions, 274
asymptotic Einstein condition, 224
asymptotic end, 271
asymptotic initial value problem, 419
asymptotic Killing vectors, 239
asymptotic simplicity, 178, see

asymptotically simple spacetimes, 222
asymptotic symmetries, 239
asymptotically Cartesian coordinates, 271
asymptotically empty and simple spacetimes,

179
asymptotically Euclidean manifolds, 271
asymptotically Euclidean and regular

manifolds, 274, 507
conformal gauge freedom, 274

asymptotically simple spacetimes, 13, 178

existence, 555
global hyperbolicity of, 394
related definitions, 181
remarks concerning, 179

atlas, 28
maximal, 28

Bach tensor, 473
Banach spaces, 306
basis

dual, 31
orientation, 32
orthonormal, 45
spin, 66

Bianchi identity
boundary adapted evolution system, 375,

548
constraint equations, 351
electric-magnetic parts decomposition, 370
first, 41
hyperbolic reduction, 350
second, 42

Weyl connection, 120
standard evolution system, 351, 373
subsidiary evolution equations, 362, 379
third, 473

Birkhoff theorem, 163
black holes, 163

uniqueness theorems, 163
BMS group, 238
Bondi coordinates, 236
Bondi mass, 238, 438
boost-rotation symmetric spacetimes, 181
boundary, of a manifold, 29
boundary defining function, 285
bundles

cotangent, 34
tangent, 34
tensor, 34

Cartan’s formula, 355, 389
Cauchy development, 6, 393, 398

maximal, 7
Cauchy horizon, 394, 448
Cauchy hypersurface, 7, 393
Cauchy-Kowalewskaya theorem, 522, 526
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588 Index

Cauchy stability, 16, 309
causal future/past, 391
causality, 8

for symmetric hyperbolic systems, 296
Causality Principle, 4
caustic, see conformal geodesic
characteristic initial value problems, 16, 319

asymptotic, 16, 477
on a cone, 496
local existence, 491, 501
standard, 478

constraint equations, 478, 486
freely specifiable data, 478, 490, 500
interior equations, 321, 478, 485, 486, 489
reduced conformal field equations, 490
reduction to a Cauchy problem, 324
transport equations, 478
transverse equations, 485
well- and ill-posed problems, 320

characteristic polynomial, 297
characteristic set, 297
characteristics, 9, 297
charts, 27
chronological future/past, 391
classical determinism, 7
Codazzi-Mainardi equation, 62, 254

relation to the conformal constraints, 262
commutation coefficients, 339
commutator, 34

Jacobi identity, 35
compact 3-manifolds, 268
complex analytic extensions, 520, 532
complex null cone, 521
computer algebra, 567
concomitants, 48
cone past boundary, 497
conformal boundary, 10

conformal constraints on, 266
conformal class, 11, 113
conformal compactification, 114
conformal covariance, 11
conformal decompactification, 280
conformal Einstein constraint equations, 259

basic properties, 263
relation to the Einstein constraints, 265

conformal Einstein field equations, 13
frame formulation, 195
gauge freedom, 193, 200
metric formulation, 185, 190
relation to the Einstein field equations,

191, 196, 199
solutions to, 191, 196
spinorial formulation, 198
vacuum, 191
as wave equations, 384

conformal extension, 9, 114
conformal factor

evolution equations for concomitants, 352
massive part, 530

massless part, 530
conformal flatness, 118
conformal gauge source functions, see gauge

source functions
conformal Gaussian coordinates, 367
conformal Gaussian gauge systems, 331, 366

model equations, 368
conformal geodesic, 14

canonical factor associated to, 132
caustics, 136
as conformal invariant, 128
definition, 127
g̃-adapted equations, 134
physical acceleration, 134
reparametrisation, 129
spiralling, 135
transformation under change of

connection, 127
conformal geodesic deviation equation, 135

g̃-adapted form, 137
conformal geometry, 10
conformal group, 114
conformal infinity, 179
conformal invariance, 11
conformal Killing operator, 257
conformal Killing vectors, 239
conformal normal gauge, 276
conformal rescaling, 9, 112
conformal static field equations, 507, 511
conformal structure, see conformal class
conformal transformation, 113
conformally invariant scalar field, see scalar

