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1. Correction to Lemma 2 in Zayas-Caban et al. (2019) [1]
In our original submission (Zayas-Cabén et al., 2019) [1], we have the following lemma.

Lemma 2 in [1]. There exists a constant M > 0, independent of T, and a vector € >0
satisfying €; < b; for all t, such that

T T
VD(e)—VD(0)§M~[Ze{|=0<2€,). (1)
=1 =1

The above lemma is used to prove Theorems 1-2 and Propositions 1-3 in Sections 4 and
6 of [1]. It has been graciously pointed out to us that the bound in the lemma may not be
correct in general. The original proof of this lemma uses a combination of linear program (LP)
duality and sensitivity analysis results. The mistake is in the application of a known sensitivity
analysis result under a certain assumption that happens to be not necessarily satisfied by our
LP. Fortunately, it is possible to correct the bound in the above lemma. The new bound that we
will prove in this correction note is as follows:

VP(e) — VP(0) = o(T - max e,). )
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1076 G. ZAYAS-CABAN ET AL

In what follows, we will provide enough discussion so that the correctness of (2) can be
easily verified. In Section 2, we recall the complete definition of the LP with both discounting
factor and bandit arrivals that was used in [1]. In Section 3, we provide a formal statement of
the new lemma and its proof. In Section 4, we discuss how this new bound affects the results
in subsequent theorems and propositions in [1].

2. The linear program

Recall that the original bound (1) was used to prove the results in Sections 4 and 6 of [1].
In [1, Section 4] we analyzed a ‘fixed population’ model, while in [1, Section 6] we analyzed
the more general ‘dynamic population’ model where bandits can arrive in, or depart from, the
system. Since the LP used in [1, Section 6] is a generalization of the LP used in [1, Section 4],
we only present our analysis for the general LP used in [1, Section 6]. The definition of the LP

for any discount factor § € [0, 1] and € = (€1, . . ., €7) > 0 is given by
T A J
LP(e): VP(e) =min Y > > 5" 'ct - it €) + 87 2(e) 3)
X,Z
=1 a=0 j=1

A A J
sty Xe=) > xt—1.e)pl+rp Vjzl t=2,
a=0

a=0 i=1
A
Dol &) =n+ A Vji>1,
a=0
A J
Zij‘-’(t,e)gb,—e, Vi1,
a=1 j=1

A J
&)= D D N X(T, € pf—m,

jeU a=0 i=1

z(€), x/(t,€)>0 Va>0,j>1,1>1.

The decision variables in the above LP are the x’s and z. It is not difficult to see that the
optimal solution will satisfy z(e) = ( ZjeU 22=0 Zi]:l x{(T, €) pZ - m)+. All parameters in
the above LP are non-negative. In particular, p; is the probability of transitioning from state

i to state j under action a (i.e., Zj p?j =1 for all ¢ and i), Ajr is the arrival rate (or expected
number) of new bandits in state j at time ¢, and b; is the activation budget at time ¢. The value
of ¢; is assumed to be small enough so that b; — ¢; > 0; otherwise, the LP is not feasible. In
[1, Section 3], we used Aj; = 0 for all j and ¢, and the bound in (1) was originally proved for this
case. We did not provide the proof for the more general case where A;; could be positive, as the
proof for this case was originally deemed to be a straightforward extension of the proof for the
simpler case. To avoid confusion, below we will prove the new bound (2) for the general case
where Aj, can also be positive.
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3. The new lemma
We state our new lemma.

Lemma 1. Let cpax = maxg cj‘.’, bmax = max; by, byin = mingp,20 by, and €max = max; €. Let
1541 and 15— be indicators for the cases § #1 and § =1, respectively. If €max < bmin, then
we have the following bound:

VP(e) — vP(0)

bmax 1-s" T bmax
= Cmax * €max * . Loz + T 1s=1 +28" ¢ - €max - .
bmin 1-6 bmin

Proof. The proof is by construction. Let {xf(t, 0)} denote an optimal solution of LP(0).
We will use {x]‘-’(t, 0)} to construct a feasible solution {Sc]‘-’(t, e)} for LP(e€), under which we
let Z(e) = ( ZjeU 22:0 Zij:l (T, €)- pl.“j — m)+ be the feasible z variable, and show that the
gap between the objective value of LP(¢) under {Scj‘.’(t, €)} and VP(0) satisfies the bound in
Lemma 1.

