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Martingale central limit theorems
without uniform asymptotic
negligibility: Corrigendum

R.J. Adler and D.J. Scott

The following is a correct proof of the main theorem of [?]. It

should be substituted for the published Section 3, which, as pointed out by

Professor B.L.S. Prakasa Rao, contains an error in the equations following

(15) on page 1*9.

3. Proof of the theorem

We shall use the notation Y' for the sum over all J 2 k , j € U ,
3& n

and Y" for the sum over all j 5 k , j € U . Our first step is to
jkk n

reduce the problem without loss of generality. Note first that we need

only show that for any subsequence {«'} there exists a further

subsequence {n"} along which the convergence to normality holds. We may

thus assume that

(13) Yj' of(n) •+ L as n •+<» ,
k K

for some O S t S l . Then we observe t h a t Y' X ,{n) i s a mar t inga le

difference array satisfying the conditions of McLeish's Theorem 2.3, [5],

with Yj X .(n) -2+ l _ L instead of 1 . We may assume also, by replacing

XAn) for k 6 U by XAn)I
fC Yl K.

k-l ) k
Y,' XZ(n) 5 2 , that when Y' X.(n) > 2

Received 28 February 1978. The authors are grateful to Professor B.L.
S. Prakasa Rao for pointing out an error in their original paper.

31 I

https://doi.org/10.1017/S0004972700008169 Published online by Cambridge University Press

https://doi.org/10.1017/S0004972700008169


3 1 2 R . J . A d l e r a n d D . J . S c o t t

a l l subsequent X .(w) terms for j i U are zero. The argument for this
3 K

i s exac t ly the same a s t h a t of McLeish [ 5 , p . 622] . To reduce the problem

f u r t h e r we use Theorem U.2 of B i l l i n g s l e y [ 2 ] . Se t

(lit) X*.(n) = X*.(n, M) =
0 d

= X.MI{\X (n)\ < M) - E{X.(n)l{\X.M\ < M) | F. An)}
v d 3 3 J~-*-

for 3 € V , while X*.{n) = X .(n) for j € U . Then i f

k
sHn) = E **•(«) . {^?(M), ?!,(«)} is a martingale array and conditionK ^.=0 3 K K.

(3) of the theorem is still satisfied. We show (6) is satisfied also, but

in addition, the condition

(15) max -\x*.{n)\ —^ 0 ,

which implies (h) and (5) i s also sa t i s f ied , for th is new array. Clearly

max \X.W\l[\X .{n)\ < M) -E-+ 0 as n •* » , and in addition, by' ° 3

boundedness, the convergence is in £„ also. Now (McLeish [ 5 ] , p . 621)

(16) £ ' X2.(n)l[e < \X.(n)\ < M) - ^ 0 fo r each e > 0 ,
3 3

and this being bounded by 2 + M , the convergence is in L? again,

implying

£ ' Elx2.(n)l{£ < \X.(n)\ < M] | F An)} - ^ 0 .

Then, since e > 0 is arbitrary,

(max E{X ,(n)l{\x .(n) | < M) \ F. ̂ (n)})

Yl

±1 E\X.MIZ< \X.M\ <M T._An)j

implies
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(17) max E{X.Ml{\X.M\ < M) | F. An)) — ^ 0
• en «7 *7 .7 "*J-

Clearly (15) is satisfied. To show that (6) is satisfied we observe first

that

M)) £ P(max | * . ( n ) | > M] ,
3 " 3

so that Y,' X .(n)l[\X ,{n) \ < M] -^-* 1 - L , and we must show only
3

(18) X' X,(n)l{\X.M\ < M)E{x.Ml{\X.(n)\ < M) | F. An)} -*+ 0
' J 3 3 3 3~~J-

and

(19) w
How

(20) ,' X.(n)l{\X.M\ < M]E{x.(n)l{\X.(n)\ < M) I F. An)}
' 3 3 3 3 J~-L

1 X.Ml[\X (n)\ <M)E{X (n)i{\x An)\ >M) I F. An)}
J O d d 3 3~-L

< i max JAT-Cw) | £' E\X2.(n)l{\X An) \ > M) \ F (
M ;ry 3 j I 3 3 3-1-

But

+ m a x ATH
< 2

where X. i s bound in (5 ) . Hence by Markov's inequali ty,

£ ' s (^(n) l ( |AT.(n) | > M) | F. n ( n ) | i s bounded in probabili ty and (l8)
-• I. 3 3 3~*- J
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314 R.J. Adler and D.J. Scott

then follows from (20) and (k) . Similar reasoning involving (17), rather

than (h), gives (19), and so {sHn)} satisfies (3), (6), and (15).