field
conformomorphism, see conformal

transformation
congruence, 55

acceleration, 57
expansion, 57
twist, 57

connection, 38
coefficients, 51

spatial, 109
coefficients for a metric connection, 52
Levi-Civita, 46
metric, 46
Weyl, 120

constraint equations, see Einstein constraint
equations

contracted Christoffel symbols, 387, 513
coordinate gauge source functions, see gauge

source functions
corner conditions, 316, 467
cosmic censorship, 7, 400
cosmic no-hair conjecture, 561, 566
cosmological models, 561
cosmology, 2
Cotton spinor, 512
Cotton tensor, 116, 510

rescaled, see rescaled Cotton tensor

https://doi.org/10.1017/9781009291347.028 Published online by Cambridge University Press

https://doi.org/10.1017/9781009291347.028


Index 589

Cotton-York tensor, 118, 188, 471
3-dimensional, 118

covariant derivative, 38
commutator, 39
modified commutator, 40

covariant directional derivative, 51
covector, 31
critical sets, 542
curvature, 40

3-dimensional Riemann tensor, 60
Riemann tensor, 40

frame components, 53
spinorial counterpart, 84

transformation under conformal
rescalings, 124

curve
complete integral, 55
definition, 30
extendible/inextendible, 30
integral, 55
proper time parametrisation, 45

cuts, of null infinity, 225
cylinder at spatial infinity, 541

basic representation, 542
horizontal representation, 542
Minkowski spacetime, 543
Schwarzschild spacetime, 543
static solutions, 553
structural properties, 547
transport equations, 548, 550

cylindrical asymptotic end, 273

D’Alambertian operator, 89
de Sitter spacetime, 155

behaviour of geodesics, 157
compactification into the Einstein

cylinder, 157
in conformal Gaussian gauge, 412
conformal geodesics, 158
gauge source functions, 411
Gaussian coordinates, 409
as a solution to the conformal field

equations, 408
de Sitter-like spacetimes, 16, 223

a priori structure of the conformal
boundary, 426

asymptotic initial data, 419
evolution equations, 421, 429
global existence and stability results, 407,

425, 430
standard Cauchy initial data, 416

derivations, 30
deviation covector, 135

g̃-adapted form, 137
deviation vector, 43, 135

g̃-adapted form, 137
diffeomorphism, 27
differential, 31
differential manifolds, see manifolds

differential operators, 252
Dirac delta, 279, 293
direct sum, 56
directional covariant derivative, 82

space spinors, 109
distribution, 55
divergence theorem, 278, 293
domain, 28

of dependence, 304, 393
dual space, 31

edge, 313, 392
Einstein constraint equations, 5, 254

on compact manifolds, 268
conformal gauge freedom, 258

Einstein cosmos, 144
conformal geodesics, 144

Einstein cylinder, see Einstein Cosmos
Einstein field equations, 1

vacuum, 2
Einstein spaces, 2
Einstein static universe, see Einstein Cosmos
Einstein tensor, 49
Einstein-Rosen bridge, 271
Einstein’s summation convention, 31, 32
electric-magnetic parts decomposition, 249

frame expressions, 251
electromagnetic field, see Maxwell field
ellipticity, 252

overdetermined, 252
undetermined, 252

embedding, 54, 247
energy density, 254

unphysical, 255
energy flux vector, 254

unphysical, 255
energy-momentum tensor

physical, 186, 211
unphysical, 186, 211

equivalent multipole sequences, 519
Euclidean metric, definition, 47
exact solutions, 3
expanding Einstein cylinder, 145, 438
exponential map, 44, 275
extended conformal Einstein field equations,

14, 201
conformal covariance, 205
evolution system, 370
frame formulation, 204
relation to the Einstein field equations, 208
spinor formulation, 208
subsidiary equations, 376

extended Einstein constraint equations, 286
extension, of smooth functions, 292, 307
exterior asymptotic gluing, 288, 452, 556
extrinsic curvature, 61

conformal transformation formulae, 248
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590 Index

Faraday tensor, 213
auxiliary fields, 214
dual, 213
self-dual, 213
spinorial counterpart, 215
unphysical, 214

first fundamental form, see intrinsic metric
foliation, 54
formal adjoint of a differential operator, 253
formally regular equations, 185
frame gauge source functions, see gauge

source functions
Frobenius’s theorem, 55, 119
Fuchsian equations, 562
Fundamental Theorem of Riemannian