For ease of exposition, we will write x]‘-‘(t, 0) as xj’(t) and Sc;’(t, €) as Sc;‘(t). Define * =
arg maxg|p, £0} ;—; and let B € [0, 1] be such that

A=p)-bize vie[T]. “

In our construction of {i;‘(t)} shortly, we will see that the term 8b, can be interpreted as an

upper bound of total budget consumption at time ¢ (i.e., 2’3:1 Zle )?;‘(t)). In particular, we
use the following value of g: '

Epx €max
B=1--"L>1-— ) (5)
by~ bmin
Lety =(y1, v2 ... yr), where y; = (1 — B) - b;. Note that, by definition of y;, we have
Ve < Emz.ix by < €max - bLe_lx
min min

for any 1.
We now discuss the construction of {Xf(t)}. We first describe the construction for =1 and

then complete the construction for ¢ > 2 by induction. For ¢ = 1, define {Sc]‘-‘(l)} as follows:
()= gy Vazl,
D) = AW+ A =B [m(D)+ 41
= Ba)(1) + A1),

where Aj(1)=(1—-p)- [n,(1)+kj1]. Clearly, 56;'(1) >0 and so {fc]?(l)} satisfies the non-
negativity constraint in LP(e). It is also not difficult to see that Zazo 5(}1(1) =n;(1) + Aj1
(because ZaZO x]‘-l(l) =nj(1) + Aj1, as {xj‘?(t)} is feasible for LP(0)), and so {)Nc]q(l)} satisfies
the second constraint in LP(€). Moreover, by definition of 8 and y;, we have
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Y D HMm=8 [ZZ)‘?(D} <Bbi=bi —y1 <bi —e1,
a>1 i a>1 i

so that {X;‘(l)} satisfies the ‘budget constraint’ (i.e., the third constraint) in LP(e).

Before we proceed with the construction of {Scj‘.‘(t)} for t > 2, we define n;(f) and n;(¢) as
follows:

=y Y xa—1py and =y > ¥— 1)

a>0 i a>0 i
For t > 2, we define Aj(f) and {ij‘(t)} recursively as follows:
A=Y At — 1) pj+ (1 = B,
i
NO=pxj@®)  VYazl,
X (0) = Bx)(1) + Aj(0).

We prove the following identities by induction:

ij(t) = Bni() + Y At — 1py, 6)
() + A= B Y X0+ A1), @)
a>0
DoAM=0=8) Y 0, ®)
J Jj a=0
D @) =) + A, ©)
a>0

Zzi?(t)=ﬂ~[ZZx?(t)]fﬂ-bt=bt—y,§bt—et, (10)

a>1 i a>1 i

Y [Ro-Sol=a-p3 > w0 =0-pb=x (11)

J Jjoa=l

First note that Equation (6) follows directly from the definition of 7;(r) and {fcf(t)}:

Aty =) Y Xt = Dpf= B0 + Y Ailt — Dpj.

a>0 i i
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Next, Equation (7) follows from (6) and the fact that ) a0 x]‘-‘(t) =nj(t) + Ajr (because
{xf(t)} is feasible for LP(0)):

flj(I) + )xj[ = ,an(t) + Z Ai(t— l)pg + )‘jt

1

= Blnj() + Aje] + [ Z Ai(t = D+ (1 — ﬁ)x,-,]

1

= Blnj(®) + Aje] + A;(®)

=8 Zx;?(t) + Aj(D).
a>0
Equation (9) follows directly from the definition of {)Nc]?‘(t)} and (7), whereas Equation (10)
follows from the definition of {i;?(t)} and the fact that 35, 3", | /() < by (because {xj’(t)}
is feasible for LP(0)). Equation (11) follows from the definition of {%}’(t)} together with (8)
and the fact that Zj 3 a1 xl‘?(t) < b;. Thus, among the six identities (6)—(11), we only need to

show (8) by induction. Note that Equations (9) and (10) imply that the constructed {Xj‘(r)} for
t > 2 satisfies the first and third constraints in LP(€). Since )?J‘-‘(t) is obviously non-negative by

construction, it also satisfies the non-negative constraint. As a result, the constructed {)?j‘?(t)} is
feasible for LP(e).
We prove (8) by induction starting with t = 2. By definition of A;(2),

