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Abstract

In this work we study the structure of approximate solutions of variational problems with continuous
integrands f : [0, 00) x R" x R" — R' which belong to a complete metric space of functions. The
main result in this paper deals with the turnpike property of variational problems. To have this property
means that the approximate solutions of the problems are determined mainly by the integrand, and are
essentially independent of the choice of interval and endpoint conditions, except in regions close to the
endpoints.
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1. Introduction and main results

In this paper we analyse the structure of solutions of the variational problems

M)=x,z2()=y,z:[T), T,] > R"is
an absolutely continuous (a.c.) function,

T
P / f(, z(t), 2 (t)) dt — min, {
T

where ) > 0, T, > T\, x,y € R" and f : [0, 0) x R" x R* — R! belongs to a
space of integrands described below.

LetT, >0, 7, > T\, x,y € R*, f:[0,00) x R" x R* — R! be an integrand
and let § be a positive number. We say that an absolutely continuous (a.c.) function
u: [Ty, T,] - R" satisfying u(7T}) = x, u(T,) = y is a §-approximate solution of the
problem (P) if

L T

flt, u@), u'@)dt < f, z(), Z2®))de + 6

T| TI
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for each a.c. function z : [T}, T,] — R" satisfying z(T}) = x, z(T3) = y.

The main results in this paper deal with the so-called turnpike property of the
variational problems (P). To have this property means, roughly speaking, that the
approximate solutions of the problems (P) are determined mainly by the integrand
(cost function), and are essentially independent of the choice of interval and endpoint
conditions, except in regions close to the endpoints.

Turnpike properties are well known in mathematical economics. The term was first
coined by Samuelson in 1948 (see [12]) where he showed that an efficient expanding
economy would spend most of the time in the vicinity of a balanced equilibrium path
(also called a von Neumann path). This property was further investigated for optimal
trajectories of models of economic dynamics (see, for example, [2,3,5-11] and the
references mentioned there). In control theory turnpike properties were studied in
{18, 19] for linear control systems with convex integrands.

Denote by | - | the Euclidean norm in R". Let a > O be a positive constant and let
Y : [0, 00) — [0, 00) be an increasing function such that (1) — +ooast — oo.
Denote by .# the set of all continuous functions f : [0, 00) x R" x R" — R! which
satisfy the following assumptions:

(A.i) The function f is bounded on [0, 00) x E for any bounded set E C R" x R".
(Adil)  f(t, x, u) = max{y(|x]), ¥ (|u])|u|} — a for each (¢, x, u) € {0, 00) x R” x
[}(RA..iii) For each M, ¢ > 0, there exist I', § > 0 such that

| f (@, xi,u) — f(r, x2, w)} < emax{f(t, x,u), f(t, xz,u)}
for each t € [0, c0) and each u, x;, x, € R" which satisfy
<M, i=12 jul=T, I[x—x|=<4
(A.iv) Foreach M, € > 0, there exists § > 0 such that
[f @, x1,u1) — ft, x2,u2)| <€

for each t € [0, 0o0) and each u,, u,, x;, x, € R" which satisfy

il lu:l < M, i = 1,2, max{|x; —xa|, luy —uz]} <6.

In [16,17] we studied the subset of the set .# which consists of all f € #
satisfying the following assumptions:

e foreach (¢, x) € [0, 00) x R" the function f(z, x, -) : R" — R!is convex;
o foreach M, € > 0 there exist I', § > 0 such that

| f @t xy, u) — f@, x, uz)| < emax{f(t, x\,uy), f{t, x2, u3))
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3] The turnpike result 107
for each t € [0, 00) and each u,, u,, x;, x, € R" which satisfy
x| <M, lu;| 2T, i=1,2, max{|x; — x|, juy —us|} <4

(see (A.iii)).
This subset will be denoted by .#,.

It is easy to show that an integrand f = f(t, x, u) € C'([0, 00) x R" x R") belongs
to .4 if f satisfies assumption (A.ii), and if sup{| f(¢,0,0)| : ¢ € [0, o0)} < o0 and
also there exists an increasing function ¥, : [0, oc) — [0, 00) such that

aft x,w)| 13, x, )
SUp ax ou

for each t € [0, 00) and each x, u € R".
For the set .#, we consider the uniformity which is determined by the following
base:

(1.1) EWN,e,A)=((fg) € # x A :|f(t,x,u)— g(t,x,u)| < ¢ for each
t € [0,00) and each x,u € R" satisfying |x|, lu] < N
and (| f (¢, x, w)| 4+ (g, x, u)|+ 1)7" € [A7!, A] for each
t € [0, 00) and each x, u € R” satisfying |x| < N},

where N > 0,¢ >0, A > 1.

Clearly, the space .# with this uniformity is metrizable (by a metric p,,). It was
established in [13, Proposition 2.2] that the metric space (.#, p,,) is complete. Note
that this uniformity was introduced in [16] for the subset .#,, of .#. The metric p,,
induces in ./ a topology.

We consider functionals of the form

’

} < Yo(lxD(A + Y (lul)ful)

I

(1.2) 1'(T,, T», x) =/ ft, x@), x'(t)) dt

T

where fe #,0<T, < T, <+ooandx : (T, T;] > R"is an a.c. function.

For f € #,y,z € R" and numbers T}, T, satisfying 0 < T} < T, we set
(13) Uf(Tl, Tz, Yy, Z) = 1nf{If(T1, Tz, .X') | X [T|, Tz] — R" js an a.c.

function satisfying x(T}) = y, x(T») = z}.

It is easy to see that —oo < U/ (T, T, y, 2) < +0o for each f € 9, each y, z € R”
and all numbers T, T, satisfying 0 < T} < T>.

Let f € .. A locally absolutely continuous (a.c.) function x : [0, 00) — R" is

called an ( f)-good function if for any a.c. function y : [0, 00) — R" there is a number
M, such that

(1.4) 170, T,y) > M, + 17(0,T,x) foreach T € (0, 00).

In [14, Proposition 1.1] we proved the following result.
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PROPOSITION 1.1. Let f € .# and let x : [0, 00) — R" be a bounded a.c. function.
Then the function x is ( f)-good if and only if there is M > 0 such that

10, T,x) <U' 0, T, x(0), x(T)) + M forany T > 0.
The next result will be proved in Section 3.

