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Abstract

We consider the stability of the zero solution of a system of impulsive functional-differential
equations. By means of piecewise continuous functions, which are generalizations of clas-
sical Lyapunov functions, and using a technique due to Razumikhin, sufficient conditions
are found for stability, uniform stability and asymptotical stability of the zero solution of
these equations. Applications to impulsive population dynamics are also discussed.

1. Introduction

In the last few years impulsive differential equations have become the object of in-
creasing investigation. A natural generalization of impulsive ordinary differential
equations is impulsive functional-differential equations. In spite of the great possibil-
ities for applications, the theory of these equations is developing rather slowly due to
a series of difficulties of technical and theoretical character [1-3].

Effective application of these equations in mathematical modelling assumes knowl-
edge of various criteria for stability of their solutions.

In this paper we investigate the stability of the zero solution of a system of impulsive
functional-differential equations by virtue of piecewise continuous functions which
are analogues of classical Lyapunov functions [4] in conjunction with a technique due
to Razumikhin [5-7].
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2. Preliminary notes and definitions

Let IR" be the n-dimensional Euclidean space with the norm | • |, Q a domain in K"
containing the origin and let IR+ = [0, co). Also let t0 e K and r > 0.

We consider the system of impulsive functional-differential equations

x(t)=f(t,x,), t>to,t^tk,

Ax(tk) = x(tk + 0)-x(tk-0) = Ik(x(tk - 0)), tk > to, k = 1, 2, . . . ,

where / : (to, oo) x D -*• K"; D = {<!>: [-r, 0] -» Q, <t>(f) is continuous
everywhere except for a finite number of points t at which 4>(? — 0) and <t>(F + 0)
exist and <t>(i - 0) = 4>(?)}; Ik : fi ->• IR", fc = 1, 2 , . . . ; /0 < h < t2 < • • •;
lim^oo tk = oo and for r > t0, x, € D is defined by x,(s) =x(t + s), —r < s <0.

Let <po € D. We denote by x(t) = x(t; t0, (p0) the solution of the system (1), which
satisfies the initial conditions

x(t; t0, <po) = <po(t - t 0 ) , t0 - x < t < t0,

The solutionx(t) = x(t; t0, (po) of the initial value problem (1), (2) is characterized
by the following:

(a) For to — x < t < to the solution x (t) satisfies the initial conditions (2).
(b) For t0 < t < tt, x (t) coincides with the solution of the problem

x(t)=f(t,x,), t>t0,

xh(s) = (po(s), -x<s<0.

At the moment t = ty the mapping point (t, x(t; t0, <po)) moves "instantly" from the
position (r,, x(h; t0, <p0)) into the position (/,, x{h; t0, <p0) + h (x(h; t0, <p0)))-
(c) For 11 < t < t2 the solution x (t) coincides with the solution of the problem

Ht)=f(t,y,), t > tu

y,, =<Pi, <Pi e D,

where

<Po(t — U) for t € [t0 — x, t0] fl [fi - r, f j ,

x(t;to,<po) fort € (t0, U),

x(t;to,<po) + Ii(x(t;to,<po)) fort = t,.

At the moment t = t2 the mapping point (t,x(t; t0, <p0)) moves "instantly" and so on.
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The solution x (/) = x(t; t0, yd) of the initial value problem (1), (2) is a piecewise
continuous function for t > t0 with points of discontinuity of the first kind tk, k =
1,2,..., where it is continuous from the left.

We also introduce the following notation:

/ = [to - T, oo); /o = [t0, oo);
oo

Gk = {(t,x)eIoxQ:tk^<t<tk}, * = 1 , 2 , . . . ; G = \J Gk,
k=\

||<I>|| = sup |<t>C-y)I is the norm of the function <E> € D.
je[-r,O]

Let J c K. We define the following classes of functions:

PC[J, K"] = [<r : J -> K" : a(t) is continuous everywhere except for
some points tk at which o(tk — 0) and a(tk + 0) exist and

PCl[J, W] = {a € PC[J, W] : o(t) is continuously differentiable every-
where except for some points tk at which a (tk —0) and a (tk+0)
exist and &(tk — 0) = a(tk)};

Jf = {a € C[K+, K+] : a(u) is a strictly increasing function
with respect to u and a(0) = 0}.