Y A=) [Z Ai(Dpl+ (1 — fs)m}
J J i
=Y AM+A=B Y %2
i j

=(1- ﬁ)[z Y XM+ Zx,,z}

i a>0 J

= —ﬁ)[ZnJ-@HZAj,z}
J

J

=(1=p) ) [+ 2]

J
=(1-B)) ) ¥,
J

i a>0

where the third equality follows since, by definition, A;(1) = (1 — B)[ni(1) + 211 =1 — B)
3 a0 x{(1) (from the second constraint in LP(0)); the fourth equality follows by the definition
of nj(2); and the last equality follows by the first constraint in LP(0).

https://doi.org/10.1017/apr.2022.59 Published online by Cambridge University Press


https://doi.org/10.1017/apr.2022.59

1080 G. ZAYAS-CABAN ET AL

Now, suppose that (6)—(11) hold for all times s < t. Then

Z Aj(r+ 1)-2 [Z Ai(tpg + (1= B, IH]
=) AO+A =B Y A
i J

= —ﬂ)[zzx“(tHZk, t@

i a>0

= —,3)|:an0+ 1)+Z)y,~,,+1:|
J J
= —,3)2 ni(t+ 1)+ Aj41]

—(1—ﬂ)zzxa<z+1>

i a>0

where the third equality follows by the induction hypothesis, the fourth equality follows by the
definition of nj(f), and the last equality follows by the first constraint in LP(0). This completes
our inductive step and thus the proof by induction.

We have so far shown that the constructed {i;‘(t)} is feasible for LP(e). We now compute

a bound for VP(€) — VP(0). Let VP(e, X) denote the objective value of LP(e) under {)?]‘-‘(t)}.
Then VP(e) — VP(0) < VP(¢, %) — VP(0). Now,

VvP(e, ) — vP(0)

T T
=3y s [x})(t) - xj(-)(t)] + 33 s [x;.‘(r) — xf(z)] +87[3e) — 2(0)]
j =1

ja>1 1=1

_ ZZS; 1 o[ 0(r) — o(t)] ~(1-p Z(S‘ Lt (1) + 8T p[Z(e) — 2(0)]
J

j,a>1t=1

T
= Cmax * Z s v+ 3T¢[2(6) - Z(O)]

t=1

b I 5
= Cmax * €max ° = |:< ) : ]187&1 +T- Jl<S=1:| + 8T¢[Z(6) - Z(O)],
brin 1-3¢

where the first inequality follows from (11) and the last inequality follows since y; < €max -
bmax/bmin. It remains to bound 87 ¢[Z(¢) — z(0)].
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To this end, recall that

+ +

A J
€)= ZZZ ST, 6)-pi—m|  and =D D ST ) pt—m

JjeU a=0 i=1 JjeU a=0 i=1

. . . A J

Since € =0 corresponds to the optimal LP solution, z(0) = ( ZjeU Dm0 2imy XN(T) - pg- -

m)™. Next, recall that € corresponds to perturbing the original LP and as such represents a
.. . .. ~ - A J o~

generalization of this original LP. It follows that Z(¢) < Z(0) = ( ZjeU Do Qe XU - pf} -

m)™. From this it follows that Z(¢) — z(0) is bounded above by

+ +

C Y ang-n) - (T LT twn-n)

a>0 i jeU a>0 i jeU
and this last expression is bounded above by

+ +

DI ICTLTE B DRI IR

a>0 i jeU a>0 i jeU

Applying the property max{a, b} = % (a+b+|a—>b|), where a and b are arbitrary real
numbers, yields

+
22 H@p—m | =max () >N XD —m,
a>0 i jeU a>0 i jeU
D22 F@p =m0 D) ¥ D —m
a>0 i jeU a>0 i jeU
and
+
Z Z Zx?(T)pg- —m| =max Z Z Zx?(T)pfj —m, 0
a>0 i jeU a>0 i jeU
PIPIPINTLIEEE) 90 3 WTITRE
a>0 i jeU a>0 i jeU
Since |a — b| > |a| — |b| and, similarly, |b — a| = |a — b| > |b] — |a| = —(]a| — |b|) for any two

real numbers a and b, the last calculation yields that the expression

+ +

2.2 FHMpg—m| = |23 D A Dp—m

a>0 i jeU a>0 i jeU
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is bounded above by