Geometry, 46
future null cone, 497

gauge freedom, 4, 14
gauge source functions, 331, 336

conformal, 193, 347, 483
coordinates, 338, 387
frames, 344
a model equation, 337

Gauss-Codazzi equation, 62, 254
relation to the conformal constraints, 262

generalised wave coordinates, 339, 386
generators, of null infinity, 225, 448
geodesic balls, 275
geodesic deviation equation, 43
geodesic distance, 276
geodesics, 43

as conformal geodesics, 130
congruence of, 43
transformation under conformal rescaling,

126
geometric curvature, 194, 203, 264

spinorial counterpart, 197, 206
geometric uniqueness, 6, 400, 475
global hyperbolicity, 7
gravitational radiation, 237

Hadamard’s parametrix construction, 509
Hamiltonian constraint, 254

conformal, 255
harmonic coordinates, 287, 387, 512
Hermitian conjugation, 96
Hermitian inner product, 94, 295
Hodge dual, 50, 250

left, right, 50
Hölder condition, 512, 526
hyperbolic equations, 4
hyperbolic reductions, 4, 331
hyperboloidal initial data set

definition, 284
existence, 285

hyperboloidal manifolds, 284
hyperboloids, 18, 154
hyperplane, 55
hypersurface, 54

incoming radiation, 237
indices

abstract index notation, 35
index-free notation, 35
lowering and raising, 44
spacetime frame, 32

Infeld-van der Waerden symbols, 74
spatial, 99

initial boundary value problems, 313
existence, 318
geometric uniqueness, 475
uniqueness, 316

initial data sets, 255
initial value problems, 4, 296

Cauchy, 4, 298
characteristic, 298
regular at spatial infinity, 538

interior equations, 297
intrinsic metric, 57
isolated systems, 2, 182
isometries, 44
isotropic coordinates, 273
isotropic cosmological singularities, 561

Jacobi identity, 68
Jacobi ordinary differential equation, 552
Jacobi polynomials, 552
Jacobian, 28

Kerr spacetime, non-linear stability, 562
Killing horizons, 167
Killing vector, 504
Koszul formula, 46
Kronecker’s delta, 31

2-dimensional, 68

Laplace operator, see Laplacian
Laplacian, 253
lapse, 55
leave, 54
lens-shaped domain, 301
Licnerowicz equation, 256
Licnerowicz’s theorem, 507
Licnerowicz-York conformal method,

255
Lie derivative, 37
linear connection, see connection
linearised Ricci operator, 289
local coordinates, 28
Lorentz group, relation to spinors, 73
Lorentz transformations, 80, 114
Lorentzian causality, 8, 390, 448

manifolds
with boundary, 29
definition, 27
dimension, 28
Husdorff, 29
integrable, 55
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Index 591

orientable, 29
paracompact, 29

map, 36
mass positivity theorem, 531
massless initial data sets, 531

construction, 535
evolution, 536

maximal analytic extension, 4, 400
maximal Cauchy development, 400
maximal hypersurfaces, 249
maximally dissipative boundary conditions,

315, 466
maximum principle, 268, 283
Maxwell equations, 213

behaviour under conformal rescaling, 215
hyperbolic reductions, 332
propagation of the constraints, 335
spinorial constraint equations, 333
spinorial evolution equations, 333
spinorial version, 215
as a symmetric hyperbolic system, 333

Maxwell field, 213
energy-momentum tensor, 213, 215

Maxwell spinor, 215
mean curvature, 249
mean value theorem, 302, 329
metric, 44

conformal/conformally related, 113
conformally flat, 113, 118
Lorentzian, 44
Riemannian, 44

negative-definite, 44
signature, 44

metric tensor, see metric
Minkoswki metric, definition, 47
Minkowski spacetime, 145

behaviour of geodesics, 149
compactification into the Einstein

cylinder, 147
conformal geodesics, 151

in the Einstein cylinder, 153
future and past null infinity, 148
future and past timelike infinity, 148
hyperboloidal data, 442
null coordinates, 146
Penrose diagram, 148
semiglobal existence and stability, 437, 450
spatial infinity, 148
standard hyperboloids, 154, 440
standard metric, 145
translated hyperboloids, 155