We also introduce the following conditions:

HI. / € C[/o x D, R"].
H2. / ( f ,0 ) = 0 , f e / o .
H3. The function / satisfies Lischitz's condition with respect to its second argu-

ment in /0 x D uniformly with respect to / e /o-
H4. Ik e C[n,R"],Jfc = 1,2, . . . .
H5. /t(0) = 0,* = l , 2 , . . . .
H6. The functions (/ + /*) : J2 - • £2, /fc = 1, 2 , . . . , where / is the identity

mapping in fi.
H 7 . t0 < h < h < • • • •

H8. lim^oo tk = oo.

DEFINITION 1. The zero solution x (t) = 0 of the system (1) is said to be:

(a) Stable if

(V/o e l ) ( V s > 0) (35 = 8(t0, e) > 0)

(b) Uniformly stable if the number S from (a) can be chosen independently of tQ e K.
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(c) Uniformly attractive if

(3X > 0) (Ve > 0) (3f = T(s) > 0) (Vr0 € R)

(V<PoeD: \\<po\\ < A.) Qft >to + T): \x(t;t0, <po)\ < e.

(d) Uniformly asymptotically stable if it is uniformly stable and uniformly attractive.

In the following considerations we shall use a class of piecewise continuous auxil-
iary functions, which are analogues of the Lyapunov functions [4].

DEFINITION 2. We say that the function V : 70 x Q -+ K+ belongs to the class

1. V € C[G, R+] and V(r, 0) = 0 for t € 70.
2. The function V satisfies Lipschitz's condition with respect to its second argument

x 6 £2 on each of the subsets Gk, k = 1,2,
3. For each k = 1,2,... and all x € Q there exist the finite limits

V(tk -0,x) = lim V(t, x), V(tk + 0, x) = lim V(r, *) .

4. The equality Vfo - 0, x) = V(f*, JC), ̂  € Kn, *; = 1, 2 , . . . , holds true.

Further on, we shall use the functional class

Qi = {x e PC[I0, K
n] : V(s,x(s)) < V(t,x(t)), t - r < s < t,

t>to,V€f).

L e t V e f . x e PC[I0, Kn], t £ tk, k = 1,2,.... We define the function

D_ V(r, x(0) = lim 7 [ V(t + h, x(t) + hf (t,x(t), x,)) - V(t,x(t))].
h—o- h

When proving the main results of the paper we shall use the following assertions.

LEMMA 1 ([3]). Let the following conditions hold:

1. Conditions H1-H8 are fulfilled.
2. The solution x(t) = x(t; t0, cpo) of the initial value problem (1), (2) is such that

x € PC[I, R"]nPC'[/0, R"].
3. g 6 PC[I0 x R+1 R] n PCl[I0 x R+, R] andg(t, 0) = 0 forte /„.
4. Bt € C[R+,R], * = 1,2,. . . .
5. The maximal solution r(t; t0, u0) of the impulsive problem

= g(t, u(t)), t > t0, t£ tk, k = 1, 2 , . . . ,

+ 0) = M0,

= Bk(u(tk)), tk > t0, k=l,2

is defined on the interval Io.
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6. The functions \frk : R+ —»• K, i]/k = « + #*(" ) , £ = 1 , 2 , . . . , a re nondecreasing

with respect to u.

7. The function V eVis such that

V(t0 + 0, <po(O)) < MO,

D_V(t,x(t))<g(t, V(t,x(t))), telo, t£tk, xettu

V(tk +0,x«k) + Ik(x(tk))) < i,k(V(tk,x(tk))), k=l,2

Then V(t,x(t;to,(po)) < r(t;t0, u0), t € 70.

COROLLARY 1. Let the following conditions hold:

1. Conditions Hl-m are fulfilled.
2. Condition 2 of Lemma 1 holds true.
3. The function V e Vis such that

D_V(t,x(t)) < 0 , r e 70, / £h, x € fi,,

< V(tk,x(tk)), k=\,2

Then V(t,x(t; t0, <p0)) < V(t0 + 0, <A>(0)), t € Io.

3. Main results

THEOREM 1. Let the following conditions hold:

1. Conditions H1-H8 are fulfilled.

2. The functions V € "V and a e Jff are such that

a(\x\) < V(t,x), ( r , j c ) € / o x n . (3)

3. The inequalities

D_V(t,x(t))<0, telo,tj(:tt,k=l,2,..., (4)
t = tk, k = 1 , 2 , . . . ( 5 )

hold true for t e Io, x € Q{, V € f.

Then the zero solution of the system (I) is stable.