PROPOSITION 1.2. Let f € .# and let for each (t, x) € [0, 00) x R" the function
ft, x,) : R" — R' be convex. Then for each z € R" there is a bounded ( f)-good
Sfunction Z : [0, 00) ~> R" such that Z(0) = z and that for each T > 0,

110, T,Z)y=U"0,T, Z0), Z(T)).

Let f € .#. We say that f has the strong turnpike property, or briefly (STP), if
there exists a bounded a.c. function X, : [0, 00) — R" which satisfies the following
condition: For each K.e > 0 there exist constants §, L > 0 such that for each
T, > 0, T, > T, + 2L and each ac. function v : [T}, T3] = R" which satisfies
[v(T)], [v(T2)| < K and I/(Ty, Tz, v) < U/(T\, T, v(Th), v(Ty)) + 8

(i) therearet, € [T,,7T,+ L]and 1, € [T, — L, T>] for which
v(t) — X, () <€, teln,nh

i) if [v(Th) — X,(T))] < 5, then 1y = T, and if |v(T3) — X((T7)| < 8, then
n=T,.

The function X is called the turnpike of f.

If the integrand f has the strong turnpike property, then the solutions of variational
problems with f are essentially independent of the choice of time interval and values
at the endpoints except in regions close to the endpoints of the time interval. If a
point ¢ does not belong to these regions, then the value of a solution at ¢ is closed
to a trajectory (‘turnpike’) which is defined on the infinite time interval and depends
only on f. This phenomenon has the following interpretation. If one wish to reach a
point A from a point B by a car in an optimal way, then one should turn to a turnpike,
spend most of time on it and then leave the turnpike to reach the required point.

If in the definition above condition (ii) is not assumed, then we say that the inte-
grand f has the turnpike property [14, 15, 17].

In the sequel we use the following definition [4].

Let f € .#. We say that an a.c. function x : [0, oc) — R” is (f)-overtaking
optimal if for each a.c. function y : [0, co0) — R” satisfying y(0) = x(0),

lim sup[/7(0, T,x) = 1'(0, T, y)] < 0.

T—~
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Assume that f € # and X : [0, 00) — R" is a bounded a.c. function. How to
verify if the integrand f has (STP) and X is its turnpike? In this paper we introduce
three properties (P1), (P2) and (P3) and show that f has (STP) if and only if f
possesses properties (P1), (P2) and (P3). Property (P1) means that all (f)-good
functions have the same asymptotic behavior while property (P2) means that X is a
unique (f)-overtaking optimal function whose value at zero is X (0). Property (P3)
means that if an a.c. function v : [0, T] — R” is an approximate solution and T is
large enough, then there is € [0, T] such that v(7) is close to X(1). In [14] we
establish that f has the turnpike property if and only if f possesses properties (P1)
and (P3).

The next theorem is the main result of the paper.

THEOREM 1.3. Let f € M, for each (t, x) € [0, 00) x R” the function f(t,x,-) :
R" — R! be convex and let X ; : [0, 00) — R" be a bounded a.c. function. Then f
has the strong turnpike property with X ; being the turnpike if and only if the following
three properties hold:

(P1) For each pair of (f)-good functions v,, v; : [0, co) — R”,
lvi(t) — v ()] > 0 as t —> oo.

(P2) X/ is an (f)-overtaking optimal function and if an ( f)-overtaking optimal
function v : [0, 00) — R" satisfies v(0) = X ;(0), then v = Xy.

(P3) For each K, e > 0 there exist y,l > 0 such that for each T > 0 and each
a.c. function w : [T, T +1] —» R” which satisfies |w(T)|, |lw(T + 1| < K and
INT, T+1L,w) <UNT, T+, wT),wT+D)+ythereist € [T, T +1] for
which | X ;(t) — v(1)| < €.

2. Auxiliary results

We have the following result (see Berkovitz [1]).

PROPOSITION 2.1. Assume that f € A and f(t,x,-) : R* — R! is a convex
function for each (¢, x) € R" x [0, 00). Then for each pair of numbers Ty, T, satisfying
0 < T\ < T, and each z,, 7, € R" there exists an a.c. function x : [T\, T,} > R" such
that

x(T) =z, i=12, If(Tl,Tz,x)=Uf(T1,T2,ZhZz)-

In [13] we analyzed the properties of (f)-good functions and established the
following results.
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PROPOSITION 2.2 ([13, Theorem 1.1}). Foreach h € .#, each § € (0, 1) and each
z € R", there exists an (h)-good function Z} : [0, 00) — R" satisfying Z!(0) = z
such that the following assertions hold:

(1) Let f € #,€ € (0,1), z€ R"andlety : [0,00) = R” be an a.c. function.
Then one of the following properties holds:

i 170, T,y)—1/(0,T,Zf) > o0 as T — oo;
(i) sup{|I/(0,T,y)~1/(0,T,Zf)|: T € (0, 00)} < 00 and

sup{|y(#)] : ¢t € [0, 00)} < 00.

(2) For each f € .# and each positive number M, there exist a neighborhood U

of f in A and a number Q > O such that sup{|{Z8(t)| : t € [0, 00)} < Q for each
g € U, each e € (0, 1) and each z € R” satisfying |z} < M.

(3) Foreach f € .# andeach positive number M, there exist a neighborhood U of f
in A and a number Q > 0 such that for each g € U, each z € R" satisfying |z] < M,
each ¢ € (0,1), each T, > 0, T, > T, and each a.c. function y : [T}, T] —> R*
satisfying |y(T)| < M the following relation holds:

15T\, T,, Z28) < 151, T, y) + Q.
(4) Foreach fe #,¢ >0, ze R, T, >0and T, > T,
(T, T, Z]) < U(T,, T, ZI(T), Z/(Ty)) + €.
(5) Foreach f € #, z € R" and an integer i > 0,
Z!(i) = Z[(i) foreach €, € € (0, 1).

Proposition 2.2 is an extension of [16, Theorem 1.1] which was established for the
space .#,. In [16] we have shown that for each f € .#, and z € R",

z! =2Z! foreach €,€ € (0,1)
and
UNT, T, ZI(TY). Z[(Ty)) = IV (T\, T», Z))

foreach T, > 0,7, > T, and each € € (0, 1).

