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Geometric Seifert 4-manifolds with hyperbolic bases

MICHAEL KEMP

Seifert fibred 3-manifolds were originally defined and classified by Seifert in [2]. Scott
(in [1]) gives a survey of results connected with these classical Seifert spaces, in particular
he shows they correspond to 3-manifolds having one of six of the eight 3-dimensional
geometries (in the sense of Thurston). Essentially, a classical Seifert manifold is a S1-
bundle over a 2-orbifold. More generally, a Seifert manifold is the total space of a bundle
over a 2-orbifold with flat fibres. It is natural to ask if these generalised Seifert manifolds
describe geometries of higher dimension. Ue has considered the geometries of orientable
Seifert 4-manifolds (which have general fibre a torus) ([3, 4]). He proves that (with a
finite number of exceptions) orientable manifolds of eight of the 4-dimensional geometries
are Seifert fibred. However, Seifert manifolds with a hyperbolic base are not necessarily
geometric. In this paper, we seek to extend lie's work to the non-orientable case.

Firstly, we shall show that Seifert spaces over an aspherical base are determined (up
to fibre preserving homeomorphism) by their fundamental group sequence. Furthermore
when the base is hyperbolic, a Seifert space is determined (up to fibre preserving home-
omorphism) by its fundamental group. This generalises the work of Zieschang ([5]), who
assumed the base has no reflector curves, the fibre was a torus and that a monodromy
of a loop surrounding a cone point is trivial. Then we restrict to the 4 dimensional case
and find necessary and sufficient conditions for Seifert 4 manifolds over hyperbolic or
Euclidean orbifolds to be geometric in the sense of Thurston. Ue proved that orientable
Seifert 4-manifolds with hyperbolic base are geometric if and only if the monodromies are
periodic, and we shall prove that we can drop the orientable condition. Ue also proved
that orientable Seifert 4-manifolds with a Euclidean base are always geometric, and we
shall again show the orientable assumption is unnecessary.
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