PROOF. Let e > 0. It follows from the condition V(t0, 0) = 0 and the properties of
the function V(t0, x) that there exists a constant S = 8(t0, e) > 0 such that if |JC| < S
then supw<iS V(/o + 0, x) < a(s).
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Let <p0 € D: \\(pQ\\ < 8. Then \cpo(0)\ < \\(po\\ < 8 and therefore

O,<po(O))<a(e). (6)

Let x(t) = x(t;to,<po) be the solution of the problem (1), (2). Since all the
conditions of Corollary 1 are fulfilled, we have

V(t, x(t; t0, <p0)) < V(t0 + 0, <po(O)), t e /0. (7)

There follow from (3), (6) and (7) the inequalities

a(\x(t;to,<Po)\) < V(t,x(t;t0,<p0)) < V(tQ + 0,^(0)) < a(s),

whence we obtain that \x(t;to,<po)\ < £ for t > t0. This implies that the solution
x{t) = 0 of the system (1) is stable.

THEOREM 2. Let the conditions of Theorem 1 be fulfilled, and suppose that there
exists a function b € Jtf, such that

), ( » , x ) € / o x n . (8)

Then the zero solution of the system (I) is uniformly stable.

PROOF. Let e > 0 be chosen. We get 8 = 8(e) > 0 such that b(8) < a(e). Let
(p0 6 D : Hvoll < 8 and x(t) =x(t;t0, <p0) be the solution of the initial value problem
(1), (2).

As in Theorem 1 we prove that

a(\x(f,to,<po)\) < V(t,x(t\to,<po)) < V(t0 + 0, <po(O)).

The above inequalities and (8) imply the inequalities

a(\x(t;to,(po)\) < V(t0 + 0, <po(O)) < b(\<po(O)\) < *(lkoll) < b(8) < a(s),
whence it follows that |*(r; t0, (po)\ < s for t e /0. This proves the uniform stability
of the zero solution of the system (1).

THEOREM 3. Let the following conditions hold:

1. Conditions H1-H8 are fulfilled.
2. The functions V € Vand a, k / are such that

a(\x\)< V(t,x)<b(\x\), ( * , * ) € / o x f i . (9)
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3. The inequalities

D.V(t,x(t))<-c([x(t)\), / € / < , , tjttk, A = 1 , 2 , . . . , (10)

V(t + 0,x(t) + Ik(x(t))) < V(t,x(t)), t e / 0 , t = /*, it = 1 , 2 , . . . (11)

holdtrueforx € fi,, K e ^ c 6 X .

77ie/i r/je z e r o solution of the system (I) is uniformly asymptotically stable.

PROOF. 1. Let a = const > 0 : [x e £2 : |x| < a} C £2. For each t e Io we denote

V,-1 = { * € « : V(f + 0 ,* )<a (a )} .

From (9) we deduce

V,;1 C {x eQ: \x\ < a } c f i .

It follows from conditions 2 and 3 of Theorem 3 that for each function <p0 € D :
<po(O) € V~l

a we have x(t; t0, <p0) € V'J, t > t0.
Let £ > 0 be chosen. We get r? = r)(s) > 0 such that b(rj) < a(s), and let

T > b(a)/c(r,).
If we suppose that for each r e [t0, t0 + T] the inequality \x(t;t0, <po)\ > 77 is

fulfilled, then (10) and (11) imply the inequalities

- / .
c(\x(s;to,<po)\)ds

< b(a) -c(r))T < 0,

which contradicts (9). Therefore, there exists t* e [t0, to+T] such that \x(t*;t0,<p0)\ <
r). Thus we obtain from (9), (10) and (11) that for t > t* (and therefore for t > t0 + T)
the inequalities

a(\x(t;to,<po)\) < V(t,x(t;to,<Po)) < V(t;,x(t\;k

< b(\x(t*; t0, <po)\) < b{n) < a{e)

are valid. Therefore \x(t; t0, (po)\ < £ for t > to+ T.
2. Let X = const > 0 be such that b(k) < a(a). Then, if <p0 e D: \\<po\\ < k,

there follow from (9) the inequalities

VOb + 0, ̂ o(O)) < b(\<po(O)\) < K\\<Po\\) < Hk) < a{a),

which show that <p0 € D: <po(O) e V~'a.
It follows from the two points above that the zero solution of the system (1) is

uniformly attractive and since it is uniformly stable according to Theorem 2, then the
solution is uniformly asymptotically stable.
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COROLLARY 2. If the third condition (10) in Theorem 3 is replaced by

D.V(t,x(t))<-cV(t,x(t)), (12)

for t € /o, t ^ tk, k = 1, 2 , . . . , x € £l\, c = co/wf > 0, then the zero solution of the
system (I) is uniformly asymptotically stable.

