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The numerical ranges of

unbounded linear operators

Bela Bollobas and Stephen E. Eldridge

Giles and Joseph (Bull. Austral. Math. Soo. 11 (1971*), 31-36),

proved that the numerical range of an unbounded operator on a

Banach space has a certain density property. They showed, in

particular, that the numerical range of an unbounded operator on

certain Banach spaces is dense in the scalar field. We prove

that the numerical range of an unbounded operator on a Banach

space is always dense in the scalar field.

This note is a sequel to [J], but for the sake of completeness we

repeat the necessary definitions.

Let X be a Banach space over a field F , where F is the real or

complex field. Denote by X* the dual of X and by S(X), S(X*) the

unit spheres in X and X* . For each x € S{X) let f € S(X*) be such

that fx(
x) = 1 •

: x €

The pair [x, II ) i s a Banach space with a eeml-inner-produot. The Lumer
8

numerical range of an operator T on X with a given semi-inner-product

is defined as

V(T) = {fx(Tx) : x 6 S(X)} c F .

The spatial numerical range of T is

V(T) = {flTx) : x € Stf), / € S{X*), f(x) = 1} .
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Clearly W{T) c V{T) and

V(T) = U{W(T) : all semi-inner-products associated with X) .

The following theorem extends a result of Giles and Joseph [7]. The

proof makes essential use of the ideas in [/].

THEOREM. Let T be an unbounded linear operator defined on the whole

of a Banadh space X . Then W(T) {and hence also V{T) ) is dense in the

scalar field F (= R or C ).

Proof. Let a € F and e > 0 . We shall show that the open ball

with centre a and radius e contains a cluster point of W(T) .

T is not bounded so, by the closed graph theorem, there is a sequence

{xn} in X such that «M •+ 0 and Txn •*• y € S(X) .

If y + 6Ty f 0 for some 6 > 0 then put

s(x) .

Since the smooth points are dense on the unit sphere of a f in i te

dimensional normed space, we can choose 6 > 0 so small that 3 = 3 .

sa t i s f i e s

\\z-y\\ < 1 , \\Tz-Ty\\ < E/2 ,

and B is a smooth point of the unit sphere of the subspace of X
generated by y and Ty .

Let / be a tangent functional at z . Then

|1-/(») | = |/(«)-/(») I s \\z-y\\ < 1 ,

so f(y) * 0 . Let g € F be such that f{Tz) + $f(y) = a .

Put y = z + &c , z = yl\\y\\ , and let f = / be such that
71 71 71 71 7* 7b Z

ft

By the Banacb-Alaoglu Theorem, the unit ba l l of X* i s weak-4

compact. Therefore {/ } has a weak-* cluster point / „ with

11/gH < 1 . As Hj/JI -*• 1 , f& i s also a weak-* cluster point of

where gn = fn/\\yn\\ • Clearly
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Consequently / o(s) = 1 = ||/D|| , so fo is a tangent functional at z
p p P

Note now that

s \{fi-gn)(Ta+fiy)\ * |B|||j/-TxMH/liynl| ,

so fo(Tz+&y) is a cluster point of W(T) .

Furthermore f(y) = fAy) and f(Ty) = fn(Ty) , by the choice of 3

so

= \[fB-f)(Tz-Ty)\ < e .fB-

Thus a cluster point of W{T) is within e of a , completing the proof

of the theorem.

Reference

[7] J.R. Giles and G. Joseph, "The numerical ranges of unbounded

operators", Bull. Austral. Math. Soo. 11 (1971*), 31-36.

Department of Pure Mathematics and Mathematical Statistics,

University of Cambridge,

Cambridge,

England.

https://doi.org/10.1017/S0004972700023601 Published online by Cambridge University Press

https://doi.org/10.1017/S0004972700023601

