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n 
v 

Throughout this note let p(z) = 2 a z be a polynomial 

of degree n. The following results a re immediate. 

THEOREM A. For R > 1 

(1) / " i p ( R e i e ) | 2 d 0 < R ^ / ' l p C e 1 9 ) ! ^ 
0 0 

THEOREM B. If p(z) has no zeros in | z | < 1, then 

(2) / * | p ( R e i e ) | 2 d e < ^ 4 ^ / " | p ( e i 0 ) | 2 d 9 
o ù o 

for R > 1. 

Theorem B was proved by Q. I. Rahman [2]. This result 

is the best possible and equality holds for p(z) = cH-(3z where 

We prove the following 

THEOREM 1. J £ p(z) has no zeros in | z | < k, k > l , 
then 

2TT . „ 2n 2n 2TT , 

(3) J |p(Re )| d9 < — / l p ( e >' d 9 

0 1 + k 0-

Canad. Math. Bull, vo l .6 , no. 1, January 1963. 

65 

https://doi.org/10.4153/CMB-1963-010-x Published online by Cambridge University Press

https://doi.org/10.4153/CMB-1963-010-x


2 
for R > k . And 

(4) J ^ p t R e 1 9 ) ! ^ <Rn f*\j>{eid)\ZdB 

2 
for 1 < R < k . 

n ^ n If p ( z ) = a k + pz , w h e r e | <* | = | (3 | , t hen (3) b e c o m e s 
an equa l i t y . 

P r o o f of T h e o r e m 1. To s t a r t wi th le t us suppose tha t 

p(z) h a s a l l i t s z e r o s on | z | = k, so tha t p(z) = a TT ( z - z ) 

n v 
w h e r e | z | = | z | = . . . = | z | = k. Hence if p(z) = S a z , 

v = 0 
i i n - Z v , , 

then a = k a and 
' v n - v 

^ 'rs O n o O 

r i . 10 , |2 „ i ,2 2v 
J | p ( R e ) | d9 = 2ir S | a | R 
0 v =0 V 

n 2n -2v 2n -4v 2v 
^ R + k R 

i 2 n - 4 v 
v =0 1 + k 

X ( | a | 2 + | a | 2 ) 
' n - v ' ' v ' 

Now, if û < v < n then 

2n , 2n , 2 n - 4 v 2v 2 n - 2 v 
R + k k R + R 

. 2n , - , 2 n - 4 v 
1 + k 1 + k 

_ 2 v 4 v w 2 n - 2 v t 2 n - 4 v , 2v w 2 n - 2 v 4n-
(R - k )(R - l ) k + (R - 1)(R - k 

, 2n / , 2n -4v % 
(1 + k ) (1 + k ) 

>0 

66 

https://doi.org/10.4153/CMB-1963-010-x Published online by Cambridge University Press

https://doi.org/10.4153/CMB-1963-010-x


2 
for R > k . Thus the g r e a t e s t of the quan t i t i e s 

2n -2v , 2 n - 4 v 2v 2n 2n 
R + k R r A À 0 . R + k 

for v = 0, 1 ,2 , . . . , n i s 
t 2 n - 4 v 2n 

1 + k 1 + k 
2 

if R > k , and 
2TT ~2n 1 2n 2ir 

(5) J | p (Re ) | d9 < ^ ~ J |p(e ) | de . 
0 1 + k 0 

n 2 
H q(z)=C~) p ( — ) , then |q(z) | = |p(z) | for | z | = k. 

Jfcc z 

If p(z) / 0 in | z | < k it fol lows tha t | q(z) | < | p(z) | for 
k 2 

| z | < k. On r e p l a c i n g z by zr— we deduce tha t for | z | > k, 

| p ( z ) | < | q ( z ) j . Then it fol lows f rom a known r e s u l t [ l : p . 88. 
P r o b l e m 26] tha t if p(z) ^ 0 in | z | < k, then for 0 < T) < 2TT 

a l l the z e r o s of p(z) + e q(z) lie on the c i r c l e j z | = k. 
iti 

Applying (5) to the po lynomia l p(z) + e q(z) we get 

/ ^ I p t R e ^ + e ^ q d t o 1 9 ) ! ^ 
0 

2n 2n 2TT _ . _ _ 
R + k r , , ie . ni , i e v , 2 

< ^ ~ J |p(e ) + e ! q(e ) | de . 
1 + k 0 

We now i n t e g r a t e both s ide s wi th r e s p e c t to r\ f r om 0 
to 2ir. F r o m the above i t i s c l e a r that for 0 < e<2-rr, 

i A i A i A î û 

| p (Re ) | < ( q ( R e ) | and | p(e ) j > | q(e ) | . On i n v e r t i n g 

the o r d e r of i n t e g r a t i o n we obta in 

in,2 , r . ,_ ie %,2 
/ | l + e 1 T 1 | % X / | p { R e i y ) r d e 
o . o 

2n 2n 2TT ^ 2TT _ 
< j | p ( e ) | de X J | l + e ' j drî 

1 + k n 0 0 
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T h i s p r o v e s (3) . 

2TT 
10 ,2 

Now log J | p ( r e ) | d9 i s a convex funct ion of log r , 
0 

2 
and t h e r e f o r e fo r 1 < R < k 

2TT </% , 2 
, r i . 10 , i 2 , % log k 
( / | p (Re ) | d 9 ) ë 

0 

< ( / ' | p ( e i 9 ) | 2 d9 ) l 0 g T ( / ' | p ( k 2 e i 9 ) | 2 d 9 ) l 0 g R 

0 0 

, r
2TT, 10 . 2 i t

 l 0 g R /n 2n log R , } * , . i9 % , 2 ^ log R < ( J |p(e ) | d0) (k ) ë (J |p(e )| d9 ) * 
0 0 

2îT 

= ( k 2 V ° g R ( / | P ( e i e ) | 2 d 9 ) l 0 g k 

o r 
2TT _ _ l o g R / l o g k 2TT 

J | p ( R e ) | d 9 ) < ( k ) 
0 

( / |p(e10)rde) 
0 

2TT 
i9 . ,2 = R̂  / |P(e i y)rd0 . 

0 

Hence the r e s u l t . 

T H E O R E M 2. If the g e o m e t r i c m e a n of the m o d u l i of the 
z e r o s of p(z) i s at l e a s t equa l to k, then 

2TT 

/ | p ( R e l 9 ) | 2 d e 

< 

.2 log R / l o g ( l + k 2 n ) 
/ . . 2n4T| , 2ti \ 2TT 

2^ U | p ( e H d 6 ) 

\ 1 + k ' 0 
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for_ 1 < R < NT(l+k n ) , and 

2 TT . ^ ^ 2n 2n 2TT . ^ 

J |p(Re ) | d9 < — J |p(e ) | d0 
0 1 + k 0 

for R^N^l+k211) . 

Theorem 2 can be proved on the same lines as Theorem 2 
of [2]. 

1 am grateful to Dr. Q. I. Rahman for suggesting this 
problem to me and for assis t ing me in the preparat ion of this 
paper. 
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