PROOF. The proof of Corollary 2 is analogous to the proof of Theorem 3. It uses
the inequality

V(t, x(t; t0, <p0)) < V(t0 + 0, <po(O)) e"*-*',

which follows from (11) and (12).
In fact, let a = const > 0 : [x e £2 : \x\ < a] c ft. We choose X > 0 such that

Let e > 0 and T > (l/c)ln(a(a)/a(e)). Then for (p0 e D : ||<po|| < A and
f > f0 + T the inequalities

V(r, x(t; t0, <po)) < V(t0 + 0, <p0(0)) g"^"*' < a(e), / > r0 + T

hold true.
The last inequality and (9) imply that the zero solution of the system (1) is uniformly

attractive.

4. Applications in impulsive population dynamics

Some of the results obtained in the present work will be applied below in studying
mathematical models in impulsive population dynamics.

4.1. We consider the system

x(t) = B(t)x(t - h{t)), t>0,t£tk,k=\,2,...,

Ax(tk) = Ckx(tk), £ = 1,2, . . . , ( 1 3 )

where x 6 K"; B(t) is a diagonal n x n-matrix valued function; h e C[R+) [0, r]];
Ck = diag(cu, • • • , cnk), cik < - 2 ; 0 < f, < t2 < • • • and l im*^ tk = oo.

Let V(t,x)=x2/2. Then

ft, = {x € P C [ ( R + , K n ] : A : 2 ( J ) < x 2 ( t ) , t-r <s <t, t > 0 } .

If <po 6 P C [ [ - r , 0 ] , R n ] and x(t; <p0) is the solut ion of the sys tem (13) for which

x(.t;<po) = <po(t), r 6 [-r, 0],
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we have for t € R+ and x e Qi that

D_V(t,x(t))=x(t)x(t) = B(t)x(t)x(t-h(t))<B(t)x2(t), t£tk, * = 1 , 2 , . . .

a n d

]2/2< V(tk,x(tk)), k=l,2,....

If the elements of B(t) are nonpositive for t € K+, then D_ V(t,x(t)) < 0 and the
zero solution of the system (13) is uniformly stable according to Theorem 2.

If Bit) = diag(fc,(O, • • • - *«(')) and bk(t) < -yk < 0, k = 1, 2 , . . . , n, then
the conditions of Theorem 3 are fulfilled and the zero solution of the system (13) is
uniformly asymptotically stable.

4.2. Let us consider the equation

x(t) = rx{t) [l - X°~T)] , t > 0, t £ tk,
L K J (14)

Ax(tk) = akx(tk), tk > 0 , /: = 1,2, . . . ,

where r > 0, A" > 0, t > 0, a t = const > 0, k = 1, 2 , . . . ; 0 < tx < t2 < • • • and
lim^oo tk = oo. Let AT(5) = <po0O > 0, 5 6 [ - r , 0], <pQ(0) > 0 and (po(s) e D.

We consider the function

Then

fii = U e PCW+, (0, 00)] : (1 -x(s)/K)2 < (1 -x(t)/K)2,
t - x < s < t, t > 0}.

We have for / > 0, f ^ tk and x e £2, that

^ ( ( ) V (

Moreover, for k — 1 , 2 , . . . ,

V(tk + 0,x(tk) + akx(tk)) = [I - (1 + ak)x(tk)/K? < V(tk,x(tk)).

Since the conditions of Theorem 2 are met, then the zero solution of the system (14)
is uniformly stable.

4.3. Consider the equation

i ( 0 = rx(t) \ K-X(t-T)!
WLl+crx(/-r)J' i ¥ k ,

^ (15)
Ax(tk) =akx(tk), tk > 0, k= 1,2, . . . ,
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where c > 0.
If the function V{t, x) = ((AT - x)/(l + crx))2, then

K-x(t)V )

For t > 0 and* e Q\ the inequalities

2r(l -f crK)

(l + crx(t))2

2r( l + crK)

^
;

" " •

hold true, and, for k = 1 ,2 , . . . ,

K-
0,x(tk)+akx(tk)) =

± cr(.\ + ak)x{tk)

and by virtue of Theorem 2 the zero solution of the system (15) is uniformly stable.
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