PROPOSITION 2.3 ({13, Proposition 2.6]). Let f € #,0 < ¢, < ¢; < 00 and
let M,e > 0. Then there exists § > 0 such that for each T\, T, > 0 satisfying
T — Ty € [cy, c;) and each yy, y,, 74, 22 € R” satisfying

I)"il,|2i|§M‘ i=1,2, lyl—‘)’Z|»|Zl_Z2|55

the relation \U'(Ty, Ty, y1, 2) — U/(T,, Ty, y2. 22)| < € holds.
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PROPOSITION 2.4 ([13, Theorem 1.3)). Let f € .# and let M\, M,, ¢ be positive
numbers. Then there exist a neighborhood % of f in # and a number S > 0 such
that for each g € %, each T, € [0, 00) and each T, € [T, + ¢, 00) the following
property holds: For each x,y € R” satisfying |x|, |y| < M, and each a.c. function
v: [Ty, T;] = R”" satisfying

v()=x, v()=y, I¥(T,Thv)<U(T, Thx,y)+ M,
inequality |v(t)| < S is valid fort € [T, T;].

PROPOSITION 2.5 ([13, Proposition 2.4]). Let M\, ¢ > 0, 0 < 1ty < 1y. Then there
exists 8 > O such that for each f € M, each T, € [0, 00), T; € [T, + 19, Ty + 1.}, each
a.c. function x : [Ty, T,] — R" satisfying 1/ (T, T», x) < My andeacht,, t, € [T|, T»]
which satisfy |t, — )| < 8, relation |x(t)) — x(t;)| < € holds.

PROPOSITION 2.6 ([13, Proposition 2.5]). Let f € .#,0 < ¢| < ¢; < 00 and
¢3 > 0. Then there exists a neighborhood % of f in .# such that the set

{UST, Th,21,0): 8 €%, T €10,00), T, € [T) + 1, T\ + 3],
21,22 € [an lzil 563’ l = 1,2}

is bounded.

PROPOSITION 2.7. Let T, > 0, T, > Ty and let v : [T}, T»] — R" be a continuous
function. Assume that for each 1), 1, € (T}, T,) satisfying 1, < 1, the restriction of v
to [Ty, 12] is an a.c. function and

2.1 iz, n,v) = U (1, 5, v(m), v(1).
Then the function v : [T,, T,] — R" is an a.c. function and
(2.2) (T, Ty, v) = U(Ty, To, v(Th), v(To)).
PROOF. Choose
2.3) My > sup{lv(t)| : t € [T}, T7]}.
By (2.1), (2.3) and Proposition 2.6 the set
o, v, neT, ), -1 €0 (T —T)/8)

is bounded. It follows from this fact, (A.ii) and Fatou’s lemma that the integral

T
/ fl,v@®),v' (@) dt
T
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is finite. Then (A.ii) implies that v' € L'([T}, T;);R") and v : [T}, T,] - R" is an
a.c. function.
We show that (2.2) holds. Assume the contrary. Then there is an a.c. function

u : [T, T,] = R" such that
(2.4) wT)y =w(T), i=12, I'(Ty,T,v)—I/(T\,Thu) >2A

with A > 0. :
It is not difficult to see that there is y € (0, (T; — T;)/8) such that:

(2.5) |I'(sy, 52, v)] < A/64 foreach s,,s, € [Ty, T, + y] satisfying s, > sy,
[17(sy, 52, v)| < A/64 foreach s,s; € [T, — y, T»] satisfying s, > 51,
(2.6) |I'(s),s,,u)] < A/64 foreach s,,s, € [T}, T + y] satisfying s, > 51,
[17(sy, 55, u)| < A/64 foreach s,,s, € [T, — y, T»] satisfying s, > ;.

Choose a number
27 My > sup{lv()] : t € [Ty, TL]} + sup{lu(e)| : t € [Ty, Tr]}.

By Proposition 2.3 there is § > O such that the following property holds: For each
t >0,5 €[ty +y/16, 1 + 16y] and each xy, x5, y1, ¥, € R” satisfying

(2'8) |xi|v|yi|§Mlv i=132s Ixi—yiliav i=112v
the inequality
(2.9) U/ (1, 1z, %1, x2) = UL (11,1, 1, y2)| < A /64

is true.
Choose numbers ¢,, t, such that

(2.10) he(Tv+y/4l, nel[lhb—-y/4, Tl
@.11) [v(Ty) — v(t)], Ju(Ty) —u(t)} < 8/4,
' [u(Ty) — v(n)l, |u(Ty) — v(t)] < 5/4.
Relations (2.11) and (2.4) imply that, fori =1, 2,
(2.12) @) —u@)| < |v@t:) — v(TH| + 1W(T) — w(T)| + [u(T;) — u(t;)| < 8/2.

Consider an a.c. function & : [¢;, t] — R” such that

u)y=u@), tellY+y.Th—yl, al)=v), i=1,2,
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and

e, T4y, @) <U @, To+y, vt), u(Ty +y)) + A/128,

(2.13) ; - s
P —y. ) U (0, L=y, u(l; — y),v(r)) + A/128.

It follows from (2.10), the choice of y (see (2.5), (2.6)) and (2.4) that

(14) V@, t,v) =@, bu) = 1T, Th,v) = (T, T, u) — 1/ (T, t;, v)
— 1ty Ty, v) + (T, tyu) + 1Y (82, T, u)
>2A —4(A/64) > 3A/2.

In view of (2.13) and (2.1)

@15 Vo0 -Vt ,wy=U@,Ti+y, &) =1/, T +y,u)
+ (T -y, @) — (T, — y, t, u)
<U/ T+ vy, v@), u(Ti+y)) + /128
~ U, Ty + v, u(t), u(Ty + )
+ U0, T —y, u(Ty—y), v() + A /128
—UN(Ty -y, 6o, u(Ty — y), u(tz)).

It follows from (2.12), (2.7), (2.10) and the choice of § (see (2.8), (2.9)) that

a1g U@ Tty w) uTity) = U, Tity, v, u@it p)l < /64,
U/ (Ty—y, . u(Ty—y), u®)) = U’ (Ta—y, t, u(Ty— y), v(t))| < A /64,
Relations (2.15) and (2.16) imply that

(2.17) i) — 17, u) < AJ64+ AJ64+ AJ64 < A/16.