2200 M=), ) ) M.

a>0 i jeU a>0 i jeU
The triangle inequality then implies that this last expression is bounded above by
~ ~0 0
PIDBAGLEDIPBEACT RIDB AR B BPBEAC )
i,a>1 jeU i,a>1 jeU i jeU i jeU

The property (10) implies that the terms inside the first set of absolute values equals
(L= B) D u=1 2 2jeu Xi (T)pj, so that the expression above equals

A=Y Y > p+ DD Z(p)— > > NTp .

a>1 i jeU i jeU i jeU

which is bounded above by

(L=B)Y Y D xDpi+ |y D R Mpi =Y > A (Dpj|,

a>1 i j i jeU i jeU
which, by (10), equals
=YY D +A-pY 3> D).
a>1 i jelU i a>1

This last expression is bounded above by 2(1 — )3, > ; x{(T) <2(1 — B)br < 2yr.

The choice of B and definition of yr yield that 27 is bounded above by 2€,,,y - ?)Zif,
claimed.

4. Tmpact on other results in Zayas-Caban et al. (2019) [1]

As noted earlier, the bound in the original version of [1, Lemma 2] was used to prove
Theorems 1-2 and Propositions 1-3 in Sections 4 and 6 of [1]. It turns out that the new bound
in Lemma 1 does not change the results of Theorem 1, Theorem 2, or Proposition 3, but it does
slightly change the bounds in Propositions 1 and 2. We discuss all of these below.

Theorem 1 in [1, Section 4]. In this theorem, we consider the setting where Aj; =0 for all
jand t, and § =1. We can use exactly the same €; as defined in the original version of
[1, Theorem 1]. By the new lemma (Lemma 1 of this paper), we still have Vé) (e) — Vé) 0=
O(TVd -0 1n0). As a result, there are no changes and we still get exactly the same bound as
in the original Theorem 1. O

Proposition 1 in [1, Section 4]. In this proposition, we consider the same setting considered
in [1, Theorem 1], with the exception that we set § € (0, 1). If we use the same €; as defined in the
original [1, Proposition 1], by the new Lemma | we have VeD(e) — VOD(O) =0(/d-InT-01nb)
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(the original bound under the old Lemma 2 of [1] was O(v/d - 6 In0)). This implies that the
new bound for [1, Proposition 1] is given by

VRAC _ yD(0) 1 d-InT-Ing
L= =0l g5+—)
VD(0) 64 0

Note that if we instead apply the same €; as defined in [1, Theorem 1] to [1, Proposition 1], it
is not difficult to check that the bound becomes

VRAC _ vD(0) 7> [d-In6
_— = 0 J— + —,
VD (0) 04 0

which, with a proper choice of d, essentially has the same order of magnitude as the bound in
Theorem 1. U

Theorem 2 in [1, Section 6]. In this theorem, we consider the setting where Aj, could be
positive, and § = 1. We can use exactly the same €, as defined in the original version of
[1, Theorem 2]. By the new Lemma 1, we still have VeD(e) — VQD(O) =O(T32J/d -6 1n0).
As a result, nothing changes and we still get exactly the same bound as in the original
Theorem 2. U

Proposition 2 in [1, Section 6]. In this proposition, we consider the setting where \j; may be
positive and § € (0, 1). If we use the same €, as defined in the original version of [1, Proposition
2], the new bound in Proposition 2 is given by

VEAC—vRo) o L - /d-TInT-In6
vD(0) T\ pd2 0 '

Proposition 3 in [1, Section 6]. In this proposition, we consider the setting where bandits
can complete service or abandon. Since a € (0, 1), we have €yax = O ( / dfl’/‘go ) So, by the

O

1-pB
of Proposition 3, and so the final bound in Proposition 3 also does not change. O

new Lemma 1, Vé)(e) — Vé)(()) =0 (T‘ [d81n6 ). This does not change anything in the proof
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