Minkowski-like spacetimes, 13, 18, 223
a priori structure of the conformal

boundary, 444
general properties of null infinity, 225
hyperboloidal initial data, 442
timelike infinity, 447

momentum constraint, 254
conformal, 255

Monge cone, see characteristic set
multipole moments, 518
multipole theorem, 519

Nariai spacetime, 181, 566
Newman-Penrose constants, 240
Newman-Penrose formalism, 91
Newman-Penrose gauge, 231
news function, 237
non-trivial topology, 271
normal, 54, 248

of a foliation, 55
normal coordinates, 275, 499
normal frame, 499
normal gauge, 499
normal matrix, 314, 466, 548
normal neighbourhoods, 275
normal vector, 54
null cone, 45, 496
null infinity, 10

adapted frames, 232
future, 225
general properties, 225
obstructions to the smoothness, 556
past, 225

null tetrads, 77
null vectors

future pointing, 76
past pointing, 76

numerical relativity, 564

O(3) transformation, 100, 114
order symbols, 223, 291
orthogonal transformation, see O(3)

transformation
orthogonal vectors, 44
outgoing radiation, see radiation field

parallel propagation, 43
Pauli matrices, 75
peeling behaviour, 180, 452, 554
peeling theorem, 230
Penrose diagrams, 10

Eddington-Finkelstein coordinates, 170
elementary blocks, 167
flipping blocks, 169
gluing blocks, 169
Kruskal-like coordinates, 171
seams, 167

Penrose’s proposal, 13, 182
perfect fluids, 219

barotropic equations of state, 220
density, 220
energy-momentum tensor, 220
equation of energy conservation, 220
equations of motion, 220
pressure, 220
radiation equation of state, 220
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592 Index

perturbations, 401
Petrov type, 230
physical spacetime, 184
point compactification, 143, 274
points at infinity, 274

regularity, 277
polar coordinates, 514, 538
positive definite matrices, 308
principal part, of a differential operator, 252,

295
projector, 55, 249

spinorial counterpart, 103
propagation, of the constraints, 6, 331, 354
pull-backs, 37
pure radiation problem, 497
purely radiative spacetimes, 453, 496, 531,

536
push-forwards, 36

quasilinear differential operators, 253
quasilinear evolution equations, 294

radiation field, 237, 500
radiativity condition, see regularity condition
rays, see generators, of null infinity
reduced Einstein field equations, 388
reflective boundary conditions, 473
regularity condition, 518, 533–535
Reissner-Nordström spacetime

extremal, 172, 174
non-extremal, 173

rescaled Cotton tensor, 189, 212
spinorial decomposition, 198

rescaled Weyl spinor, 198
rescaled Weyl tensor, 11, 188
Riccati system, 487
Ricci scalar, 48, 110
Ricci tensor, 48

3-dimensional, 60
spinorial counterpart, 88

Riemann mapping theorem, 226
Riemann tensor, see curvature

spinorial counterpart, 84
right-handedness, 77, 78

sameness map, 67
scalar field, 30, 216

auxiliary fields, 218
conformally invariant, 216
energy-momentum tensor, 217
massive, 561
relation to other wave equations, 219
spinorial description, 217
unphysical, 216

Schouten tensor
3-dimensional, 60
4-dimensional, 48
of a Weyl connection, 122

Schwarzschild spacetime, 163
conformal extension, 164
Eddington-Finkelstein coordinates, 163
isotropic radial coordinate, 270
Kruskal-Székeres extension, 164
maximal conformal extensions, 176
negative mass case, 176
Penrose diagram, 165
standard coordinates, 163
time symmetric initial data, 270

Schwarzschild-de Sitter and -anti de Sitter
spacetimes, 175

second fundamental form, see extrinsic
curvature

see-saw rule, 68
semiglobal existence, 437
semilinear equations, 295
Sen connection, 105
shear, 225
slice, see leave
smooth tensor field, see tensor field
smoothness, 27
Sobolev embedding theorems, 307
Sobolev norm, 306
Sobolev spaces, 306
soldering forms, 80
spacetime

causal, 391
with complete past null cone, 497
definition, 1, 45
globally hyperbolic, 391
strongly causal, 392
time oriented, 45

spatial infinity, 19
problem of, 438, 527, 549, 563, 566

sphere, at infinity, 539
spherical coordinates, 142
spherical symmetry, 141

centre of symmetry, 141
quotient manifold, 141
quotient metric, 141
warped product form, 142

spin algebra, 67
spin connection coefficients, 82, 197, 206

spatial, 109
transformation under conformal rescaling,

123
Weyl connection, 124

spin-2 massless field, 551
spin-boosts, 241
spin-weight, 242
spin-weighted spherical harmonics, 240, 242
spinor covariant derivative, 81

space spinors, 108
spinor fields, 81
spinorial divergence equation, 298
spinors, 15