By (2.17) and (2.14),

i, v)— 1 (4, 0, i)
= If(tls t29 v) - If(tlv t21 u) + If(th t20 u) - If(th t21 l;)
>3A/2—-A/16 >0,
a contradiction (see (2.1)). The obtained contradiction proves the proposition. O

In the sequel we also need the next two propositions proved in [13].

PROPOSITION 2.8 ([13, Proposition 2.8]). Let f € # andlet0 < ¢, < ¢; < 00,
c3, € > 0. Then there exists a neighborhood V of f in M such that for each g € V,
each T\, T, > Osatisfying T, — T, € [c,, c;] and each y, z € R" satisfying |yl, [z] < c3
the relation \U/(T,, Ty, y, 2) — U8(Ty, T, y, 2)| < € holds.
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PROPOSITION 2.9 ([13, Proposition 2.7}). Let f € #, 0 < ¢, < ¢; < 00 and
D, € > 0. Then there exists a neighborhood V of f in # such that for eachg € V,
each Ty, T, > O satisfying T, — T} € [c,, c2] and each a.c. function x : [T\, T,] =
R" satisfying min{I/(T\, Ty, x), 15(T}, Ts, x)} < D the relation |1/(T,, T», x) —
18(T, T, x)| -~ € holds.

3. Proof of Proposition 1.2

Foreachh € #,6 € (0, 1) andeach z € R, letan a.c. function Z; : [0, 00) — R"
be as guaranteed by Proposition 2.2.

Assume that z € R", f € .# and that for each (¢, x) € [0, 00) x R" the function
f@t, x,-) : R" = R!is convex.

For each integer i > 0, set

(3.1) ' =2Z/3G) with €€ (0,1).

In view of Assertion (5) of Proposition 2.2, z* (i > 0) does not depend on €. By
Proposition 2.1, there exists an a.c. function Z* : [0, 00) — R" such that for each
integer i > 0,

(32 Z*i)=gz, UG i+1,ZY=U'G,i+1,2G), Z*( + 1)).

It follows from (3.2), (3.1) and Assertion (4) of Proposition 2.2 that for each integer
k> landeache € (0, 1)

k—1 k—1
PO.kzZYy=) I'i.i+1,2=) UGi+1,3,2,)
i=0 i=0
k-1
=Y UG i+1,2[0), Z[G+ 1) <10k, , Z])
i=0

< U’(0,k, Z/(0), Z/ (k)) + € = U’ (0, k, Z*(0), Z*(k)) + €.
Since € is an arbitrary element of (0, 1) we conclude that
17(0,k, 2% = U’ (0. k, Z*(0), Z*(k))
for any integer &k > 0. This implies that 1/(0, T, Z*) = U/(0, T, Z*(0), Z*(T)) for

any T > 0. By Assertion (1) of Proposition 2.2 and Proposition 1.1 the function Z*
is bounded and ( f)-good. Proposition 1.2 is proved. 0J
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4. Overtaking optimal trajectories

PROPOSITION 4.1. Let f € .# and property (P1) hold (see Theorem 1.3). Assume
that x : [0, 00) = R" is a bounded a.c. function such that for each T > 0

4.0 'O, T,x) =U’0,T,x(©0), x(T)).
Then x is an ( f)-overtaking optimal function.

PROOF. By (4.1) and Proposition 1.1, x is (f)-good. Assume that x is not an
(f)-overtaking optimal function. Then there is an a.c. function y : {0, c0) — R” such
that

(4.2) y(0) = x(0), limsup[I/(0, T,x)—I7(0, T, y)] > 2¢

Tox0

with some positive number €. By Proposition 2.2, there is a bounded (f)-good
function Z : [0, o0) — R" such that Z(0) = x(0) and that for each a.c. function
v : [0, 00) — R" either

4.3) Tlim (170, T,v)= 170, T, Z)] =
or

44) sup{{I/(0, T, v) =170, T, Z)|: T € (0, 00)} < 00,
' sup{|v(®)] : t € [0, 00)} < o0.

Since the function x is ( f)-good we conclude that

4.5) sup{|1/(0, T, x) — IY(0, T, Z)| : T € (0, 00)} < 0.

Relations (4.2) and (4.5) imply that (4.3) is not valid with v = y. Thus (4.4) is true
with v = y. This implies that y is a bounded ( f)-good function. In view of property
(PI)

(4.6) lim |[x(t) — y(z)] = 0.
11— 00
Since x, y are bounded functions we can choose a number
4.n A > sup{|x()| + [y(@®)] : t € {0, 00)} + 2.

In view of Proposition 2.3, there exists § > 0 such that for each T > 0 and each
ze€R",i=1,...,4satisfying

izl <A, i=1,...,4, lag—zllaa—zl<é
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the following inequality holds:

(4.8) [UAT, T+ 1,21,2) —U/(T, T+ 1,23, 2)| <€/8.

It follows from (4.2) that there exists a sequence {T;}72, C (0, o0) such that, for
i=12,...,

(4.9) T =T, +8, 10, T, x)—17(0, T, y) > 3¢/2.

Equality (4.6) implies that there exists a natural number j such that
(4.10) |x(T;) — y(Tp| < 6.
Consider an a.c. function x : [0, T; + 1] — R" such that

@.11) x(y=y@), tel0,T;], x(T;)=x(T;+1),
(T, T+ 1,%) <UNT, T+ 1, y(T), x(T; + 1)) + €/8.
Relations (4.2) and (4.11) imply that

4.12) x(0)=x(0), X(T;+1)=x(T;+1).

It follows from (4.11) and (4.9) that

(413) V'O, T,+1,%5)-170,T; + 1, x)
=10, T, )+ I/(T;, T, + 1, %)
— 170, T, x) = I/(T;, T; + 1, x)
<!, T, y)— 170, T;,x) + U(T;, T; + 1, y(T}), x(T; + 1))
+€/8 —U(T;, T; + 1, x(T;), x(T; + 1))
< =3¢/2+€/8+ U/(T;, T; + 1, y(T)), x(T; + 1))
—UNT;, T; + 1, x(T)), x(T; + 1)).