We must now show that the conditions of Theorem k.2 of [2] are

satisfied; that is to say we want, for e > 0 ,

limsup limP(|S* (n)-5. (w)| < e) = 0 .
M

Now

M\ < XAn)l{\xAn)\ 2 M)
3 3

p E{x Mi{\x M\ M) | F M)

and

P\ W' xAn)l{\xAn)\ > Id) I # 0] 5 P ( max |AT.(w)| > M] ,
U A 3 3 j icii 3

n

which converges to zero for each fixed M as n -»• °° . Also

E Y' E{X An)l[\X An) \ < M) | F . , (« )}
3 3 3 -1-

S B I ' ff{|X . ( n ) | l ( | * ( n ) | >Af) | F („)}

< X.{n)l[\X.[n)\ >

and using Markov's inequality

limsup lim P\ W' E{x An)l[\x An) \ < M) | F . An)} > el
M*o n-Ko . U f 3 3 J--1- J

< limsup ̂  (2+Kj = 0

We have thus shown that to prove the theorem we may assume

is a martingale triangular array satisfying

(21) <» ^2
a An) -* L , 0 < l 5 l ,
°
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(22)

(23)

and for some M > 0 ,

Cor r i gend um

L
max \X.(n)\ —^*

wn
 3

£ ' X2.(n) •* 1 - L
3 °

0 ,

3 15

' X2.(n) S 2 + 2M2 ,

so that

(2k) I' X2.(n) —±+ 1 - L .
3 °

Using the techniques of either McLeish (15], pp. 621-622) or Scott ([6],

§3),

Y,' X2.(n)l{\X.(n)\ > e)) -»• 0 for each e > 0 ,(26)

and

(27) I ' E{X2.M I F (n)} -2* 1 - L ,

3 l 3 ° '
so that we may assume

< C <i; E\X2M I F^C

for a l l n . (otherwise replace ^T,(W) by

(n) I F. An)) < c] .)

We wish to show then, for each real t ,

(n)

(28) llm Ee
k 2

n = e~* /2

We put for n > 1 , j = 1, 2, ..., k ,
n
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a An) , 3 € V ,

and for k = 1, 2,

(29)

We if i l l show

(30)

and

(31)

. . , k ,
n

lim FexpitS, = 0

l im
2 ^ (n))-exp(-t2/2j I = 0 ,

from which (28) follows without difficulty.

Set

ZAn) = [exp its. An)^fb2U2An)\{i
3 I 3~-i- 3 j

itXAn)
3

so that

exp\itS. (w)+£TC (n) -1 Z .(n)
3

F. (n)}

If j { 5 , then

F. F . -(

2 ( n ) l (
3 JLJ

for defined by M(x) = min -^ x, 2 , as in Brown [ 3 ] , p . 6h. I f
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3 € U then let I .(n) toe N\0, a.(«) , independent of each other andn 3 (. 3 )

the a - f i e l d generated by U F . (n) . Then
J=l °

\E{Z.M
V 3-1

itX.(n) -%t2T2.(n)
8 3 -e 3

itX An) itl An)
i 3 -e 3 I

Combining these last three inequalities,

(32) E exp i t s (n)+*^/jr ( n ) j -

r itxAn) it? An)
?\e 3 -e 3 | F.

V 3~

The first sum goes to zero with n using (2.1*), (26), and (22) as in Brown

[3], p. 6k. For the second term we may use the argument on pp. 50-51 of

[7]> which for convenience is repeated here. Define a sequence of numbers

A by A = V 21oga . By Feller [4] (page 175) we have

~
-A212

Since for 3 € U , a .(n) < 1 , it follows that

(33) *{-Ajo.(n)) = 1 - ${A /a.M) < a [2 log a"

We have thus

1"
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itX.M itY.in)
* 3

-A
, J f " itx,An), ,
- E\\ e ah. (x)

w i t x , . ( n ) / >e dh. (x)
-4 J

n

eUxdA{.n)(x)
3

Treating these terms separately,

-A

(3U) J l S ^ f " ^ j W ) ( x ) 5 *(P{X,<») 5 ^ I F }

us ing (2) and ( 3 3 ) . Furthermore

(33) Jo 5ff| II ite"tx^'{x)dx
-A °

+ e
itxAn), ,1 n | \

Ar A . (x) + ax

a +

= ax n [ l + * / 21oga^1] .

But j € y en ta i l s o.(n) 5 y , and since Y" a An) S 1 , there are at
n 3n -. o

most v " 1 i n d i c e s i n U . Combining t h i s wi th (31*), ( 3 5 ) , and a s i m i l a r
'n n

bound for J_ , we obtain

itX.in) iti An)
E\e -e F. An)

+ 2 to r / a iogc^ 1 + 0̂1̂ 12 log cT

•*• 0 a s n -»•
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using (l); so we have completed the proof of (30).

The proof of (31) is relatively simple:

V («)) -2*
n '

3|9

from (21) and (27), and

- exp(%t2[C+l]) ,

so the convergence is in L also, which is just (3l)
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