1 + 1 + 2 formalism, 464
abstract index notation for, 66
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complex conjugation, 72
components with respect to a basis, 71
contravariant, 67
covariant, 67
decomposition in irreducible components,

70
flag, 77
Hermitian, 73
higher rank, 67
imaginary, 97
real, 97
space spinor formalism, 97
valence 1, 67

stability, 401
standard Euclidean metric, 142
star shaped neighbourhood, 275
static equations, 506
static solutions, 506

cylinder at spatial infinity, 553
static spacetimes, 504

conformal completions, 515
static spherically symmetric spacetimes, 165

conformal extension, 165
strictly globally static spacetimes, 475
structure equations, 472
SU(2,C) transformation, 100
submanifolds, 54
subsidiary evolution system, 331, 354, 388

model equations, 354
supertranslations, 239
supremum norm, 292
symbol, of a differential operator, 252, 295
symmetric hyperbolic systems, 295

characteristic initial value problems,
319

constraint equations, 297
existence of solutions, 312
finite speed of propagation, 304
global existence, 328
initial boundary value problems, 313
initial data, 296
local existence, 308
localisability of solutions, 304, 310
null directions, 297
patching of solutions, 311
stability, 309, 312
uniqueness of solutions, 301

symmetry reduced evolution system, 545
symplectic transformation, 66

tangent space, 31
Taylor expansions, 292
tensor algebra, 33
tensor field, 34
tensors, 32

antisymmetric, 33
antisymmetric part, 36
contraction, 35
contravariant, 32

covariant, 32
mixed, 32
product, 33
space of, 33
space spinor counterpart, 97
spatial, 250
spinorial counterpart, 76
symmetric, 33
symmetric part, 36
temporal and spatial components, 53
trace-free, 47
transverse and longitudinal components,

56
time function, 54, 394
time independent solutions, 19
time reflection symmetric initial data sets,

255
topological spaces, 27
torsion, 39

frame components, 53
tensor, 39

total characteristics, 297, 548
trace, 47
trace-free Ricci tensor, 48

spinorial counterpart, 110
transition tensor, 42
translations, 239
transport equations, 368, 462, 548
transverse equations, 297

unit normal vector, see normal vector
unit position vector, 514
unphysical spacetime, 184

vector spaces
complex, 65
complex conjugate, 65
simplectic, 65

vectors, 31
causal, 391
future directed, 45
future/past pointing, 391
future pointing, 78
past directed, 45
tangent, 30
timelike, null, spacelike, 45
Weyl propagated, see Weyl propagation

volume form, 49
spatial, 249
spatial, spinorial counterpart, 105
spinorial counterpart, 78

wave coordinates, 387
wave equation

existence theory, 328
as a symmetric hyperbolic system, 300

weakly asymptotically simple spacetimes,
181

Weingarten map, 56

https://doi.org/10.1017/9781009291347.028 Published online by Cambridge University Press

https://doi.org/10.1017/9781009291347.028


594 Index

Weingarten tensor, 57
well-posedness, 6, 298
Weyl candidates, 250
Weyl connection, see connection
Weyl curvature hypothesis, 561
Weyl propagation, 121
Weyl tensor, 11, 48

rescaled, 11, 188
spinorial counterpart, 87

Weyl-Schouten theorem, 118
Whitney’s extension theorem, 324, 330
world tensor, 73
world-vector, 74

Yamabe classes, 258
positive, 269

Yamabe equation, 278
Yamabe invariant/number, 280
Yamabe operator, 256, 508
Yamabe problem, 258, 269
York splitting, 257

zero-quantities, 195, 198, 199, 203, 207

ε-spinor, 67
ð and ð̄ operators, 228, 242
X-linearity, 34
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