By (4.7), (4.10) and the choice of § (see (4.8))
\U(T;, T + 1, y(T), x(T; + 1)) = U (T;, T; + 1, x(T}), x(T; + 1))| < /8.
Combined with (4.13) this inequality implies that
1O, T, +1,%) =170, T; + 1,x) < —3¢/2+€/8 +€/8 < 0.
This contradicts (4.1). The contradiction we have reached proves the proposition. [

Proposition 1.2 and Proposition 4.1 imply the following result.
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PROPOSITION 4.2. Assume that f € #, for each (t, x) € [0, 00) x R" the function
f(, x,) : R" = R! is convex and that property (P1) holds (see Theorem 1.3). Then
foreach z € R" there exists a bounded ( f)-overtaking optimal function Z : [0, 00) —
R" satisfying Z(0) = z.

PROPOSITION 4.3. Let f € .# and assume that property (P1) holds (Theorem 1.3).
Assume that vy, vy : [0, 00) = R" are bounded a.c. functions, v, is (f)-overtaking
optimal, Ty > 0,

(414) Ul(t) = Uz(t), t € [0, T()]
and
4.15) I (Ty, 1, v) = UN(Ty, 1, v2(Tp), va(t)) foreach t > Ty.

Then v, is an ( f)-overtaking optimal function.

PROOF. Clearly v, is an (f)-good function. We will show that v, is an (f)-good
function. Choose a number

(4.16) My > sup{lvi(¢)| : ¢t € {0,00), i =1, 2}.

By Proposition 2.6 there is M, > 0 such that

(4'17) Ml > Sup{luf(thtZ’ y7 Z)l

=0, el +1/8, 1+ 8],
v,z € R, |yl lz] < Mg+ 2

Let t > T, + 2. Consider an a.c. function u : [0, o©) — R” such that

u@®) =v@t), rel0,t =1}, u(r)=v(1),
(4.18)
Fae-1tow<U/(t-1,1,v9@-1),uv((r)+ 1.
Relations (4.18) and (4.14) imply that
(4.19) u(Ty) = v (Ty), u(t) = vy(7).
By (4.14), (4.15), (4.18) and (4.19),
(4.20) 170, t,u) = 17(0, 1, v;) = I/ (To, T, u) — I/ (Ty, T, v) > 0.
In view of (4.16)-(4.18),

O, r,u) =170, v,v) =1t -1, t,uy—I'(zr = 1,1, v))
<Ul(t—-1,1t,u(=1D,0@)+1
—U(t—1,t,v(r = 1), v,(1))
<2M,.
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Combined with (4.20) this relation implies that

lf(()? T, UZ) E If(Ov T, u) S If(Oa T, vl) + 2Ml
and .
10,7, vy) < 170, 7, v)) + 2M, forany v > Ty + 2.

Since v, is (f)-good we conclude that v, is an ( f)-good function. By property (P1)
(4.21) lim v, (¢) — vi(@)| = 0.

11— 00
Since v, is ( f)-overtaking optimal we have

(4.22) limsup[I7(0, T, v,) — 17(0, T, v,)] < 0.

T2

We show that

(4.23) limsup[17(0, T, vy) — I7(0, T, v)] < 0.

T—oc

Lete > 0. By Proposition 2.3 there is § > 0 such that for each ¢t > 0, each y;, z; € R”,
i =1, 2, satisfying

(4.24) il lzl Mo+ 1, i=12, |y—zl<8, i=12,
the following inequality holds:

(4.25) WUt e+ 1,3, ) = Ut 1+ 1,21, 22)| < €/8.

In view of (4.21), there is T, > T, + 4 such that

(4.26) [v(2) —vi(1)] <8 forall t € [T, 00).

Let T > T, and consider an a.c. function w : [0, T + 1] = R" such that

427) w()=v(t), te€l[0,T], wT+1)=v,(T+1),
(T, T+1,w) <UNT, T+ 1,v(T), v(T + 1)) +¢/8.

Relations (4.14) and (4.27) imply that

(4.28) w(t) =v(r), €[0T, w(T+1)=vy(T+1).

By (4.15) and (4.28),

(4.29) O, T+1,w)—=170,T+1,v)
= 1Ty, T+ 1,w) =17 (T,, T+ 1,v;) > 0.
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It follows from (4.16), (4.26), (4.27) and the choice of & (see (4.24), (4.25)) that

(4.30) YO, T+1,w)—-170,T+1,v)
=I'(T, T+ 1, w)=I/(T, T +1,v))
<UNT, T+ 1,0(T), voT + 1)) +€/8
—UNT, T+ 1,0(T),v(T + 1))
<e€/8+€/8=¢/4

By (4.29)—(4.30), I/(0, T +1,v,) < I/(0, T + 1, w) < I/(0, T + 1, v)) + €/4 for
any T > T,. This implies (4.23). In view of (4.22) and (4.23),

4.31) lim (717(0, T,v)) — IY(0, T, v;)] = 0.

Since v, is (f)-overtaking optimal we conclude that v, is (f)-overtaking optimal.
The proposition is proved. a

5. (STP) implies (P1), (P2) and (P3)

Assume that f € ., for each (¢,x) € [0,00) x R" the function f(t,x,-) :
R" — R! is convex, the function f has (STP) and that a bounded a.c. function
Xy : [0, 00) — R” is the turnpike of f. In [14, Section 4] we showed that properties
(P1) and (P3) hold. Now we show that (P2) holds.

By Proposition 4.2 there exists an (f)-overtaking optimal function v : [0, c0) —
R" such that v(0) = X ,(0). Let v : [0, 00) — R" be any (f)-overtaking optimal
function satisfying v(0) = X ;(0). In view of Proposition 2.2, v is bounded. Then it
follows from (STP) that v(t) = X (1), 1 € [0, 00).

6. Basic lemma

Assume that f € .#, for each (¢,x) € [0,00) x R" the function f(t,x,-) :
R" — R!is convex, X 7 :[0,00) — R”" is a bounded a.c. function and assume that
properties (P1), (P2) and (P3) hold. In [14, Lemma 5.1] we proved the following
important lemma.

LEMMA 6.1. For each € > 0, there exist Ty > 0, 8o > O such that the following
property holds: If Ty > Ty, T, > T, + | and if an a.c. function u : [T\, T} — R"
satisfies, fori =1, 2,

u(T)) = X, (T < 8 and I/(Ty, T, u) < U/ (T\, To, u(T)), u(T2)) + &,
then {u(t) — X,(t)| <€, fort € [T}, T»].
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Now we prove our basic lemma.

LEMMA 6.2 (Basic Lemma). Let € > 0. Then there exists § > O such that for each
T, >0, T, > T, + 1 and each a.c. function v : [T}, T,] — R" satisfying

6.1) (T —XA(T)| <8 and 1/(T,, T, v) < U(T), T, v(T1), v(T2)) + 8,
fori = 1,2, the following inequality holds:
(6.2) X)) —v@®)| <€, t1€[T, Tl

PROOF. By Lemma 6.1, there exist 79, 8¢ € (0, €/16) such that the following
property holds:
P4) T, > 19, T, > Ty + 1 and an a.c. function v : [T}, T,] — R" satisfies

[W(T) = X(T)| < 8o, i = 1,2,and I/(T,, 5, v) < UN(T,, Ty, v(Th), v(To)) + b,
then |v(r) — X,;()| <€, € [T}, T3].

We may assume without loss of generality that o < 1. Choose
6.3) My > 4 4+ sup{|X,(t)| : t € [0, 00)}.

By Proposition 2.4 there exists a number M; > 1 such that foreach T; > 0, T, >
T, + 8! and each a.c. function v : [T}, T;] — R" satisfying (i = 1, 2)

64) [Tl <Me+4 and /(T T, v) < U/(Ty, Ty, v(Ty), v(T2)) + 4
the following inequality holds:
(6.5) )| <M, telh, Tl

In view of property (P3), there exist §, € (0, min{l1, §y}) and L, > O such that the
following property holds:

(PS) Foreach T > 0 and each a.c. function v : {T, T + L,] - R” which satisfies

(D), [v(T + L) < M, +4,

(6.6)
I'(T, T+ L,v)<UNT, T+ L, v(T),(T+L))+34,

thereis t € [T, T + L,] for which

(6.7) X (1) — v(D)] < do.
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Consider a sequence {5;)72, C (0, 1) such that
(68) 8,‘ < 2—18,'_], I = 2, 3, PN

Assume that the lemma is wrong. Then for each natural number i there exist 7;; > 0,
T, > T;; + 1, an a.c. function v; : [T}, Ti2] = R" such that

X (T;)) —vi(Tpl <6, j=1,2,

(6.9)
I/ (T, Ty, vi) < U(Tyy, Tip, vi(Tyh), vi(Ti2)) + 6

and 1; € [T, T;,] for which

(6.10) X)) —vi(@)] > €.

Let i be a natural number. It follows from property (P4), (6.9), (6.10), (6.8) and (6.5)
that

(611) T,'] < Tp.

By (6.9), (6.8), (6.3) and the choice of M, (see (6.4), (6.5)),
(6.12) wi(T)| <My, t [Ty, Tl
We show that t; < 1o+ L + 2. Assume the contrary. Then
(6.13) > T+ L+ 2.
Consider the restriction of v; to the interval

(6.14) i — L =1, =11 C(1p+1,00).

Property (P5), (6.14), (6.12), (6.9) and (6.8) imply that there is

(6.15) felt,—Li—1,t—1]
such that
(6.16) |Xj(i)—vi(f)| < do.

By (6.15) and (6.13), 7 > 1o+ 1, T, — f > 1. It follows from these inequalities,
(6.16), (6.9), (6.8) and property (P4) that |v;(r) — X,(t)| <€,t € (7, T;]. Combined
with (6.15) this inequality implies that |v;(t;) — X;(#)| < €, a contradiction. The
contradiction we have reached proves that

(6.17) L <1+ L +2
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Extracting if it is necessary a subsequence and re-indexing we may assume without
loss of generality that there exist

Ty=1lim T, €[0.%), 7=limg e, n+L +2],
(6.18) R . g
f, = lim T, € [7, o]

(see (6.11), (6.17)).

It follows from (A.ii), (6.9), (6.12) and Proposition 2.6 that for each 7, € (T}, T»),
1, € (11, T) the sequence {I7/(z, 12, 1)}, is bounded.

By lower semicontinuity results [1], we may assume that there exists a function
¥ : (T}, T,) » R" such that the following property holds:

(P6) For each 1, € (T,, fz), T, € (1, fz), the function 7 is a.c. on [1, T3],
vi(t) = 0(t) as i — oo uniformly in ¢t € {1, ], v; > ¥ as i — o0 weakly in
L'([ry, u]; R™), and 1/ (7, 1o, §) < liminf, o I/ (74, T2, V).

We show that X ,(T,) = lim,_,i|+ v(t). Let A > 0. By Proposition 2.5, Proposition 2.6,
(6.9) and (6.12) there is y € (0, 1/8) such that the following properties hold: For each
integer i > 1 and each t,, 1, € [T;;, T;2] satisfying |t; — t,]| < 4y we have

(6.19) fvi(h) —vi()| < A

For each ¢, 1, € [0, oo) satisfying [t; — 1| < 4y, we have

(6.20) IXp(t) — X,(B)] < A.

Lett € (f., T, + y). Then for all sufficiently large natural numbers i

6.21) T,.<r<f‘l+y<T,,+2y

and in view of the choice of y

(6.22) lvi(t) —vi(Ti)| < A.

It follows from (6.21), (6.22) and (6.9) that for all sufficiently large natural numbers i

(6.23)  Jui(r) — X (Tl < lvi(r) = v(T)| + wi(T) = X o(Ti)| < A+ 8.

By the choice of y, (6.20) and (6.18) for all sufficiently large natural numbers i,
1X (1)) = X(T)l < A,

Combined with (6.23) this inequality implies that for all sufficiently large natural
numbers {

lui(T) = X (T < vi(r) = X (Tl + | X (Ti) = X (T < A+ 68 + A.
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Thus by (P6) and (6.8)
jo(t) — Xf(f‘,)l = lim |v;(7) — X,(T,)I < lim 2A + §; = 2A.

We have shown that for each r € (T}, T, + ¥), 1o(t) — Xf(fl)l < 2A. Since A is an
arbitrary positive number we conclude that

(6.24) X(T) = lim 9(2).

L
Analogously we can show that if T, < o0, then

(6.25) X (1) = lim 9().

=T,

We set 5(T)) = X ;(T}) and if T, < oo, then 5(T3) = X ((T5). It follows from (P6),
(6.9), (6.8) and Proposition 2.3 that for each S, S, € (T}, T;) satisfying S, < S;

1/(Sy, S5, ) < lim inf 17(Sy, S5, vi)
< iminf[U/ (S}, S5, vi(S)), vi(S$2)) + &1
= liminf U/ (S, S, v:(S)), v:(52)) = U’ (81, $1, B(S)), 9(5))

— 00

and
(6.26) (81, S5, ) = U’ (81, S2, (1), D(5)).

By (P6), (6.12), (6.24) and (6.25), ¥ is bounded. It follows from Proposition 2.7, (P6)
and (6.24)—(6.26) that v is a.c. function on [T}, t) for each real T < T, and that the
following properties hold:

(6.27) Ty, 7, b) = U/(Ty, v, )(Ty), B(1))

foreacht € (f‘,, f‘z] if Tz < 00; and equality (6.27) holds foreach 7 > T, if Tz = 0.
We will show that 0(f) # X,(f). It follows from Proposition 2.6 that there is
M, > 0 such that

S Z 01 5 € [Sl + 8-lv 3§ +8]’

2 I (sy, 52, x,
(6.28)  sup {{U/(sy, 52, %, y)I X,y eR" |xl, Iyl < M, +2

Relations (6.28), (6.12) and (6.9) imply that the following property holds:
(P7) Foreachintegeri > 1,eachs,, s, € [T}, T;»] satisfying s, € [s,+87", 5, +38],

1/(sy, 53, v:) < Ms.
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In view of property (P2), Proposition 2.6 and (6.3),
(6.29) sup{I7/ (s, 52, X;) 15120, 50 € [s; + 87", 5, + 8]} < o0.
By (P7), (6.29) and Proposition 2.5, there exists a positive number
y <min{l, Ty — T;}/32

such that the following properties hold:

(P8) Foreach s, s, > 0 satisfying |s, — 52| < v, | X,(s1) — X;(52)| < €/64.
(P9) For each integer i > 1, each sy, 5, € [T}, T;;] satisfying |s; — 52| < y,

[vi(s1) — vi(s2)| < €/64.

Let i be a natural number. We show that t; — T;; > y. Assume the contrary. Then
t; — T;; < y and by properties (P8) and (P9)

| X () — X (T, () —vi(Ti)] < 6/64-
Combining with (6.9), these inequalities imply that

| X o () = vi ()] S AX (1) — X p (T + | X s (T3) — vi(T)| + [vi(T) — vi(t)]
<€/64+6 +€/64 <€/32+68,<€/32+¢€/16
< €/2,

This inequality contradicts (6.10). The obtained contradiction proves that
(6.30) ti—Ty>vy.
Analogously we can show that
(6.31) To—t; > y.
It follows from (6.30), (6.31), (6.17), (6.18) and property (P6) that
il_iglo lvi(t;) — ()] = 0.
Combined with (6.18) this equality implies that
(6.32) i]_igl) v () = 0(F).

By (6.18), lim;_, o X,(1)) = Xf(f). Combined with (6.32) and (6.10) this equality
implies that

(6.33) [0() — X, (O] = lim v () — X (1)] > €.
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Thus
(6.34) (F) # Xf(t~).

There are two cases: (1) i‘z = 00; (2) Tz < 00. Assume that Tz < 00. Then (6.27)
holds for each tr € (T}, T;). By Proposition 2.7, ¥ : [T}, T,] — R" is an a.c. function
and

(6.35) I'(Ty, Ty, 9) = U/ (Ty, Ty, 3(T), (Tr)).
We have Xf(f',-) = o(T;), i = 1, 2. Define an a.c. function u : [0, 00) — R”" by

wy = | X0 1 €000\ (T T,
(), te (T, ).

Clearly u is well defined. By property (P2) and (6.35), v is (f)-overtaking optimal.
On the other hand, u(0) = X ;(0) and u(f) = 0(f) # X ;(¢). This contradicts property
(P2). Thus case (2) does not hold and fz = 0.

For each ¢+ > 0 satisfying ¢ < T, set 9(t) = X £(t). Now (6.27) holds for each
7 > T,. It follows from this fact, the boundedness of 7, the equality (7)) = X f(fl)
and Proposition 4.3 that v is (f)-overtaking optimal. Now (6.34) contradicts property
(P2). The obtained contradiction proves the lemma. O

7. Proof of Theorem 1.3

In this section we prove the following theorem which is an extension of Theorem 1.3.

THEOREM 7.1. Let f € M, for each (1, x) € [0, 00) x R" the function f(t,x, ) :
R" — R' is convex and let X : [0, 00) — R" be a bounded a.c. function. Assume
that properties (P1)—(P3) from Theorem 1.3 hold.

Then for each K, € > O there exist §, L > 0 and a neighborhood % of f in A
such that the following property holds: Foreach g € %, eachT, >0, T, > T, + 2L
and each a.c. function v : [T}, T,] = R" which satisfies

(7.1) (M), ()| < K, I¥(Ty, T, v) < U¥(T,, T, v(T)), v(T3)) + 4,
thereexistty € [T}, T\+ L), v; € [TL,—L, Thl suchthat jv(t)— X ()] < €, t € [1), T2].

Moreover, if |[v(T\) — X(Ty)| <6, then 1, = T,, and if |v(Ty) — X ;(T3)| < &, then
T2 =T,
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PROOF. Let X, € > 0. By Lemma 6.2 there exist §, € (0, 1) such that the following
property holds:
CHOHKET, >0,T, > T, + 1andif an a.c. function v : [T}, T;] — R" satisfies

IW(T) = X (T < 8o, i=1,2, I/(T},T5,v) <U(Ty, To, »(Ty), v(T)) + o,

then [v(t) — X,(t)| <€,t € [T, T3]
By Proposition 2.4, there exist a number

(7.2) My > K +2+sup{|X,(t)] : t € [0, 00)}

and a neighborhood %; of f in .# such that the following property holds:
(C2) For each g € %, each T} > 0, T, > T, + 1 and each a.c. function v :
[T\, T,] — R” which satisfies

(T < K +2+sup{|X, ()] :1€[0,00)}, i=12
I¥(Ty, T, v) < U¥(Th, T, v(Th), (1)) + 4

the inequality |v(t)| < M, holds for all ¢ € [T}, T3].

In view of property (P3), there exist 8, € (0, &), L; > 0 such that the following
property holds:

(C3) For each T = 0 and each a.c. function w : [T, T + L,] = R” which satisfies

lw(T)], |lw(T + L)} < Mo + 4,
(T, T+ Ly, w) <U(T, T+ Ly, w(T), w(T + L)) + &,

thereis t € [T, T + L,] for which | X ;(r) — w(r)| < &.

Proposition 2.8 implies that there exists a neighborhood %, of f in .# such that
the following property holds:

(C4)ForeachT, >0, T, e [Ty +L,, Ty +8(L;+1)],eachg € %, eachx,y € R"
satisfying |x|, |y| < Mo + 4, [US(Ty, Tz, x, y) — U/ (T, T», x, y)| < 8,/32.

By Proposition 2.6, there exists a number M, > O such that

T0>0, T, e[l +1, T, +8(L, + 1],

T
(7.3 sup (W T T X D e 20 [yl < Mo +4

<M,.

It follows from Proposition 2.9 that there exists a neighborhood %5 of f in .# such
that the following property holds:

(C5)ForeachT, >0, T, € [Ty + L,, T, + 8(L, + 1)], each g € %, and each a.c.
function v : [T}, T;] — R” satisfying

min{l/(T,, T», v), I¥(T}, To, v)} < M, +38,
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the inequality |1/ (T, Ts, v) — I8(Ty, T», v)| < 8,/32 holds.
Define

(7.4) % = %() ﬁ %1 ﬂ %,
choose a positive number § < min{e, &y, §;}/32 and set
(7.5) L =8+6L,.

Assume thatg € %, T, > 0,7, > T, + 2L and an a.c. function v : [T}, T,] - R"
satisfies (i =1, 2)

(76) @I <K and YTy, T, v) < U, T, v(Th), v(T2)) + 6.

By (7.6), (7.4) and property (C2),

(1.7) lv(®)] < Mo, tell, Thl
Let
(78) 51,8 E[Tl,Tz], 5y — 8y E[Ll,g(L|+l)}

It follows from (7.7), (7.4) and property (C4) that

(7.9) U2 (s, 52, v(51), v(s2)) — Uf(sl» 52, v(s1), v(s52))| < 8,/32.

Relations (7.3), (7.7) and (7.8) imply that U/ (s, s, v(s,), v(s;)) < M,. Combined
with (7.9) this inequality implies that U&(sy, 55, v(s1), v(52)) < M| + 8,/32. In view
of this inequality and (7.6),

(7.10) 18(sy, 82, v) < U¥(sy, 52, v(51), v(s2)) +8 < M +8,/32 + 6.

By (7.10), (7.8), (7.4) and property (C5), |17 (s\, 55, v) — I4(sy, 52, v)| < 8,/32. It
follows from this inequality, (7.10), (7.9) and the choice of § that

1 (51, 52, v) < I5(s1, 52, V) + 8,/32 < UE(sy, 52, v(s1), v(s3)) + & + 8,/32
< U/ (51,5, v(s1), v(52)) + 81/32 + 8 + 8,/32

and
(7.11) [’ (sy, 85, v) < U’ (s, 53, v(sy), v(52)) + 38,/32.

We have shown that the following property holds:
(C6) Inequality (7.11) is valid for each sy, s, satisfying (7.8).
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Assume that

(7.12) te+Li+1,T,—-L,—1].

Relations (7.12) and (7.5) imply that t—1—L,, t+1+L, € [T}, T;]. By property (C6)

(7.13) Ha—-1-L,t-1,v)
<U'(t—~1-L,t—=1,v(r—=1-=Ly),v(r—1))+38/32,
(7.14) Ha+1,t+1+L,v)
<U(t+ 1, t+14LL,v(t+ 1D, v(t+1+L))+38/32.

It follows from (7.13), (7.14), (7.7) and property (C3) that there exist

(7.15) nhelr—1-L,t~1], nelt+1,t+14+L,]
such that
(7.16) IXp@) —v@t)| <8, i =1,2.

Property (C6) implies that

Hx—=1—-L,t4+1+L,v)
<U(t~1—=L,t+1+L,v(t—=1-=L),v(t+1+L))+368/32

Together with (7.15) this inequality implies that

(7'17) If(tlv t29 U) S Uf(tl’ t2! U(t[), v(tZ)) + 351/32'

It follows from (7.15)~(7.17) and property (C1) that jv(t) — X,(t)| < €, 1t € {11, 1]
and

(7.18) Jv(t) = X,(2)} < €.

We have shown that the following property holds:

(C7) Inequality (7.18) is true foreach t € [T) + L, + 1, T — L, — 1]. (Note that
M+ L, Th—-Llcih+L,+1, T, —L,—1])

Assume that

(7.19) Ju(Th) — X(Tp)] < 8.
Lett = Ty + L, + 1. We have shown that there is

(7.20) hel+Li+ 1, T, +L+1+4+1+L]
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such that
(7.21) [X¢(t2) —v(t2)| < &

(see (7.15), (7.16)).
By property (C6),

(T, T+ 2L, +2,v) < U(Ty, Ty + 2Ly + 2, v(T), (T + 2L, + 2)) + 38,/2.
Together with (7.20) this inequality implies that
(7.22) (T, t,v) < U/(Ty, 12, v(T), v(t2)) + 38,/2.

It follows from (7.19)—(7.22) and property (C1) that {v(t) — X,(t)| < €, 1t € [T}, 1;]
(note that [T, T, + L, + 1] C [T\, ,]). Together with property (C7) this implies that
(7.18) is true for each t belonging to the interval {T,, T, — L, — 1] which contains
[Ty, T, — L].

Assume that

(7.23) v(Ty) — Xp(T3)| < 8.

Lett =T, — L, — 1. We have shown (see (7.15), (7.16)) that there is

(724) 15} G[Tz—L|—2—L|,T2—L,—2]
such that
(7.25) X () — v(#)| < o.

By (7.24) and Property (C6),
(7.26) @, T, v) < U@, Th, o), v(T2) + 38,/2.

It follows from (7.23)—(7.26) and property (C1) that |[v(¢) — X,(z)| < € for any ¢ in
the interval [¢,, T,] which contains [T, — L, — 2, T;]. Together with property (C7) this
implies that (7.18) is true for each t in the interval [T, + L, + 1, T>] which contains
[T, + L, T;]. This completes the proof of theorem. O
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